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Introduction

e volta nostra poppa nel mattino,
de' remi facemmo ali al folle volo
|| Dante, Inf. XXVI 124-125

Several recent results reveal a surprising connection be®en modular forms and
noncommutative geometry. The rst occurrence came from theclassi cation
of noncommutative three spheres,[[C{DuboisVialefte-|] [GDuboisViolette-Il]
Hard computations with the noncommutative analog of the Jambian involving
the ninth power of the Dedekind eta function were necessaryn order to analyze
the relation between such spheres and noncommutative nilm@ifolds. Another
occurrence can be seen in the computation of the explicit cyic cohomology
Chern character of a spectral triple onSUy(2) [C{02]. Another surprise came
recently from a remarkable action of the Hopf algebra of trarsverse geometry
of foliations of codimension one on the space of lattices madb Hecke corre-
spondences, described in the framework of honcommutativeepmetry, using a
modular Hecke algebra obtained as the cross product of modat forms by the
action of Hecke correspondence$§ [C{Moscovici-I[ [C{Mosaaci-II]. This action
determines a di erentiable structure on this noncommutative space, related to
the Rankin{Cohen brackets of modular forms, and shows theircompatibility
with Hecke operators. Another instance where properties omodular forms can
be recast in the context of noncommutative geometry can be fond in the the-
ory of modular symbols and Mellin transforms of cusp forms ofweight two,
which can be recovered from the geometry of the moduli spacef dorita equiv-
alence classes of noncommutative tori viewed as boundary ¢iie modular curve
[Manin{M]l
In this paper we show that the theory of modular Hecke algebra, the spectral
realization of zeros ofL -functions, and the arithmetic properties of KMS states
in quantum statistical mechanics combine into a unique genel picture based
on the noncommutative geometry of the space of commensurality classes of
Q-lattices.
An n-dimensional Q-lattice consists of an ordinary lattice in R" and a homo-
morphism

:Q"=z"1 Q =:
Two such Q-lattices are commensurableif and only if the corresponding lattices
are commensurable and the maps agree modulo the sum of the tates.



The description of the spaces of commensurability classed @-lattices via non-

commutative geometry yields two quantum systems related bya duality. The

rst system is of quantum statistical mechanical nature, with the algebra of
coordinates parameterizing commensurability classes dp-lattices modulo scal-
ing and with a time evolution with eigenvalues given by the index of pairs of
commensurableQ-lattices. There is a symmetry group acting on the system, in
general byendomorphisms It is this symmetry that is spontaneously broken at
low temperatures, where the system exhibits distinct phase parameterized by
arithmetic data. We completely analyze the phase transition with spontaneous
symmetry breaking in the two-dimensional case, where a newlgenomenon ap-
pears, namely that there is a second critical temperature, leyond which no
equilibrium state survives.

In the \dual system", which corresponds just to commensurabllity of Q-lattices,

the scaling group is acting. In physics language, what emegs is that the zeros
of zeta appear as an absorption spectrum of the scaling activin the L? space
of the space of commensurability classes d-lattices as in [C{99]. While the

zeros of zeta and_-functions appear at the critical temperature, the analysis of
the low temperature equilibrium states concentrates on thesubspace

GLn (Q)nGLn (A)

of invertible Q-lattices, which as is well known plays a central role in the heory
of automorphic forms.

While, at rst sight, at least in the 1-dimensional case, it would seem easy
to classify commensurability classes ofQ-lattices, we shall see that ordinary
geometric tools fail because of the ergodic nature of the edualence relation.

Such quotients are fundamentally of \quantum nature", in th at, even though
they are sets in the ordinary sense, it is impossible to distiguish points by
any nite (or countable) collection of invariants. Noncomm utative geometry
is speci cally designed to handle such quantum spaces by ending them by
algebras of non-commuting coordinates and extending the thniques of ordinary
geometry using the tools of functional analysis, noncommudtive algebra, and
quantum physics.

