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Abstract

We analyse the moduli space and the structure of noncommuta-
tive 3-spheres. We develop the notion of central quadratic form for
quadratic algebras, and prove a general algebraic result which consid-
erably refines the classical homomorphism from a quadratic algebra
to a cross-product algebra associated to the characteristic variety and
lands in a richer cross-product. It allows to control the C*-norm on
involutive quadratic algebras and to construct the differential calcu-
lus in the desired generality. The moduli space of noncommutative
3-spheres is identified with equivalence classes of pairs of points in
a symmetric space of unitary unimodular symmetric matrices. The
scaling foliation of the moduli space is identified to the gradient flow
of the character of a virtual representation of SO(6). Its generic or-
bits are connected components of real parts of elliptic curves which
form a net of biquadratic curves with 8 points in common. We show
that generically these curves are the same as the characteristic vari-
ety of the associated quadratic algebra. We then apply the general
theory of central quadratic forms to show that the noncommutative
3-spheres admit a natural ramified covering 7 by a noncommutative 3-
dimensional nilmanifold. This yields the differential calculus. We then
compute the Jacobian of the ramified covering 7 by pairing the direct
image of the fundamental class of the noncommutative 3—dimensional
nilmanifold with the Chern character of the defining unitary and ob-
tain the answer as the product of a period (of an elliptic integral) by a
rational function. Finally we show that the hyperfinite factor of type
II; appears as cross-product of the field K, of meromorphic functions
on an elliptic curve by a subgroup of its Galois group Autc(K,).
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1 Introduction

Noncommutative Differential Geometry is a growing subject centering around
the exploration of a new kind of geometric spaces which do not belong to the
classical geometric world. The theory is resting on large classes of examples
as well as on the elaboration of new general concepts. The main sources of

examples so far have been provided by:

1) A general principle allowing to understand difficult quotients of classi-
cal spaces, typically spaces of leaves of foliations, as noncommutative

spaces.

2) Deformation theory which provides rich sources of examples in partic-

ular in the context of “quantization” problems.



3) Spaces of direct relevance in physics such as the Brillouin zone in the
quantum Hall effect, or even space-time as in the context of the stan-

dard model with its Higgs sector.

We recently came across a whole class of new noncommutative spaces defined
as solutions of a basic equation of K-theoretic origin. This equation was at
first expected to admit only commutative (or nearly commutative) solutions.
Whereas classical spheres provide simple solutions of arbitrary dimension d,
it turned out that when the dimension d is > 3 there are very interesting new,
and highly noncommutative, solutions. The first examples were given in [9],
and in [10] (hereafter refered to as Part I) we began the classification of all
solutions in the 3-dimensional case, by giving an exhaustive list of noncom-
mutative 3-spheres S3, and analysing the “critical” cases. We also explained
in [10] a basic relation, for generic values of our “modulus” u, between the
algebra of coordinates on the noncommutative 4-space of which S2 is the
unit sphere, and the Sklyanin algebras which were introduced in the context

of totally integrable systems.

In this work we analyse the structure of noncommutative 3-spheres S3 and of
their moduli space. We started from the above relation with the Sklyanin al-
gebras and first computed basic cyclic cohomology invariants using #-functions.
The invariant to be computed was depending on an elliptic curve (with mod-
ulus ¢ = €™*7) and several points on the curve. It appeared as a sum of 1440
terms, each an integral over a period of a rational fraction of high degree (16)
in f-functions and their derivatives. After computing the first terms in the
g-expansion of the sum, (with the help of a computer?®), and factoring out

basic elliptic functions of the above parameters, we were left with a scalar

3We wish to express our gratitude to Michael Trott for his kind assistance



function of ¢, starting as,

q3/4 . 9q11/4 4 27 q19/4 . 12q27/4 —90 q35/4 I

in which one recognises the 9*" power of the Dedekind n-function.

We then gradually simplified the result (with n° appearing as an integration
factor from the derivative of the Weierstrass p-function) and elaborated the

concepts which directly explain the final form of the result.

The main new conceptual tool which we obtained and that we develop in
this paper is the notion of central quadratic form for quadratic algebras
(Definition 6). The geometric data {E, o, L} of a quadratic algebra A is a
standard notion ([14], [3], [19]) defined in such a way that the algebra maps
homomorphically to a cross-product algebra obtained from sections of pow-
ers of the line bundle £ on powers of the correspondence o. We shall prove
a purely algebraic result (Lemma 7) which considerably refines the above
homomorphism and lands in a richer cross-product. Its origin can be traced

as explained above to the work of Sklyanin ([17]) and Odesskii-Feigin ([14]).

Our construction is then refined to control the C*-norm (Theorem 10) and
to construct the differential calculus in the desired generality (section 8). It
also allows to show the pertinence of the general “spectral” framework for
noncommutative geometry, in spite of the rather esoteric nature of the above

examples.

We apply the general theory of central quadratic forms to show that the

noncommutative 3-spheres S3 admit a natural ramified covering 7 by a non-



commutative 3-manifold M which is (in the even case, cf. Proposition 12)
isomorphic to the mapping torus of an outer automorphism of the noncommu-
tative 2-torus 7,;. It is a noncommutative version of a nilmanifold (Corollary
13) with a natural action of the Heisenberg Lie algebra h3 and an invariant
trace. This covering yields the differential calculus in its “transcendental”
form.

Another important novel concept which plays a basic role in the present
paper is the notion of Jacobian for a morphism of noncommutative spaces,
developed from basic ideas of noncommutative differential geometry [5] and
expressed in terms of Hochschild homology (section 7). We compute the
Jacobian of the above ramified covering 7 by pairing the direct image of
the fundamental class of the noncommutative 3-dimensional nilmanifold M
with the Chern character of the defining unitary and obtain the answer as the
product of a period (of an elliptic integral) by a rational function (Theorem 15
and Corollary 16). As explained above, we first computed these expressions
in terms of elliptic functions and modular forms which led us in order to
simplify the results to extend the moduli space from the real to the complex
domain, and to formulate everything in geometric terms.

The leaves of the scaling foliation of the real moduli space then appear as
the real parts of a net of degree 4 elliptic curves in P3(C) having 8 points in
common. These elliptic curves turn out to play a fundamental role and to
be closely related to the elliptic curves of the geometric data (cf. Section 4)
of the quadratic algebras which their elements label. In fact we first directly
compared the j-invariant of the generic fibers (of the scaling foliation) with
the j-invariant of the quadratic algebras, and found them to be equal. This
equality is surprising in that it fails in the degenerate (non-generic) cases,

where the characteristic variety can be as large as P3(C). Moreover, even in



the generic case, the two notions of “real” points, either in the fiber or in the
characteristic variety are not the same, but dual to each other. We eventu-
ally explain in Theorem 5 the generic coincidence between the leaves of the
scaling foliation in the complexified moduli space and the characteristic vari-
eties of the associated quadratic algebras. This Theorem 5 also exhibits the
relation of our theory with iterations of a specific birational automorphism
of P3(C), defined over Q, and restricting on each fiber as a translation of this
elliptic curve. The generic irrationality of this translation and the nature of

its diophantine approximation play an important role in sections 7 and 8.

Another important result is the appearance of the hyperfinite factor of type
I1; as cross-product of the field K, of meromorphic functions on an elliptic
curve by a subgroup of the Galois group Autc(£K,), (Theorem 14) and the de-
scription of the differential calculus in general (Lemma 19) and in “rational”
form on S2 (Theorem 21). The detailed proofs together with the analysis
of the spectral geometry of S3 and of the C*-algebra C*(S3) will appear in
Part II.

2 The Real Moduli Space of 3-Spheres S?

Let us now be more specific and describe the basic K-theoretic equation
defining our spheres. In the simplest case it asserts that the algebra A of
“coordinates” on the noncommutative space is generated by a self-adjoint
idempotent e, (e = e, e = e*) together with the algebra My(C) of two by
two scalar matrices. The only relation is that the trace of e vanishes, i.e. that
the projection of e on the commutant of M(C) is zero. One shows that A is

then the algebra My(Chyie(S?)) where Cug(S?) is the algebra of coordinates



on the standard 2-sphere S2.

The general form of the equation distinguishes two cases according to the
parity of the dimension d. In the even case the algebra A of “coordinates”
on the noncommutative space is still generated by a projection e, (e? = e,
e = e*) and an algebra of scalar matrices, but the dimension d = 2k appears
in requiring the vanishing not only of the trace of e, but of all components
of its Chern character of degree 0,...,d — 2. This of course involves the
algebraic (cyclic homology) formulation of the Chern Character.

The Chern character in cyclic homology [5], [7],
ch, : K,(A) — HC,(A) (2.1)

is the noncommutative geometric analogue of the classical Chern character.
We describe it in the odd case which is relevant in our case d = 3. Given a
noncommutative algebra A, an invertible element U in M,(A) defines a class

in K;(A) and the components of its Chern character are given by,
cha(U) = UP@Vig U " @V
- VPeUle -V, eUr (2.2)
where V := U1 and summation over repeated indices is understood.
By a noncommutative n-dimensional spherical manifold (n odd), we mean

the noncommutative space S dual to the *-algebra A generated by the com-

ponents U of a unitary solution U € My(A), d = 2”7, of the equation
chg(U):O, Vk <n, kodd, chn(U)#0 (2.3)

which is the noncommutative counterpart of the vanishing of the lower Chern

classes of the Bott generator of the K-theory of classical odd spheres.



The moduli space of 3-dimensional spherical manifolds appears naturally as

a quotient of the space of symmetric unitary matrices
S :={AeM(C)| A=A, A=A} (2.4)
Indeed for any A € S let U(A) be the unitary solution of (2.3) given by
U=1,® 2 +io, ® 2~ (2.5)

where o}, are the usual Pauli matrices and the presentation of the involutive

algebra Cye(S®(A)) generated by the z# is given by the relations
U'U=U0U"=1, 2MM=A2" (2.6)

We let A := Cye(R*(A)) be the associated quadratic algebra, generated by

the z# with presentation,
U'U=U0U"e€lh,®A, 22"=A2" (2.7)

where 1y is the unit of My(C). The element r? := ZZ:O 2t = ZZ:O 2
is in the center of Cye(R*(A)) (cf. Part I) and the additional inhomogeneous
relation defining Cye(S?(A)) is 72 = 1.

By Part I Theorem 1, any unitary solution of (2.3) for n = 3 is a homomorphic

image of U(A) for some A € S. The transformations

U AU with A =¢e% e U(1) (2.8)
U ViUV, with Vi, V, € SU(2) (2.9)
U U* (2.10)

act on the space of unitary solutions of (2.3) and preserve the isomorphism
class of the algebra Ch4(S3(A)) and of the associated quadratic algebra
Ciag(R*(A)). Transformation (2.8) corresponds to

A s e 2P A (2.11)



Transformation (2.9) induces z* +— Stz¥ with S € SO(4) which in turn
induces

A— SAS", SeS0O4) (2.12)

Finally (2.10) reverses the “orientation” of S3(A) and corresponds to
A AL (2.13)

We define the real moduli space M as the quotient of S by the transfor-
mations (2.11) and (2.12), and the unoriented real moduli space M as its
quotient by (2.13).
By construction the space S is the homogeneous space U(4)/0O(4), with U(4)
acting on S by

A — VAV (2.14)

for A € Sand V € U(4). The conceptual description of the moduli spaces
M and M’ requires taking care of finer details. We let @ be the involution
of the compact Lie group SU(4) given by complex conjugation, and define
the closed subgroup K C SU(4) as the normaliser of SO(4) C SU(4), i.e. by
the condition

K:={ueSU4)|u't0(u) € Z} (2.15)

where Z is the center of SU(4). The quotient X := SU(4)/K is a Riemannian
globally symmetric space (cf. [13] Theorem 9.1, Chapter VII). One has Z C
K but the image of K in U := SU(4)/Z is disconnected. Indeed, besides
Z - S0(4) the subgroup K contains the diagonal matrices with {v,v,v,v =3}

as diagonal elements, where v is an 8th root of 1.

Proposition 1 The real moduli space M (resp. M) is canonically iso-
morphic to the space of congruence classes of point pairs under the action

of SU(4) (resp. of isometries) in the Riemannian globally symmetric space

X = SU4)/K.



This gives two equivalent descriptions of M as the orbifold quotient of a
3-torus by the action of the Weyl group of the symmetric pair.

In the first (A3) we identify the Lie algebra su(4) = Lie(SU(4)) with the
Lie algebra of traceless antihermitian elements of M,(C). We let 0 be the
Lie subalgebra of diagonal matrices, it is a maximal abelian subspace of
su(4)- = {X € su(4)|6(X) = —X}. The Weyl group W of the symmetric
pair (SU(4), K) is isomorphic to the permutation group &, acting on ? by

permutation of the matrix elements. The 3-torus T’y is the quotient,
Ty :=0/T, T={5cr|e’ K} (2.16)
and the isomorphism of Ty /W with M is obtained from,
o(6) =e*ecS Vico (2.17)

The lattice I' is best expressed as I' = {6 € ?|(d, p) € mi Z, Vp € A} in terms
of the roots p of the pair (SU(4), K') where the root system A is the same as
for the Cartan subalgebra 0¢c = 0 ® C C sl(4,C) of s((4,C) = su(4)c. The
roots ., 1, v € {0,1,2,3}, u # v are given by

0 (8) = 0, (5) — 0, (9) (2.18)

where «,(0) for p € {0,1,2,3} are the elements of the diagonal matrix § € .
In terms of the primitive roots agy, k € {1,2,3} the coordinates ¢j used
in Part I are given by ¢, = %ao,k and the lattice I' corresponds to @i €
nZ, Vk € {1,2,3}. With T := R/7Z we let 6 : T® +— T4 be the inverse

isomorphism. One has, modulo projective equivalence,

1
6_27;301

o(8,) ~ (2.19)

6—21@2
6_2“03

10



In these coordinates () the symmetry given by the Weyl group W = &, of
the symmetric pair (SU(4), K) now reads as follows,

Tor(p1, 2, 03) = (—01,02 — 01,93 — 1)
Tia(1,02,03) = (2,01, 03) (2.20)

Tos(1,02,03) = (1,03, 02)

where T}, is the transposition of u, v € {0,1,2,3}, p < v.

In Part I we used the parametrization by u € T° to label the 3-dimensional
spherical manifolds S3 and their quadratic counterparts R%. The presenta-
tion of the algebra Cye(Ry) is given as follows, using the selfadjoint genera-
tors a# = a** for p € {0,1,2,3} related to the 2* by 20 = 29, 2% = ei¥r 2k

for j € {1,2,3}
cos(pr)[a’, 2"]- = i sin(py — om)[a’, 2]y (2.21)

cos(r — om)[xt, 2™ - = —i sin(gp)[2°, "]+ (2.22)

for k = 1,2,3 where (k, ¢, m) is the cyclic permutation of (1,2,3) starting
with & and where [a,b]+ = ab & ba. The algebra Cy,(S3) is the quotient of
Caig(R%) by the two-sided ideal generated by the hermitian central element
3, ()~ 1

The second equivalent description of M relies on the equality A3 = Ds,
i.e. the identification of SU(4) with the Spin covering of SO(6) using the
(4-dimensional) half spin representation of the latter. Proposition 1 holds
unchanged replacing the pair (SU(4), K) by the pair (SO(6), Kp), where
Kp corresponds under the above isomorphism with the quotient of K by the
kernel of the covering Spin(6) — SO(6). Identifying the Lie algebra so(6)

with the Lie algebra of antisymmetric six by six real matrices, 0 corresponds

11



to the subalgebra 0 p of block diagonal matrices with three blocks of the form
<—?pk 1%’“) (2.23)
The 3-torus Tp is the quotient,
Tp == 0p/Tp, Tp={dcople’ € Kp} (2.24)
which using the roots of D3, (£e; £ €;)(¢) := £1; £ ; becomes,
Pp={v] 6 + ¢ € 72} (2.25)

The relation between the parameters (¢y) for k € {1,2,3} and the (¢x) is
given by,

291 =2+ w3 =1, 22 =3+ @1 — P2, 23 =1+ P2 — 3 (2.26)
and in terms of the v, the Killing metric on Tp reads,
ds® = (dipr)? + (dipa)* + (dis)? (2.27)
The action of the Weyl group W is given by the subgroup of O(3,Z)

w1, 2, 13) = (1060, E2Y0(2), €3V0(3)) (2.28)

with o € &3 and ¢, € {1, —1}, of elements w € O(3,Z) such that e160e3 = 1.
The additional symmetry (2.13) defining M is simply

A (2.29)

and together with W it generates O(3,7Z).
Another advantage of the variable 1y is that the scaling vector field Z (cf.
Part I) whose orbits describe the local equivalence relation on M generated

by the isomorphism of quadratic algebras,
Calg(R4(Al)) ~ Calg(R4(A2)> (230)

12



and which was given in the variables (¢y) as,

3

: : 0
Z = Z sin(2¢py) sin(pe + ©m — gok)a— (2.31)
1 Pk
is now given by
3
1 OHy 0
Z = - — 2.32
4 Oy, Oy (2:52)
with
Hy = sin(2 ) sin(2 ) sin(2 ¢)3) . (2.33)

Since 2T'p is the unit lattice for PSO(6) we can translate everything to the
space C of conjugacy classes in PSO(6).