Direct attempts to de ne function spaces for such quotientslead to invariants
that are of a cohomological nature. For instance, let the fuamental group
of a Riemann surface act on the boundaryP*(R) of its universal cover identi ed
with the Poincae disk. The space

L* ( nPY(R):= L' (P(R)

is in natural correspondence with global sections of the stef of (real parts of)
holomorphic functions on the Riemann surface, as boundary alues. More gen-
erally, the cyclic cohomology of the noncommutative algeba of coordinates on
such quotients is obtained by applying derived functors to hese naive functorial
de nition of function spaces.



In the 1-dimensional case, the states at zero temperature ar related to the
Kronecker{Weber construction of the maximal abelian extersion Q2. In fact,

in this case the quantum statistical mechanical system is tle one constructed
in [Bost{C], which has underlying geometric spaceX ; parameterizing commen-
surability classes of 1-dimensionalQ-lattices modulo scaling by R, . The corre-
sponding algebra of coordinates is a Hecke algebra for an atmat normal pair of
solvable groups. The regular representation is of type Il{ and determines the
time evolution of the system, which has the set of logf), p a prime number,
as set of basic frequencies. The system has an action of thesliels class group
modulo the connected component of identity as a group of symmtries. This
induces a Galois action on the ground states of the system atero temperature.
When raising the temperature the system has a phase transitin, with a unique
equilibrium state above the critical temperature. The Riemann zeta function
appears as the partition function of the system, as in[[Julig.

Each equivalence class dp-lattices determines an irreducible covariant represen-
tation, where the Hamiltonian is implemented by minus the log of the covolume.
For a general class, this is not bounded below. It is so, howey, in the case
of equivalence classes dhvertible Q-lattices, i.e. where the labelling of torsion
points is one to one. These classes then de ne positive engrgepresentations
and corresponding KMS states for all temperatures below ctical.

In the 2-dimensional case, as the temperature lowers, the syem settles down on
these invertible Q-lattices, so that the zero temperature space is commutatie
and is given by the Shimura variety

GLz(Q)nGLz(A)ZC .

The action of the symmetry group, which in this case is nonabkan and isomor-
phic to Q nGL2(As ), is more subtle due to the presence of inner automorphisms
and the necessary use of the formalism of superselection seis. Moreover, its
e ect on the zero temperature states is not obtained directy but is induced
by the action at non-zero temperature, which involves the ful noncommuta-
tive system. The quotient GL,(Q)n(M2(A;) GL2(R))=C and the space of
2{dimensional Q-lattices modulo commensurability and scaling are the samg
hence the corresponding algebras are Morita equivalent. Heever, it is prefer-
able to work with the second description, since, by taking the classical quotient
by the action of the subgroup SLy(Z), it reduces the group part in the cross
product to the classical Hecke algebra.

The GL, system has an arithmetic structure provided by arational subalgebra,
given by a natural condition on the coe cients of the g-series. We show that it
is a Hecke algebra of modular functions, closely related tohlte modular Hecke
algebra of [C{Maoscovicl-1], [CIMoscavici-[I]. The symmetry group acts on the
values of ground states on this rational subalgebra as the @omorphism group
of the modular eld.

Evaluation of a generic ground state' of the system on the rational subalgebra
generates an embedded copy of the modular eld irC and there exists a unique



isomorphism of the symmetry group of the system with the Galas group of the
embedded modular eld, which intertwines the Galois action on the image with
the symmetries of the system,

() ' =

The relation between this GL, system and class eld theory is being investigated
in ongoing work [C{M{Ramachandran].

The arithmetic structure is inherited by the dual of the GL , system and enriches
the structure of the noncommutative space of commensurabhily classes of 2-
dimensional Q-lattices to that of a \noncommutative arithmetic variety" . The
relation between this dual system and the spectral realizabn of zeros ofL-
functions is the central topic of Chapter 2.

The dual of the GL; system, under the duality obtained by taking the cross
product by the time evolution, corresponds to the space of commensurability
classes of 1-dimensionaQ)-lattices, not considered up to scaling. This corre-
sponds geometrically to the total spacelL of a principal R, bundle over the
base X1, and determines a natural scaling action ofR,. The spacel is de-
scribed by the quotient

L =GL1(Q)nA;

where A denotes the set of actles with nonzero archimedean compone The
corresponding algebra of coordinates is Morita equivalento C(X1) 0 , R.