Theorem 2 The doubling map ¢ — 21 establishes an isomorphism between
M and C transforming the scaling foliation on M into the gradient flow
(for the Killing metric) of the character of the signature representation of
SO(6), i.e. the super-trace of its action on N*C® = A3C® @ A2 CE with
NLCO = {w e N3CP| xw = tiw}.

This flow admits remarkable compatibility properties with the canonical cell

decomposition of C, they will be analysed in Part II.

3 The Complex Moduli Space and its Net of
Elliptic Curves

The proper understanding of the noncommutative spheres S3 relies on basic
computations (Theorem 15 below) whose result depends on u through elliptic

integrals. The conceptual explanation of this dependence requires extending

13



the moduli space from the real to the complex domain. The leaves of the
scaling foliation then appear as the real parts of a net of degree 4 elliptic
curves in P3(C) having 8 points in common. These elliptic curves will turn
out to play a fundamental role and to be closely related to the elliptic curves
of the geometric data (cf. Section 4) of the quadratic algebras which their
elements label.
To extend the moduli space to the complex domain we start with the relations
defining the involutive algebra Cys(S?(A)) and take for A the diagonal matrix
with

AF =t (3.1)

where (ug, u1, U, ug) are the coordinates of u € P3(C). Using y,, := A¥2" one

obtains the homogeneous defining relations in the form,

Up Yk Yo — Uo Yo Yk + Ue Yo Ym — Um Ym Ye = 0
Uk Yo Yk — U0 Yk Yo + Um Yo Y — W YmYe = O (3.2)

for any cyclic permutation (k, ¢, m) of (1,2,3). The inhomogeneous relation
becomes,

Z Uy, yi =1 (3.3)
and the corresponding algebra Cye(S2(u)) only depends upon the class of
u € P3(C). We let Cy,(C*(u)) be the quadratic algebra defined by (3.2).
Taking u,, = e*#*, ¢y =0, for all p and z, := e'®*y, we obtain the defining
relations (2.21) and (2.22) (except for x} = 1,,).

We showed in Part I that for ¢, # 0 and |p, — | # § (ie. up # 1 and
u, # —us) for any k,r,s € {1,2,3}, one can find 4 scalars s* such that by
setting S, = sta# for p € {0,1,2,3} the system (2.21), (2.22) reads

(S0, Sk]— = T[St Sun] = (3.4)

14



[Se, Sl = i[.So, Sk]+ (3.5)

for k = 1,2,3, where (k,¢,m) is the cyclic permutation of (1,2,3) starting
with k& and where Jg,, = —tan(yp; — ¢y,) tan(pg). One has

Jig + Jog + J31 + Ji2Jaz s =0 (3.6)

and the relations (3.4), (3.5) together with (3.6) for the scalars Jy,, charac-
terize the Sklyanin algebra [17], [18], a regular algebra of global dimension 4
which has been widely studied (see e.g. [14], [19], [20]) and which plays an
important role in noncommutative algebraic geometry. From (3.6) it follows
that for the above (generic) values of u, Cy(RY) only depends on 2 param-
eters; with Z as in (2.31) one has Z(Jg) = 0 and the leaf of the scaling

foliation through a generic u € T? is the connected component of u in
F']I‘(ll) = {V € T3 | Jkg(V) = Jkg(u)} (37)
In terms of homogeneous parameters the functions Jy, read as

Jom = tan(po — pr) tan(pe — ©m) (3.8)
for any cyclic permutation (k,¢,m) of (1,2,3), and extend to the complex
domain u € P3(C) as,

(o + we) (U + ug) — (o + ) (ug + wp)
(uo + ug)(ue + )

Tim = (3.9)

It follows easily from the finer Theorem 5 that for generic values of u € P;(C)

the quadratic algebra Cye(C*(u)) only depends upon Jie(u). We thus define
F(u) :={v € B(C) | Jy(v) = Je(u)} (3.10)
Let then,
(o, B,77) = {(uo + u1)(ug + us), (uo + u2)(usz + u1), (uo + us)(ur + u2)}

15



be the Lagrange resolvent of the 4th degree equation,

®(u) = (@, 4,7) (3.11)

viewed as a map

& : P(C)\S — P(C) (3.12)

where S is the following set of 8 points

bo = (1707070)7 P1 = (07 17070)7 b2 = (0707 170)7 b3 = (070707 1) (313)

qo = (_17 17 17 1)a q1 = (17 _17 17 1)7 g2 = (17 17 _17 1)7 qs = (17 17 17 _1)

We extend the generic definition (3.10) to arbitray u € P3(C)\S and define
F, in general as the union of S with the fiber of ® through u. It can be
understood geometrically as follows.

Let A be the net of quadrics in P3(C) which contain S. Given u € P3(C)\S

the elements of A" which contain u form a pencil of quadrics with base locus
MQ|QeN, ue@} =Y, (3.14)
which is an elliptic curve of degree 4 containing S and u. One has

Y, = F, (3.15)

16



Figure 1: The Elliptic Curve F,, N P3(R)
We shall now give, for generic values of (a, 3,7) a parametrization of F, by

f-functions. We start with the equations for F,

(uo + up)(ug +us)  (up +u2)(us +ur)  (ug+ us)(uy + us)

. 3 5 (3.16)
and we diagonalize the above quadratic forms as follows
(UO + ul) (UQ + Ug) = Zg — Z12
(UO + UQ) (Ug + Ul) = Zg — Z22 (317)
(UO + Ug) (Ul + UQ) = Zg — Zg
where
(Zo,Zl,ZQ,Zg) =M.u (318)

17



where M is the involution,

11 1 1
11 -1 -1
M = 511 -1 1 -1 (3.19)
1 -1 -1 1
In these terms the equations for F, read

o p gl
Let now w € C, Imw > 0 and n € C be such that one has, modulo projective

equivalence,

02(0)*  605(0) 94(0)2)
O{, Y ~ ) ) 321
@00~ (Gaw P a7 (321
where 64, 65, 03,0, are the theta functions for the lattice L = Z + Zw C C

Proposition 3 The following define isomorphisms of C/L with F\,

_(01(22) 05(22) 03(22) 04(22)
#le) = <91(n)’ 00 Bom) Bl

and Y(2) = (z —n/2).

) - (Z07 Z17 Z27 Z3>

Proof Up to an affine transformation, ¢ (and ¢ are) is the classical pro-
jective embedding of C/L in P3(C). Thus we only need to check that the
biquadratic curve Im ¢ = Im is given by (3.20). It is thus enough to check
(3.20) on ¢(z). This follows from the basic relations

03(0)03(2) = 03(2)05(0) + 3(0)5 (2) (3.22)

and
01(2)63(0) = 67(2)63(0) + 65(2)67(0) (3.23)

. Z2-72 Z2-72 73-72 Z2-72 .
which one uses to check =—1 = =0 7 and = 5= 07 3 respectively.[]

18



The elements of S are obtained from the following values of z

B(1) = pon (0 + ) =pr W+ o+ D =po v+ D) =ps (3:24)

2 2 2 2
and
YO =@ W) = b+ D) = v = (329

(We used M 1.9 to go back to the coordinates u,,).

Let H ~ Zsy X Zs be the Klein subgroup of the symmetric group G4 acting
on P3(C) by permutation of the coordinates (ug, uy, ug, us).

For p in H one has ® o p = ®, so that p defines for each u an automorphism
of F,. For p in H the matrix MpM ! is diagonal with +1 on the diagonal
and the quasiperiodicity of the f-functions allows to check that these au-

tomorphisms are translations on F, by the following 2-torsion elements of
C/L,

(01 23 . . 1
p-(l 0 3 2) is translation by 3,

(3.26)

2 3 01
Let O C P5(C) be the complement of the 4 hyperplanes {u, = 0} with p €

p:<0 L2 3) is translation by £ + £

{0,1,2,3}. Then (uq,us, us, us) — (ug,uyt, uyt,uz') defines an involutive

automorphism I of O and since one has
(ug '+ up ) (ug '+ uyt) = (uougugug) ™ (ug + ug) (ue + uy) (3.27)

it follows that ® o I = @, so that I defines for each u € O\{qo, 1, ¢2, q3} an

involutive automorphism of F,, N O which extends canonically to Fj,, in fact,

Proposition 4 The restriction of I to Fy is the symmetry 1 (z) — ¥(—z)

around any of the points q, € Fy in the elliptic curve Fy,.
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This symmetry, as well as the above translations by two torsion elements
does not refer to a choice of origin in the curve F,. The proof follows from
identities on theta functions.

Let T := {u||u,| = 1 Vu}. By section 2 the torus T gives a covering of
the real moduli space M. For u € T, the point ®(u) is real with projective

coordinates
O(u) = (s1,892,83), Sk:=1+tty, tp:=tan(pr— o) (3.28)

The corresponding fiber Fj, is stable under complex conjugation v — ¥ and

the intersection of F, with the real moduli space is given by,
Fr(u) = FuNT ={v e F,|I(v) =V} (3.29)

The curve F is defined over R and (3.29) determines its purely imaginary
points. Note that Fr(u) (3.29) is invariant under the Klein group H and thus
has two connected components, we let Fr(u)? be the component containing
go- The real points, {v € Fylv = ¥} = F, N P(R) of F, do play a

complementary role in the characteristic variety (Proposition 12).

4  Generic Fiber = Characteristic Variety

Let us recall the definition of the geometric data {E, o, L} for quadratic
algebras. Let A = A(V,R) = T(V)/(R) be a quadratic algebra where V
is a finite-dimensional complex vector space and where (R) is the two-sided
ideal of the tensor algebra T'(V') of V' generated by the subspace R of V@V
Consider the subset of V* x V* of pairs (a, 3) such that

(w,a®p) =0, a#0,8#0 (4.1)
for any w € R. Since R is homogeneous, (4.1) defines a subset

I C P(V*) x P(V*)
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where P(V*) is the complex projective space of one-dimensional complex
subspaces of V*. Let E; and E5 be the first and the second projection of I'
in P(V*). It is usually assumed that they coincide i.e. that one has

Ey = Ey=E C P(V*) (4.2)

and that the correspondence o with graph I' is an automorphism of F, £
being the pull-back on E of the dual of the tautological line bundle of P(V'*).
The algebraic variety E is refered to as the characteristic variety. In many
cases F is the union of an elliptic curve with a finite number of points which
are invariant by o. This is the case for A, = Cy,(C*(u)) at generic u since
it then reduces to the Sklyanin algebra for which this is known [14], [19].
When u is non generic, e.g. when the isomorphism with the Sklyanin al-
gebra breaks down, the situation is more involved, and the characteristic
variety can be as large as P3(C). This is described in Part I, where we
gave a complete description of the geometric datas. Our aim now is to show
that for u € P5(C) generic, there is an astute choice of generators of the
quadratic algebra A,, = C,s(C*(u)) for which the characteristic variety E,
actually coincides with the fiber variety F, and to identify the correspond-
ing automorphism . Since this coincidence no longer holds for non-generic
values it is a quite remarkable fact which we first noticed by comparing the

J-invariants of these two elliptic curves.

Let u € P3(C) be generic, we perform the following change of generators
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Yo = \/ul_u2\/u2_u3\/u3_u1 Yo

Y1 = up+u2 Vus —usJup+us Y;

(4.3)
Yo = up+usz\Jus—up uo+u Ys
Ys = Up+u Vur —uz ug+ug Y
We let Jy,,, be as before, given by (3.9)
o — — —
J12 = 757 J23 = ﬁ 77 J3l = 7 (44)

Q
=@

with «, 8,7 given by (3.11). Finally let e, be the 4 points of P3(C) whose

homogeneous coordinates (Z,) all vanish but one.

Theorem 5 1) In terms of the Y, the relations of Ay take the form

D/O? Yk]— - D/f? Ym]—i— (45>
[Y'b Ym]_ = _Jém D/ba Yk]+ (46)
for any k € {1,2,3}, (k,¢,m) being a cyclic permutation of (1,2,3)

2) The characteristic variety Ey is the union of Fy, with the 4 points e, .

3) The automorphism o of the characteristic variety E, is given by

¥(z) = ¥(z —n) (4.7)

on Fy and o = Id on the j points e,,.
4) The automorphism o is the restriction to Fy of a birational automorphism
of P3(C) independent of u and defined over Q.

The resemblance between the above presentation and the Sklyanin one (3.4),

(3.5) is misleading, for the latter all the characteristic varieties are contained
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in the same quadric (cf. [19] §2.4)

2 _
Z Ty = 0
and cant of course form a net of essentially disjoint curves.

Proof By construction E, = {Z|Rank N(Z) < 4} where

Zl —ZO ZS Z2
Z2 Z3 —Z() Zl
Zs Zs A —Zo
N(Z) = (4.8)
(5 - ’Y)Zl (ﬁ - ’Y)Zo —als aZy
(7 - Oé)Zz BZs (7 - Oé)Zo —5Z1

(a—=B)Zy  —vZ V21 (a—B)Zy

One checks that it is the union of the fiber F}, (in the generic case) with the
above 4 points. The automorphism o of the characteristic variety F, is given

by definition by the equation,
N(Z)o(Z)=0 (4.9)

where o(Z) is the column vector 0(Z,) := M - o(u) (in the variables Z).
One checks that o(Z) is already determined by the equations in (4.9) corre-
sponding to the first three lines in N(Z) which are independent of «, 3, v (see
below). Thus o is in fact an automorphism of P3(C) which is the identity
on the above four points and which restricts as automorphism of F, for each
u generic. One checks that o is the product of two involutions which both

restrict to £, (for u generic)
o=10l, (4.10)
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where [ is the involution of the end of section 3 corresponding to u, +— u;l

and where [ is given by
1o(Zo) = —Zo, 1o(Zk) = Zy (4.11)

for k € {1,2,3} and which restricts obviously to F, in view of (3.17). Both
I and I, are the identity on the above four points and since I induces the
symmetry ¢(z) — ¢(—2) around ¢(0) = ¥(n/2) (proposition 3) one gets the
result using proposition 4.

The fact that o does not depend on the parameters «, 3,y plays an important
role. Explicitly we get from the first 3 equations (4.9)

o(Z)u = nuu(Zﬁ —Zy Z Z3 =2 H Z3) (4.12)
vFEL AFE

for p € {0,1,2,3}, where 19 = 1 and n,,, = —1 for n € {1,2,3}. O

5 Central Quadratic Forms and Generalised
Cross-Products

Let A = A(V,R) = T(V)/(R) be a quadratic algebra. Its geometric data
{E, o, L} is defined in such a way that .4 maps homomorphically to a
cross-product algebra obtained from sections of powers of the line bundle £
on powers of the correspondence o ([3]).

We shall begin by a purely algebraic result which considerably refines the
above homomorphism and lands in a richer cross-product. We use the nota-

tions of section 4 for general quadratic algebras.

Definition 6 Let Q € S*(V) be a symmetric bilinear form on V* and C a
component of E x E. We shall say that Q) is central on C iff for all (Z, Z')
in C' and w € R one has,

w(Z,2")Q(o(Z),07(2)) + Q(Z,Z")w(0(Z),07(Z)) = 0
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Let C' be a component of ¥ x E globally invariant under the map
3(2,2') = (0(Z),071(Z")) (5.1)

Given a quadratic form @ central and not identically zero on the component
C, we define as follows an algebra C as a generalised cross-product of the
ring of meromorphic functions on C' by the transformation . Let L, L' € V
be such that L(Z) L'(Z’) does not vanish identically on C'. We adjoin two

generators Wy, and W;, which besides the usual cross-product rules,
Wof=(fod)Wp, Wihf=(fos )W, VfeC (52
fulfill the following relations,
W Wi, =n(Z,7"), W, Wy, =x(c"(2),0(2")) (5.3)

where the function 7(Z, Z') is given by the ratio,
L(2) L'(Z')

Z,7") = 4

"2.2) = =57 2 (5:4)
The a priori dependence on L, L' is eliminated by the rules,
L2(Z) / / L,2(Z,>

Wp, = ——==W Wi =W, ——= 5.5

“TLE o TET R )

which allow to adjoin all W, and W}, for L and L' not identically zero on
the projections of C', without changing the algebra and provides an intrinsic
definition of Cj.