Any approach to a spectral realization of the zeros of zeta though the quantiza-

tion of a classical dynamical system faces the problem of ohining the leading

term in the Riemann counting function for the number of zeros of imaginary

part less than E as a volume in phase space. The solution [C{99] of this issus i
achieved in a remarkably simple way, by the scaling action oR, on the phase
space of the real lineR, and will be the point of departure for the second part

of the paper.

In particular, this shows that the space L requires a further compacti cation at
the archimedean place, obtained by replacing the quotient. = GL 1(Q)nA by
L = GL 1(Q)nA i.e. dropping the non vanishing of the archimedean component.
This compacti cation has an analog for the GL; case, given by the noncommu-
tative boundary of modular curves considered in[[Manin{M], which corresponds
to replacing GL,(R) by M,(R) at the archimedean place, and is related to
class eld theory for real quadratic elds through Manin's r eal multiplication
program.

The spacel appears as the con guration space for a quantum eld theory,where
the degrees of freedom are parameterized by prime numbersjdluding in nity.
When only nitely many degrees of freedom are considered, ashin particular
only the place at in nity, the semiclassical approximation exhibits the main
terms in the asymptotic formula for the number of zeros of the Riemann zeta
function.

The zeros of zeta appear as an absorption spectrum, namely dacunae in
a continuous spectrum, where the width of the absorption lires depends on



the presence of a cuto. The full iceles class group appearsas symmetries of
the system and L -functions with Gmssencharakter replace the Riemann zea
function in nontrivial sectors.

From the point of view of quantum eld theory, the eld congu rations are
given by ackles, whose spacd is then divided by the action of the gauge group
GL1(Q). As mentioned above, the quotient space is essentially theame as the
spacelL of commensurability classes of 1-dimensionaQ-lattices. The log(p)
appear as periods of the orbits of the scaling action. The Lakthetz formula for
the scaling action recovers the Riemann{Weil explicit formula as a semi-classical
approximation. The exact quantum calculation for nitely m any degrees of
freedom con rms this result. The di culty in extending this calculation to the
global case lies in the quantum eld theoretic problem of pasing to in nitely
many degrees of freedom.

The main features of the dual systems in the Gl case are summarized in the
following table:

Quantum statistical mechanics

Quantum eld theory

Commensurability classes
of Q-lattices modulo scaling

Commensurability classes
of Q-lattices

A=C (Q=Z)oN

Ao R

t

Time evolution

Energy scalingU( ), 2R,

flogpg as frequencies

flog pg as periods of orbits

Arithmetic rescaling

Renormalization group ow @

Symmetry group 2
as Galois action onT = 0 states

Ickles class group
as gauge group

System at zero temperature

GLn (Q)nGLn (A)

System at critical temperature
(Riemann's as partition function)

Spectral realization
(Zeros of as absorption spectrum)

Type Il 1

Type Il 1




There is a similar duality (and table) in the GL , case, where part of the pic-
ture remains to be claried. The relation with the modular He cke algebra
of [C{Mascovici-l], [C{Mascovici-1IJlis more natural in th e dual system where
modular forms with non-zero weight are naturally present.

The dual systemL can be interpreted physically as a \universal scaling systm",
since it exhibits the continuous renormalization group ow and its relation with
the discrete scaling by powers of primes. For the primes two @ d three, this
discrete scaling manifests itself in acoustic systems, as well known in western
classical music, where the two scalings correspond, respeely, to passing to the
octave (frequency ratio of 2) and transposition (the perfet fth is the frequency
ratio 3/2), with the approximate value log(3) =log(2) 19=12 responsible for
the dierence between the \circulating temperament" of the Well Tempered
Clavier and the \equal temperament" of XIX century music. It is precisely
the irrationality of log(3) =log(2) which is responsible for the noncommutative
nature of the quotient corresponding to the three places 2;3;1g .