Our first result is

Lemma 7 Let ) be central and not identically zero on the component C.
(i) The following equality defines a homomorphism p: Aw— Cq
Y(Z) Y(Z')
2 Y) = ,/
\/7p( ) L(Z) WL+WL L/(Z,>,

(ii) If o* # 1, then p(Q) = 1 where Q is viewed as an element of T(V)/(R).

YY eV

25



Formula (i) is independent of L, L’ using (5.5) and reduces to Wy + W5, when
Y is non-trivial on the two projections of C'. It is enough to check that the
p(Y) € Cq fulfill the quadratic relations w € R. We view w € R as a bilinear
form on V*. The vanishing of the terms in W? and in W2 is automatic by
construction of the characteristic variety. The vanishing of the sum of terms
in WW' W'W follows from definition 6.

Let A, = Cae(C*(u)) at generic u, then the center of A, is generated by the

three linearly dependent quadratic elements
Qm = Ju(Yg + Yo) + Y = Y7 (5.6)
with the notations of theorem 5.

Proposition 8 Let A, = Cas(C*(u)) at generic u, then each Q. is central

on Fy X Fy (C Ey x Ey).

One uses (4.10) to check the algebraic identity. Together with lemma 7 this
yields non trivial homomorphisms of A4, whose unitarity will be analysed in
the next section. Note that for a general quadratic algebra A = A(V, R) =
T(V)/(R) and a quadratic form Q € S?*(V), such that @ € Center(A), it
does not automatically follow that @) is central on EF x E. For instance
Proposition 8 no longer holds on Fy, x {e, } where e, is any of the four points

of F, not in F,.

6 Positive Central Quadratic Forms on Quad-
ratic x-Algebras

The algebra A,, u € T is by construction a quadratic x-algebra i.e. a
quadratic complex algebra A = A(V, R) which is also a *-algebra with in-

volution x — x* preserving the subspace V of generators. Equivalently one
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can take the generators of A (spanning V') to be hermitian elements of A. In
such a case the complex finite-dimensional vector space V' has a real struc-
ture given by the antilinear involution v — j(v) obtained by restriction of
x +— x*. Since one has (zy)* = y*z* for z,y € A, it follows that the set R of

relations satisfies
(J®@Jj)(R) =t(R) (6.1)

in VeV wheret: VeV —V®V is the transposition v ® w — t(v @ w) =
w ® v. This implies

Lemma 9 The characteristic variety is stable under the involution Z

Jj(Z) and one has
a(j(2)) = j(e7(2))

We let C' be as above an invariant component of £ x E we say that C is

j-real when it is globally invariant under the involution

12, 2') = (3(2), (2)) (6.2)

By lemma 9 this involution commutes with the automorphism & (5.1) and

the following turns the cross-product Cg into a *-algebra,

1N2,2)=10(Z.2). W) =Wy,  (Wp)' =W, (6.3)

J

provided that Q € S?(V) fulfills Q = Q*. We use the transpose of j, so that
J(LNZ) =L(j(2)), VZeV" (6.4)

The homomorphism p of lemma 7 is a *-homomorphism. Composing p with
the restriction to the subset K = {(Z,2') € C|Z' = j(Z)} one obtains a
s-homomorphism 6 of A = A(V,R) to a twisted cross-product C*-algebra,

C(K) X4, ¢ Z. Given a compact space K, an homeomorphism o of K and a
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hermitian line bundle £ on K we define the C*-algebra C(K) X, » Z as the
twisted cross-product of C(K) by the Hilbert C*-bimodule associated to £
and o ([2], [15]). We let for each n > 0, £°" be the hermitian line bundle
pullback of £ by o™ and (cf. [3], [19])

n—1

L, =LRL @ QL] (6.5)
We first define a *-algebra as the linear span of the monomials
Ewnr, Wen, & neC(K,L,) (6.6)
with product given as in ([3], [19]) for (& W™) (&, W™2) so that
EW™) (EW™) = (& @ (§ao0™)) WM (6.7)

We use the hermitian structure of £, to give meaning to the products n* &
and & n* for £,n € C(K,L,). The product then extends uniquely to an

associative product of x-algebra fulfilling the following additional rules
Wy ) (W) = (" €)oo, (EWH) (W™ y) = ¢n"  (6.8)

The C*-norm of C(K) X, o Z is defined as for ordinary cross-products and
due to the amenability of the group Z there is no distinction between the
reduced and maximal norms. The latter is obtained as the supremum of the
norms in involutive representations in Hilbert space. The natural positive
conditional expectation on the subalgebra C(K') shows that the C*-norm
restricts to the usual sup norm on C'(K).

To lighten notations in the next statement we abreviate j(Z) as Z,

Theorem 10 Let K C E be a compact o-invariant subset and Q) be central

and strictly positive on {(Z, Z); Z € K}. Let L be the restriction to K of
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the dual of the tautological line bundle on P(V*) endowed with the unique
hermitian metric such that

L(Z) L'(Z)
Qz.2)
(i) The equality \/20(Y) :=Y W + W*Y* yields a *-homomorphism

(L, L) = L L'eV, ZeK

0: A=A(V,R)— C(K) X, o Z
(ii) For any Y € V the C*-norm of 0(Y') fulfills
Supc|[Y]] < V2] 6(Y)]| < 2 Supl|Y|
(iii) If o* # 1, then 0(Q) = 1 where Q is viewed as an element of T(V)/(R).

We shall now apply this general result to the algebras A,, u € T. We take
the quadratic form

QX X') =) X, X, (6.9)
in the z-coordinates, so that () is the canonical central element defining the
sphere S3 by the equation Q = 1. Proposition 8 shows that @ is central
on F, x F, for generic u. The positivity of () is automatic since in the -
coordinates the involution j, coming from the involution of the quadratic *-
algebra A, is simply complex conjugation j,(Z) = Z, so that Q(X, ju(X)) >
0 for X # 0. We thus get,

Corollary 11 Let K C Fy be a compact o-invariant subset. The homomor-
phism 0 of Theorem 10 is a unital x-homomorphism from Cag(S3) to the

cross-product C*(K) X, o Z.

This applies in particular to K = Fy,. It follows that one obtains a non-trivial

C*-algebra C*(S3) as the completion of Cy,(S3) for the semi-norm,
|P| := Supl=(P)] (6.10)
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where 7 varies through all unitary representations of Cie(S3).
To analyse the compact o-invariant subsets of Fy, for generic u, we distinguish
two cases. First note that the real curve F,, N P3(R) is non empty (it contains

Do), and has two connected components since it is invariant under the Klein
group H (3.26).

o p)

P1
as

Figure 2: The Elliptic Curve Fy, N P3(R) (odd case)

We say that u € T is even when o preserves each of the two connected
components of the real curve Fy, N P3(R) and odd when it permutes them
(cf. Figure 2). A generic u € T is even (cf. Figure 1) iff the s; of (3.28)
(sp = 1+1tsty,, ty = tan pg) have the same sign. In that case o is the square

of a real translation « of the elliptic curve Fj, preserving F,, N P3(R).

Proposition 12 Let u € T be generic and even.
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(i) Each connected component of FyNPs(R) is a minimal compact o-invariant
subset.

(ii) Let K C Fy be a compact o-invariant subset, then K is the sum in the
elliptic curve Fy with origin py of Kt = K N Fr(u)® (c¢f. 8.29) with the
component Cy of Fy N P3(R) containing po.

(111) The cross-product C(Fy) X, ¢ Z is isomorphic to the mapping torus of

the automorphism (3 of the noncommutative torus ’]1"727 = Cu X, Z acting on

the generators by the matriz { (1) le ] .

More precisely with U; the generators one has
B(Uh):=Us,  B(U):=U!U (6.11)

The mapping torus of the automorphism (3 is given by the algebra of contin-

uous maps s € R — z(s) € C(T;) such that z(s + 1) = f(z(s)), Vs € R.

Corollary 13 Letu € T be generic and even, then FyX, 7 is a noncommau-
tative 3-manifold with an elliptic action of the three dimensional Heisenberg

Lie algebra b3 and an invariant trace 7.

We refer to [16] and [1] where these noncommutative manifolds were intro-
duced and analysed in terms of crossed products by Hilbert C*-bimodules.
One can construct directly the action of bz on C*°(F,) X, ¢ Z by choosing a
constant (translation invariant) curvature connection V, compatible with the
metric, on the hermitian line bundle £ on F,, (viewed in the C*°-category not
in the holomorphic one). The two covariant differentials V; corresponding to
the two vector fields X; on F,, generating the translations of the elliptic curve,
give a natural extension of X; as the unique derivations 6; of C*(Fy) X4, » Z

fulfilling the rules,

6(f) = X5(f), VfeCO™(F)
6 (EW) = VW, Ve CF(Fy, L) (6.12)

31



We let § be the unique derivation of C*°(F,) X, » Z corresponding to the
grading by powers of W. It vanishes on C*°(F,) and fulfills

SEWFR)y =dikeWr (W n*) = —i kW y* (6.13)
Let 7 k be the constant curvature of the connection V, one gets
[51, (52] = /4,5, [(5, (5]] =0 (614)

which provides the required action of the Lie algebra hs on C*°(F,) X, ¢ Z.
Integration on the translation invariant volume form dv of F, gives the hs-

invariant trace 7,

(f) = /fdv, Vf e O®(F,)
T(EWF) = 7(W*n*) =0, VE#0 (6.15)

It follows in particular that the results of [4] apply to obtain the calculus. In

particular the following gives the “fundamental class” as a 3-cyclic cocycle,

m3(ao, ay, as, az) = Zeijk 7(ag 5i(al) 5j(a2) 5k(a3)) (6-16)

where the ¢; are the above derivations with d3 := 4.

We shall in fact describe the same calculus in greater generality in the last
section which will be devoted to the computation of the Jacobian of the
homomorphism € of corollary 11.

Similar results hold in the odd case. Then Fy, N P3(R) is a minimal compact
o-invariant subset, any compact o-invariant subset K C F is the sum in the
elliptic curve F, with origin py of F, N P3(R) with Kt = K N Fr(u)? but the
latter is automatically invariant under the subgroup Hy C H of order 2 of

the Klein group H (3.26)
Hy:={h € H|h(Fr(u)°) = Fr(u)’} (6.17)
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The group law in F}, is described geometrically as follows. It involves the
point go. The sum z = z+y of two points x and y of Fy, is z = Iy(w) where w
is the 4th point of intersection of F, with the plane determined by the three
points {qo, z,y}. It commutes by construction with complex conjugation so
that t +y=7 + 1y, V&, ye€F,.

By lemma 9 the translation ¢ is imaginary for the canonical involution j,.
In terms of the coordinates Z,, this involution is described as follows, using
(4.3) (multiplied by e!(7/4=#1=¢2=¢3)2-3/2) to change variables. Among the 3

real numbers
A = COS @ COS P, Sin(wpr — ©m) ke {1,2,3}
two have the same sign € and one, A\g, k € {1,2,3}, the opposite sign. Then
Ju= €l oc (6.18)

where ¢ is complex conjugation on the real elliptic curve F, (section 3) and

I,, the involution
IM(ZM) =—27,, IM(Z,,) =Z,, V#n (6.19)

The index k£ and the sign € remain constant when u varies in each of the four
components of the complement of the four points ¢, in Fr(u). The sign €
matters for the action of j, on linear forms as in (6.4), but is irrelevant for
the action on Fy,. Each involution I, is a symmetry z — p — 2 in the elliptic
curve F, and the products I, o I, form the Klein subgroup H (3.26) acting
by translations of order two on F,.

The quadratic form @ of (6.9) is given in the new coordinates by,
Q= (H cos? ¢r) Z te sk Qk (6.20)
with s := 1+ tpt,,, tx := tan ¢ and Q) defined by (5.6).
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Let u € T be generic and even and v € Fr(u)®. Let K(v) = v+ Cy be the
minimal compact o-invariant subset containing v (Proposition 12 (ii)). By

Corollary 11 we get a homomorphism,
0, : Cag(Sy) — C=(T2) (6.21)

whose non-triviality will be proved below in corollary 17. We shall first show
(Theorem 14) that it transits through the cross-product of the field K, of
meromorphic functions on the elliptic curve by the subgroup of its Galois
group Autc(K,) generated by the translation o.

For Z = v+ z, z € Cy, one has using (6.18) and (3.29),

Ju(Z) = 1,(Z —v) = I(v) (6.22)

which is a rational function r(v, Z). Fixing u, v and substituting Z and
Z" = r(v, Z) in the formulas (5.3) and (5.4) of lemma 7 with L real such
that 0 ¢ L(K(v)), L' = €L oI, and @ given by (6.20) we obtain rational
formulas for a homomorphism 6’; of C’alg(Sﬁ) to the generalised cross-product
of the field K, of meromorphic functions f(Z) on the elliptic curve Fy by o.
The generalised cross-product rule (5.3) is given by W W' := ~v(Z) where ~
is a rational function. Similarly W’ W := v(c~!(Z)). Using integration on

the cycle K(v) to obtain a trace, together with corollary 11, we get,

Theorem 14 The homomorphism 0, : Cag(Sy) — C=(T}) factorises with
a homomorphism 9;, : Calg(Sf;) — K, X, Z to the generalised cross-product
of the field K, of meromorphic functions on the elliptic curve Fy by the
subgroup of the Galois group Autc(K,) generated by o. Its image generates
the hyperfinite factor of type I, after weak closure relative to the trace given

by integration on the cycle K (v).
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Elements of K, with poles on K(v) are unbounded and give elements of
the regular ring of affiliated operators, but all elements of 6, (Cag(S3)) are
regular on K (v). The above generalisation of the cross-product rules (5.3)
with the rational formula for W W' := ~(Z) is similar to the introduction of

2-cocycles in the standard Brauer theory of central simple algebras.

7 The Jacobian of the Covering of S?

In this section we shall analyse the morphism of x-algebras
0 : Cag(S2) = C(Fy X, £ Z) (7.1)

of Corollary 11, by computing its Jacobian in the sense of noncommutative
differential geometry ([5]).

The usual Jacobian of a smooth map ¢ : M +— N of manifolds is obtained
as the ratio ¢*(wy)/wys of the pullback of the volume form wy of the target
manifold N with the volume form wj; of the source manifold M. In non-
commutative geometry, differential forms w of degree d become Hochschild
classes w € HH4(A), A = C>(M). Moreover since one works with the
dual formulation in terms of algebras, the pullback ¢*(wy) is replaced by
the pushforward ¢!(@y) under the corresponding transposed morphism of
algebras ¢!(f):= foep, Vfe C®(N).

The noncommutative sphere S3 admits a canonical “volume form” given by

the Hochschild 3-cycle ch s (U). Our goal is to compute the push-forward,
9*(ch%(U)) € HH3(C™®(Fy X0, Z)) (7.2)

Let u be generic and even. The noncommutative manifold Fy X, ¢ Z is, by
Corollary 13, a noncommutative 3-dimensional nilmanifold isomorphic to the

mapping torus of an automorphism of the noncommutative 2-torus 7| ,72 Its

35



Hohschild homology is easily computed using the corresponding result for
the noncommutative torus ([5]). It admits in particular a canonical volume
form V € HH3(C®(Fy X4 ¢ Z)) which corresponds to the natural class in
HHy(C*(T7)) ([5]). The volume form V' is obtained in the cross-product
Fy X, ¢ Z from the translation invariant 2-form dv on Fj,.

To compare 9*(Ch%(U )) with V' we shall pair it with the 3-dimensional
Hochschild cocycle 7, € HH?*(C™(Fy X, o Z)) given, for any element h of
the center of C°(Fy X, ¢ Z), by

Th(ao, ay, aa, CL3) = Tg(h&o, ay, ag, ag) (73)

where 73 € HC?(C™(Fy X, £ Z)) is the fundamental class in cyclic cohomol-
ogy defined by (6.16).
By [10], (2.13) p.549, the component ch%(U) of the Chern character is given

ch%(U) = — Z €apys COS(Po — Q5 + ) — p5) 2% da® dx7 dx’ +
i Z sin2(p, — ) " dx” dat dz” (7.4)

where ¢y := 0. In terms of the Y}, one gets,

chs(U) = A Gags (S0 — 55+ 55 — 85) Yo dYadY, dYs +

A aprs (Sa — sp) Y, dYsdY, dY; (7.5)

3
2

where sg := 0, s := 14 1yt,,, tx := tan p; and

Oapys = €apys (Na — g + 1y — 15) (7.6)
with ng = 0 and n;, = 1. The normalization factor is

A= —i H cos®(ipr) sin(wr — o) (7.7)
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Formula (7.5) shows that, up to normalization, ch% (U) only depends on the
fiber Iy of u.