The key role of the continuous renormalization group ow as asymmetry of the
dual systemL and its similarity with a Galois group at the archimedean place
brings us to the last part of this paper. In Chapter 3, we analyze the quantum
statistical mechanics ofQ-lattices at critical temperature.

The fact that the KMS state at critical temperature can be expressed as a
noncommutative residue (Dixmier trace) shows that the sysem at critical tem-
perature should be analyzed with tools from quantum eld theory and renor-
malization.

The mathematical theory of renormalization in QFT developed in [C{Kreimer-I]
[C{Kremmer-II]l shows in geometric terms that the procedure of perturbative
renormalization can be described as the Birkho decomposibn

G (=0 . (NG () *
on the projective line of complexi ed dimensions" of the loop
ge (") 2 G = formal di eomorphisms of C

given by the unrenormalized e ective coupling constant. The g.  side of the
Birkho decomposition yields the counterterms and the g. , side evaluated at
the critical dimension gives the renormalized value of the ective coupling.

This explicit knowledge of the counterterms su ces to determine the full renor-
malized theory.

The principal G-bundle on P*(C), with trivialization given by the Birkho de-

composition, has a at connection with regular singularities, coming from a
Riemann{Hilbert problem determined by the representation datum given by
the -function of renormalization, viewed as the logarithm of the monodromy
around the singular dimension. The problem of incorporatirg nonperturbative
e ects leads to a more sophisticated Riemann{Hilbert problem in terms of a
representation of the wild fundamental group of Martinet{R amis, related to



applying Borel summation techniques to the unrenormalizede ective coupling
constant.

In the perturbative theory the renormalization group appears as a natural 1-
parameter subgroup of the group of \di eographisms" which governs the ambi-
guity in the choice of the physical solution. In fact, the renormalization group,
the wild fundamental group and the connected component of iéntity in the

ickles class group are all incarnations of a still mysteriais Galois theory at the
archimedean place.

It was shown in [C{00] that the classi cation of approximately nite factors

provides a nontrivial Brauer theory for central simple algebras over C, and
an archimedean analog of the module of central simple algebs over nonar-
chimedean elds. The relation of Brauer theory to the Galois group is via the
construction of central simple algebras as cross productsf@ eld by a group of
automorphisms. It remained for a long time an elusive point b obtain in a natu-
ral manner factors as cross product by a group of automorphisis of a eld , which
is a transcendental extension ofC. This was achieved in [[C{DuboisViolette-II]

for type Il 1, via the cross product of the eld of elliptic functions by an auto-
morphism given by translation on the elliptic curve. The results on the GL,
system give an analogous construction for type 1l{ factors using the modular
eld.

The physical reason for considering such eld extensions o€ lies in the fact
that the coupling constants g of the fundamental interactions (electromagnetic,
weak and strong) are not really constants but depend on the eergy scale and
are therefore functionsg( ). Thus, high energy physics implicitly extends the
\ eld of constants”, passing from the eld of scalars C to a eld of functions
containing all the g( ). On this eld, the renormalization group provides the
corresponding theory of ambiguity, and acquires an interpetation as the missing
Galois group at archimedean places.

The structure of the paper is organized as follows.

The rst part is dedicated to the quantum statistical mechan ical system
of Q-lattices, in the cases of dimension one and two, and its behdor at
zero temperature.

The second part deals with the GL; system at critical temperature and
its dual system, and their relation to the spectral realization of the zeros
of zeta of [C{99].

The last part is dedicated to the system at critical temperature, the theory
of renormalization of [C{Kreimer-IJ, [C{Kreimer-II,lthe Riemann-Hilbert
problem and the missing Galois theory at the archimedean plee.
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Chapter 1

Quantum Statistical
Mechanics of Q-Lattices

1.1 Introduction

In this chapter we shall start by giving a geometric interpretation in terms of the
space of commensurability classes of 1-dimension&-lattices of the quantum
statistical dynamical system (BC [5]). This system exhibits the relation between
the phenomenon of spontaneous symmetry breaking and numbetheory. Its
dual system obtained by taking the cross product by the time &olution is basic
in the spectral interpretation of zeros of zeta.