Let u € T be generic, we assume for simplicity that u is even, there is a
similar formula in the odd case. In our case the involutions [ and I, are
conjugate by a real translation x of the elliptic curve F,, and we let F,(0) be

one of the two connected components of,
(Z € Rl Io(2) = 7} (7.8)

By Proposition 12 we can identify the center of C*°(Fy X, Z) with C*(Fy(0)).

™

We assume for simplicity that ¢; € [0, ] are in cyclic order ¢, < ¢; < @,

for some k € {1,2,3}.
Theorem 15 Let h € Center (C®(Fy X4 2 Z)) ~ C*®(F4(0)). Then

(chy (U),72) = 670 / h(Z) dR(Z)
u(O)
where €2 is the period given by the elliptic integral of the first kind,

ZodZy, — ZydZy

Q p—
Cu ZZZm
and R the rational fraction,
Z2
R(Z) >

—f, —m
M72 4+ o 22
with ¢, = tg(¢) cot(pr — wr).

We first obtained this result by direct computation using the explicit formula
(6.16) and the natural constant curvature connection on L given by the
parametrisation of Proposition 3 in terms of #-functions. The pairing was
first expressed in terms of elliptic functions and modular forms, and the

conceptual understanding of its simplicity is at the origin of many of the
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notions developped in the present paper and in particular of the “rational”
formulation of the calculus which will be obtained in the last section. The
geometric meaning of Theorem 15 is the computation of the Jacobian in the
sense of noncommutative geometry of the morphism 6 as explained above.

The differential form
 ZodZy — ZydZy

Sk Zme

is independent of k and is, up to scale, the only holomorphic form of type

(7.9)

W

(1,0) on Fy, it is invariant under the translations of the elliptic curve. The
integral €2 is (up to a trivial normalization factor) a standard elliptic integral,

it is given by an hypergeometric function in the variable

m = S5 = 5m) (7.10)

s1(sk — Sm)

or a modular form in terms of gq.

The differential of R is given on Fy, by dR = J(Z) w where

Zo 2y Ly Ly
(Z2+ i Z7)?

J(Z) = 2(Sm—8l) thk (711)

The period € does not vanish and J(Z), Z € F,(0), only vanishes on the 4

“ramification points” necessarily present due to the symmetries.
Corollary 16 The Jacobian of the map 0! is given by the equality
0*(chg(U)) =3QJV

where J is the element of the center C™(Fy(0)) of C®(Fy Xo £ Z) given by
formula (7.11).

This statement assumes that u is generic in the measure theoretic sense so

that 7 admits good diophantine approximation ([5]). It justifies in particular
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the terminology of “ramified covering” applied to 8¢. The function J has
only 4 zeros on F,,(0) which correspond to the ramification.
As shown by Theorem 5 the algebra A, is defined over R, i.e. admits a

natural antilinear automorphism of period two, v uniquely defined by
YY) =Yy, Vu (7.12)

Theorem 5 also shows that o is defined over R and hence commutes with
complex conjugation ¢(Z) = Z. This gives a natural real structure v on the

algebra Cq with C' = F,, x F,; and @ as above,

V(2. 2Y) = [(c(Z),c(27), y(WL) == Wewy, vWL) = Wiy

One checks that the morphism p of lemma 7 is “real” i.e. that,

Yop= poy (7.13)

Since ¢(Z) = Z reverses the orientation of F,, while y preserves the orien-
tation of S2 it follows that J(Z) = —J(Z) and J necessarily vanishes on
Fu(0) N P5(R).

Note also that for general h one has (ch s (U), ) # 0 which shows that both
ch%(U ) € HH3 and 7, € HH? are non trivial Hochschild classes. These
results hold in the smooth algebra C°°(S3) containing the closure of Cle(S3)
under holomorphic functional calculus in the C* algebra C*(S2). We can also

use Theorem 15 to show the non-triviality of the morphism 6, : C’alg(Sf’l) —
e 2
C (Tn) of (6.21).

Corollary 17 The pullback of the fundamental class [T%] of the noncommu-
tative torus by the homomorphism 0, : Cag(S3) — C*(T3) of (6.21) is non
zero, 03([T2]) # 0 € HH? provided v is not a ramification point.
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We have shown above the non-triviality of the Hochschild homology and
cohomology groups H H3(C*>(S2)) and HH3(C>(S2)) by exhibiting specific
elements with non-zero pairing. Combining the ramified cover 7 = 0! with
the natural spectral geometry (spectral triple) on the noncommutative 3-
dimensional nilmanifold Fy, X, o Z yields a natural spectral triple on S3
in the generic case. It will be analysed in Part II, together with the C*-
algebra C*(S3), the vanishing of the primary class of U in K, and the cyclic
cohomology of C*°(53).

8 Calculus and Cyclic Cohomology

Theorem 15 suggests the existence of a “rational” form of the calculus ex-
plaining the appearance of the elliptic period €2 and the rationality of R. We
shall show in this last section that this indeed the case.

Let us first go back to the general framework of twisted cross products of the

form

A=C%(M) %o, (8.1)

where o is a diffeomorphism of the manifold M. We shall follow [6] to
construct cyclic cohomology classes from cocycles in the bicomplex of group
cohomology (with group I' = Z) with coefficients in de Rham currents on M.
The twist by the line bundle £ introduces a non-trivial interesting nuance.
Let (M) be the algebra of smooth differential forms on M, endowed with
the action of Z

apw) =0%w, keZ (8.2)

As in [8] p. 219 we let Q(M) be the graded algebra obtained as the (graded)
tensor product of (M) by the exterior algebra A(C[Z]") on the augmentation
ideal C[Z]" in the group ring C[Z]. With [n],n € Z the canonical basis of
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C|Z], the augmentation € : C[Z] — C fulfills €([n]) = 1,Vn, and
dp:=[n]—[0], neZ, n#0 (8.3)

is a linear basis of C[Z]". The left regular representation of Z on C|Z] restricts

to C[Z]’ and is given on the above basis by
0427]6((5”) = 5n+k — (Sk, keZ (84)

It extends to an action ay of Z by automorphisms of AC[Z]'. We let o =
a1 ® ay be the tensor product action of Z on Q(M) = Q(M) @ AC[Z]'.

We now use the hermitian line bundle £ to form the twisted cross-product
C:=QM) x4y 7 (8.5)

We let £, be as in (6.5) for n > 0 and extend its definition for n < 0 so
that £_,, is the pullback by ¢™ of the dual ﬁn of L, for all n. The hermitian
structure gives an antilinear isomorphism * : £,, — L,. The algebra C is the

linear span of monomials £ W™ where
€€ C®(M,L,) ¢ QUM) (8.6)

with the product rules (6.7), (6.8).
Let V be a hermitian connection on £. We shall turn C into a differential
graded algebra. By functoriality V gives a hermitian connection on the Ly

and hence a graded derivation
whose square V2 is multiplication by the curvature s, € Q?*(M) of L,

Fnim = Kn + 0" (Em), VYn, meZ (8.8)

41



with k1 = k € Q?(M) the curvature of £. Ones has dk,, = 0 and we extend
the differential d to a graded derivation on Q(M) by

dé, = Kn (8.9)
We can then extend V,, uniquely to
Vi : C%(M, L) @coe(any AM) = C%(M, L) @coeury AM)  (8.10)
so that it fulfills
ValEw) = Va(@)w+ (—1)%*O¢dw, Vw e QM) (8.11)

Proposition 18 (i) The graded derivation d of Q(M) extends uniquely to a
graded derivation of C such that,

d(EW™) := (Va(€) — (-1)* =g q,) wr
(ii) The pair (C, d) is a graded differential algebra.