Since Q-lattices and commensurability continue to make sense in dnensionn,
we shall obtain an analogous system in higher dimension anchiparticular we
derive a complete picture of the system in dimensiom = 2. This shows two
distinct phase transitions with arithmetic spontaneous symmetry breaking.

In the initial model of BC ([%]) the partition function is the Riemann zeta
function. Equilibrium states are characterized by the KMS-condition. While
at large temperature there is only one equilibrium state, wken the temperature
gets smaller than the critical temperature, the equilibrium states are no longer
unique but fall in distinct phases parameterized by number theoretic data. The
pure phases are parameterized by the various embeddings dfe cyclotomic eld
Q% in C.

The physical observables of the BC system form & -algebra endowed with
a natural time evolution . This algebra is interpreted here as the algebra
of noncommuting coordinates on the space of commensuralti classes of 1-
dimensional Q-lattices up to scaling by R, .

What is remarkable about the ground states of this system is hat, when evalu-
ated on the rational observables of the system, they only a &t values that are
algebraic numbers. These span the maximal abelian extensioof Q. Moreover,
the class eld theory isomorphism intertwines the two actions of the ictles class
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group, as symmetry group of the system, and of the Galois grau, as permu-
tations of the expectation values of the rational observabés. That the latter
action preserves positivity is a rare property of states. Weabstract this property
as a de nition of \fabulous ! states", in the more general context of arbitrary
number elds and review recent developments in the directim of extending this
result to other number elds.

We present a new approach, based on the construction of an afay of the BC
system in the GL, case. lts relation to the complex multiplication case of the
Hilbert 12th problem will be discussed speci cally in ongong work of the two
authors with N. Ramachandran [13].

The C -algebra of observables in the GL-system describes the non-commutative
space of commensurability classes d@-lattices in C up to scaling by C .

A Q-lattice in Cis a pair ( ; ) where C is a lattice while

1Q%*=z%! Q =
is a homomorphism of abelian groups (not necessarily inveible). Two Q-
lattices ( j; j) are commensurable i the lattices ; are commensurable ice.

Q 1= Q ) andthe maps ; are equal modulo 1+ . The time evolution
corresponds to the ratio of covolumes of pairs of commensubde Q-lattices. The

group
S= Q nGLz(Ar)

quotient of the nite actlic group of GL , by the multiplicative group Q acts
as symmetries of the system, and the action is implemented bgndomorphisms,
as in the theory of superselection sectors of Doplicher-HagRoberts ([16]).

Itis this symmetry which is spontaneously broken below the citical temperature
T= % The partition function of the GL , systemis ( ) ( 1), for =1-=T,
and the system exhibits three distinct phases, with two phag transitions at
T=2%andatT =1 Atlow temperatures (T < 3) the pure phases are

parameterized by the set
GL2(Q)nGL2(A)=C

of classes of invertibleQ-lattices (up to scaling). The equilibrium states of the
\crystalline phase" merge asT ! 1=2 from below, as the system passes to a
\liquid phase", while at higher temperatures (T 1) there are no KMS states.

The subalgebra ofrational observables turns out to be intimately related to the
modular Hecke algebra introduced in (Connes-Moscovic[TJp where its surpris-
ing relation with transverse geometry of foliations is analzed. We show that
the KMS states at zero temperature when evaluated on the ratbnal observables
generate a specialization of the modular function eld F. Moreover, as in the
BC system the state intertwines the two actions of the groupS, as symmetry

1This terminology is inspired from John Conway's talk on \fab  ulous" groups.
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group of the system, and as permutations of the expectation a&lues of the ratio-
nal observables by the Galois group of the modular eld, idei ed with S by
Shimura's theorem ([51]).

We shall rst explain the general framework of quantum statistical mechanics,
in terms of C -algebras and KMS states. Noncommutative algebras concrety
represented in Hilbert space inherit a canonical time evoltion, which allows for
phenomena of phase transition and spontaneous symmetry baking for KMS
states at di erent temperatures.

There are a number of important nuances between the abelian B case and the
higher dimensional non-abelian cases. For instance, in thabelian case, the sub-
eld of C generated by the image of the rational subalgebra under an @¢xemal
KMS; state does not depend on the choice of the state and the intewining
between the symmetry and the Galois actions is also indeperaht of the state.
This no longer holds in the non-abelian case, because of thergsence of inner
automorphisms of the symmetry groupS.

Moreover, in the GL, case, the action ofS on the extremal KMS; states is not
transitive, and the corresponding invariant of the orbit of a state' under S is
the subeld F C, which is the specialization of the modular eld given by
evaluation at the point in the upper half plane parameterizing the ground state

Another important nuance is that the algebra A is no longer unital while Ag is
a subalgebra of the algebra of unbounded multipliers ofA. Just as an ordinary
function need not be bounded to be integrable, so states canebevaluated on
unbounded multipliers. In our case, the rational subalgeba Aq is not self-
adjoint.

Finally the action of the symmetry group on the ground statesis obtained via
the action on states at positive temperature. Given a groundstate, one warms
it up below the critical temperature and acts on it by endomorphisms. When
taking the limit to zero temperature of the resulting state, one obtains the
corresponding transformed ground state. In our frameworkthe correct notion
of ground states is given by a stronger form of the KMS condition, where we
also require that these are weak limits of KMS states for !1

We then consider the \dual" system of the GL,-system, which describes the
space of commensurability classes of 2-dimension@Hlattices (not up to scaling).

The corresponding algebra is closely related to the modulaHecke algebra ofi[10].
As in the 1-dimensional case, where the corresponding spaéecompacti ed by

removing the non-zero condition for the archimedean compoent of the actle,

the compacti cation of the two-dimensional system amounts to replacing the

archimedean component GL(R) with matrices M3(R). This corresponds to
the noncommutative compacti cation of modular curves conddered in [34]. In

terms of Q-lattices this corresponds to degenerations to pseudo-léites, as in
[=4].

It is desirable to have a concrete physical (experimental) gstem realizing the BC

symmetry breaking phenomenon (as suggested ih_[%43]). In facwe shall show

13



that the explicit presentation of the BC algebra not only exhibits a strong anal-
ogy with phase states, as in the theory of optical coherencéyut it also involves
an action on them of a discrete scaling group, acting by integal multiplication
of frequencies.

Acknowledgements. We are very grateful to Niranjan Ramachandran for
many extremely useful conversations on class eld theory ad KMS states, that
motivated the GL , system described here, whose relation to the theory of com-
plex multiplication is being investigated in [L3]. We thank Marcelo Laca for
giving us an extensive update on the further developments off5]. We bene ted
from visits of the rst author to MPI and of the second author t o IHES and
we thank both institutions for their hospitality. The secon d author is partially
supported by a Sofja Kovalevskaya Award of the Humboldt Fourdation and the
German Government.

1.2 Quantum Statistical Mechanics

In classical statistical mechanics a state is a probabilitymeasure on the phase
space that assigns to each observable an expectation value, in the form of an
average z

fd: (1.1)

In particular for a Hamiltonian system, the Gibbs canonical ensemble is a mea-

sure de ned in terms of the Hamiltonian and the symplectic structure on the

phase space. It depends on a parameter, which is an inverse temperature,
=1=kT with k the Boltzmann constant. The Gibbs measure is given by

1
dg-= -€ "d Lowile (1.2)

) R
normalizedbyZ = e " d Liouwile

When passing to in nitely many degrees of freedom, where thénteresting phe-
nomena of phase transitions and symmetry breaking happen,he de nition of

the Gibbs states becomes more involvedcf. [45]). In the quantum mechanical
framework, the analog of the Gibbs condition is given by the KMS condition at

inverse temperature ([I7]). This is simpler in formulation than its classical

counterpart, as it relies only on the involutive algebra A of observables and its
time evolution ; 2 Aut( A), and does not involve any additional structure like
the symplectic structure or the approximation by regions of nite volume.