To construct closed graded traces on this differential graded algebra we follow
([6]) and consider the double complex of group cochains (with group I' = 7Z)
with coefficients in de Rham currents on M. The cochains v € C™™ are
totally antisymmetric maps from Z"™! to the space Q_,,(M) of de Rham

currents of dimension —m, which fulfill
Y(ko+k ki + Kk ko + koo ky k) = o (ko ki kg, k), Yk kj €EZ

Besides the coboundary d; of group cohomology, given by

n+1

() (ko bty - knga) = Y (=17 ™y lko, k- o Ky s k)

0
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and the coboundary dy of de Rham homology,

(doy) (Ko, kv, -+ kn) = b(v(ko, by, - -+ Kn))

the curvatures k,, generate the further coboundary ds defined on Ker d; by,

n+1

— E _1)i+tm+l R A
J J
(dB’Y)(kb? 5 kn—l—l) ( 1) Kk-’)/(k07 5 k ) 5 kn—l—l) (812>
0

which maps Ker d; N C™™ to C"T5™+2 Translation invariance follows from
(8.8) and ¢, (wC) = p* H(w)p«(C) for C € Q_,, (M), w € Q*(M).

To each v € C™™ one associates the functional 4 on C given by,

FEW™) = 0, Vn#£0, £eQM)
AWy - 0) = (w,7(0,ky--- k)Y, Vk; €Z (8.13)

and the (n —m + 1) linear form on A = C*(M) X, . Z given by,

q)(V)(aO? ag, - aa'n—m) =

n—m

>\n,m Z (_1>j(n—m_j) ’?(d(lj.;_l s dCLn_m Qo dCLl s dCLj_l dCLj) (814)
0

R n!
where )\n,m = m

Lemma 19 (i) The Hochschild coboundary b®(7y) is equal to ®(dy7y).
(ii) Let v € C™™ N Ker dy. Then ®() is a Hochschild cocycle and

BO(y) = (dyy) + 757 P(dsy)

We shall now show how the above general framework allows to reformulate
the calculus involved in Theorem 15 in rational terms. We let M be the
elliptic curve F,, where u is generic and even. Let then V be an arbitrary
hermitian connection on £ and k its curvature. We first display a cocycle

Y= Vam € >, C™™ which reproduces the cyclic cocycle 73.
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Lemma 20 There exists a two form o on M = Fy and a multiple Xdv of

the translation invariant two form dv such that :
(i) Kp=nAdv+ (c"a—a), VnelZ

(ii) da(y;) =0, di(y3) =0, di(71) +%d3(73) =0, B®(n)=0,

where v1 € CY° and 3 € CY~2 are given by
’}/1(/{50, k’l) = % (k‘l —ko)(a*koa—i—a*kla) s ’)/3(]{30, k’l) = k‘l —]{30, Vk’] €7

(i11) The class of the cyclic cocycle ®(vy1) + P(y3) is equal to T3.

We use the generic hypothesis in the measure theoretic sense to solve the
“small denominator” problem in (i). In (ii) we identify differential forms
w € Q4 of degree d with the dual currents of dimension 2 — d.

It is a general principle explained in [5] that a cyclic cocycle 7 generates
a calculus whose differential graded algebra is obtained as the quotient of
the universal one by the radical of 7. We shall now explicitely describe the
reduced calculus obtained from the cocycle of lemma 20 (i7). We use as

above the hermitian line bundle £ to form the twisted cross-product
B:=Q(M) Xy cZ (8.15)

of the algebra Q(M) of differential forms on M by the diffecomorphism o.
Instead of having to adjoin the infinite number of odd elements 9, we just

adjoin two y and X as follows. We let d be the derivation of B such that
SEW™) :=ingW", Ve C%(M,Ly,) @coo oy QM) (8.16)

We adjoin x to B by tensoring B with the exterior algebra A{x} generated

by an element x of degree 1, and extend the connection V (8.7) to the unique
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graded derivation d’ of ' = B ® A{x} such that,

dw = Vw+xd(w), YweB
dy = —Xdv (8.17)

with A dv as in lemma 20. By construction, every element of ' is of the form
y=by+bx, beB (8.18)

One does not yet have a graded differential algebra since d'? # 0. However,

with o as in lemma 20 one has
d?(r) =[x, a], VreQ =BxAx} (8.19)

and one can apply lemma 9 p.229 of [8] to get a differential graded algebra
by adjoining the degree 1 element X := “d1” fulfilling the rules

X?=—a, zXy=0, Ve,yeQ (8.20)
and defining the differential d by,

de = d'z+[X, 2], Veed
dX = 0 (8.21)

where [ X, z] is the graded commutator. It follows from lemma 9 p.229 of [§]
that we obtain a differential graded algebra Q*, generated by B, £ and X. In

fact using (8.20) every element of Q* is of the form
r=x11+012X + Xxo1+ X10oX, 1z, €0 (8.22)
and we define the functional [ on Q* by extending the ordinary integral,
/w ::/Mw, Yw € Q(M) (8.23)
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first to B := Q(M) X4 2 Z by

/£W" =0, Vn#0 (8.24)

then to Q' by
/(bo + bl X) = /b1 y Vb] S B (825)

and finally to Q* as in lemma 9 p.229 of [§],

/(1’1,1 +ZL’172X+X1’2,1 +X132,2X) = /$1,1+(—1>deg(x2’2)/x2,204 (826>

Theorem 21 Let M = Fy, V, a be as in lemma 20.
The algebra Q* is a differential graded algebra containing C°(M) X4 ¢ Z.
The functional [ is a closed graded trace on Q.

The character of the corresponding cycle on C*®°(M) X4 c Z
T(ag, -+ ,a3) == / apday - - - dag, Va; € C°(M) Xy, Z
18 cohomologous to the cyclic cocycle T5.

It is worth noticing that the above calculus fits with [4], [12], and [11].

Now in our case the line bundle £ is holomorphic and we can apply Theorem
21 to its canonical hermitian connection V. We take the notations of section
5, with C' = Fyx Fy, and @ given by (6.20). This gives a particular “rational”
form of the calculus which explains the rationality of the answer in Theorem
15. We first extend as follows the construction of Cp. We let Q(C, Q) be
the generalised cross-product of the algebra (C') of meromorphic differential
forms (in dZ and dZ’) on C by the transformation 6. The generators Wy,
and W}, fulfill the cross-product rules,

Wp w=3d"(w) W, W, w=(6"")"w) W}, (8.27)
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while (5.3) is unchanged. The connection V is the restriction to the subspace
{Z" = Z} of the unique graded derivation V on Q(C, Q) which induces the

usual differential on Q(C') and satisfies,

VWL = (dZ lOg L(Z) - dZ lOgQ(Z, Z/)) WL
VWi, = Wi (dgplogL'(Z') —dz logQ(Z,Z")) (8.28)

where dz and dz: are the (partial) differentials relative to the variables Z and
Z'. Note that one needs to check that the involved differential forms such
as dz log L(Z) — dz logQ(Z,Z") are not only invariant under the scaling
transformations Z +— AZ but are also basic, i.e. have zero restriction to the
fibers of the map C* — P3(C), in both variables Z and Z’. By definition the
derivation 4, = V? of Q(C, Q) vanishes on Q(C) and fulfills

5K(WL) == /‘QWL, §R(W]£’) = _Wll//f (829)

where

KR = dZ dZ/ log Q(Z, Z/) (830)

is a basic form which when restricted to the subspace {Z' = Z} is the curva-
ture. We let as above ¢ be the derivation of Q(C, Q) which vanishes on Q(C')
and is such that 6W, = i Wy and 0W], = —iW|,. We proceed exactly as
above and get the graded algebras ' = Q(C, Q) ® A{x} obtained by adjoin-
ing x and Q* by adjoining X. We define d’, d as in (8.17) and (8.21) and the
integral [ by integration (8.23) on the subspace {Z' = Z} followed as above
by steps (8.24), (8.25), (8.26).

Corollary 22 Let p: Cay(S2) — Cq be the morphism of lemma 7. The
equality

’

rg(dos - +a5) = / plao) d'plar) - d'plas)
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defines a 3-dimensional Hochschild cocycle Tag on Cag(S3).
Let h € Center (C®°(Fy Xo. 2 Z)) ~ C®(F4(0)). Then

(chs (U), 70) = (h cha (U), Tug)

The computation of d’ only involves rational fractions in the variables Z, Z’
(8.28), and the formula (7.5) for Ch%(U) is polynomial in the W, W},. We

thus obtain an a priori reason for the rational form of the result of Theorem

15. The explicit computation as well as its extension to the odd case and the

degenerate cases will be described in part II.
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