In fact, quantum mechanically, the observables form aC -algebraA, the Hamil-
tonian is the in nitesimal generator of the (pointwise norm continuous) one pa-
rameter group of automorphisms ; 2 Aut( A), and the analog of a probability
measure, assigning to every observable a certain averags, given by astate.

14



De nition 1.1 A state on aC -algebraA is a linear form on A such that
'"@=1; '(aa=0 8a2A: (1.3)

When the C -algebra A is non unital the condition ' (1) = 1 is replaced by
ii"ji =1 where
"= supyan jxg o' (X (1.4)

Such states are restrictions of states on the unitalC -algebra A obtained by

adjoining a unit.

The evaluation' (@) gives the expectation value of the observabla in the statis-

tical state ' . The Gibbs relation between a thermal state at inverse tempeature
= &+ and the time evolution

¢ 2 Aut(A) (1.5)
is encoded by the KMS condition ([LT]) which reads
8a;b2 A; 9F bounded holomorphic in the stripfzjimz2 [0; Jg (1.6)
F(t)="(a () F@{+i)="((ba) 8t2R:

In the case of a system with nitely many quantum degrees of feedom, the
algebra of observables is the algebra of operators in a Hillbespace H and the
time evolution is givenby ((a) = €M ae ™  whereH is a positive self-adjoint
operator such that exp( H ) is trace class for any > 0. For such a system,
the analog of [I2) is

' (a) = %Tr ae H 8a2 A; (1.7)

with the normalization factor Z = Tr(exp( H )). It is easy to see that {T1)
satis es the KMS condition ([CE) at inverse temperature

In the nonunital case, the KMS condition is de ned in the sameway by (LH). Let
M (A) be the multiplier algebra of A and let B M (A) be the C -subalgebra
of elementsx 2 M (A) such that t 7! (x) is norm continuous.

Proposition 1.2 Any state ' on A admits a canonical extension to a state
still noted ' on the multiplier algebra M (A) of A. The canonical extension of
a KMS state still satis es the KMS condition on B.

Proof. Forthe rst statement we refer to [£2]. The proof of the secord statement
illustrates a general density argument, where the continuly of t 7! ((x) is used
to control the uniform continuity in the closed strip, in ord er to apply the
Montel theorem of normal families. Indeed, by weak density 6 A in M (A),
one obtains a sequence of holomorphic functions, but one onicontrols their
uniform continuity on smooth elements of B. 2
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Imz=>b

ib F(t+ib) =] (s(b)a)

F(0) =] (asy(b))

Imz=0 0

Figure 1.1: The KMS condition.

As we shall see, it will also be useful to extend whenever podde the integration
provided by a state to unbounded multipliers of A.

In the unital case, for any given value of , the set of KMS states onA
forms a convex compact Choquet simplex (possibly empty andi general in nite
dimensional). In the nonunital case, given a -invariant subalgebra C of B, the
set (C) of KMS states onC should be viewed as a compacti cation of the
set of KMS states onA. The restriction from C to A maps (C) to KMS
positive linear forms on A of norm less than or equal to one (quasi-states).

The typical pattern for a system with a single phase transition is that this

simplex consists of a single point for 5 . i.e. when the temperature is larger
than the critical temperature T, and is non-trivial (of some higher dimension
in general) when the temperature lowers. Systems can exhiba more complex
pattern of multiple phase transitions, where no KMS state exsts above a certain
temperature. The GL, system, which is the main object of study in this paper,
will actually exhibit this more elaborate behavior.

We refer to the books ([6], [16]) for the general discussionfdKMS states and
phase transitions. The main technical point is that for nit e a -KMS state
is extremal i the corresponding GNS representation is facorial. The decom-
position into extremal -KMS states is then the primary decomposition for a
given -KMS state.

At 0 temperature (= 1 ) the interesting notion is that of weak limit of -KMS
states for !1 . Itis true that such states satisfy a weak form of the KMS
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condition. This can be formulated by saying that, for all a;b2 A, the function

F)="(a «(b)

extends to a bounded holomorphic function in the upper half pane H. This
implies that, in the Hilbert space of the GNS representation of ' (i.e. the
completion of A in the inner product ' (a b)), the generator H of the one-
parameter group : is a positive operator (positive energy condition). Howeve,
this condition is too weak in general to be interesting, as or sees by taking
the trivial evolution ( { =id ; 8t 2 R). In this case any state ful lls it, while
weak limits of -KMS states are automatically tracial states. Thus, we shal
dene -; as the set of weak limit points of the sets of -KMS states for
11
The framework for spontaneous symmetry breaking ([1B6]) inelves a (compact)
group of automorphismsG  Aut( A) of A commuting with the time evolution,

The group G is the symmetry group of the system, and the choice of an equi-
librium state ' may break it to a smaller subgroup given by the isotropy group
of '

G =fg2G; g ="g 1.9

The group G acts on  for any , hence on its extreme pointsE( )= E .
The unitary group U of the xed point algebra of  acts by inner automorphisms
of the dynamical system @A; :): foru2 U,

(Adu)(x):= uxu ; 8x2A:

These inner automorphisms of (A; ) act trivially on KMS states, as one
checks using the KMS condition. This gives us the freedom to Ve out the

group Int(A; ) of inner symmetries and to de ne an action modulo inner of a

group G on the system @; ;) as a map

Gl O Aut(A; )
ful lling the condition

(0102) (%) * () *21Int(A; (); 8¢ 2G:

Such an action gives an action of the groufs onthe set  of KMS states since
the ambiguity coming from Int( A; ) disappears in the action on . In fact

there is one more generalization of the above obvious notioof symmetries that

we shall crucially need later { it involves actions by endomaphisms. This type

of symmetry plays a key role in the theory of superselection ectors developed
by Doplicher-Haag-Roberts (cf.[16], Chapter 1V).

De nition 1.3  An endomorphism of the dynamical system(A; ) isa -
homomorphism :A ! A commuting with .
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It follows then that (1) = eis an idempotent xed by . Given a KMS state
' the equality
)=z ;z= (9
gives a KMS state, provided that ' (e) 6 0. Exactly as above for unitaries,
consider an isometry
u2A; uu=1
which is an eigenvector for ¢, i.e. that ful lls, for some 2 R, ( 1), the
condition '
((uy= "u; 8t2R:
Then u de nes an inner endomorphism Adu of the dynamical system @; ) by

the equality
(Adu)(x):= uxu ; 8x2A;

and one obtains the following.

Proposition 1.4  The inner endomorphisms of the dynamical systen(A; ;)
act trivially on the set of KMS states,

(Adu) (")="; 8 2

Proof. The KMS condition shows that' (uu ) = > 0 so that (Adu) (')
is well de ned. The same KMS condition applied to the pair (xu ; u) shows
that (Adu) (")=".2

At O temperature ( = 1) it is no longer true that the endomorphisms act
directly on the set ; of KMS; states, but one can use their action on KMS -
states together with the \warming up" operation. This is de ned as the map

W (" )x)= Z 'Trace( (x)e "); 8x2A: (1.10)
where H is the positive energy Hamiltonian, implementing the time evolution

in the representation associated to the KMS, state' andZ =Trace(e " ).
Typically, W gives a bijection

W : 1! ;
for larger than critical. Using the bijection W , one can transfer the action

back to zero temperature states.

Another property of KMS states that we shall need later is the following func-
toriality. Namely, besides the obvious functoriality under pullback, discussed
above, KMS states push forward under equivariant surjectims, modulo normal-
ization.

Proposition 1.5 Let (A; ) be aC -dynamical system @A separable) andJ a
norm closed two sided ideal oA globally invariant under ;. Let u, be a quasi
central approximate unit for J. For any KMS -state' on (A; ) the following
sequence converges and de nes a KMSpositive linear form on (A=J; ),

(X):,Wln "((1 un)x); 8x2A:
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Proof. Let A®be the double dual ofA and p 2 A%the central open projection
corresponding to the idealJ (cf. [42]). By construction the u, converge weakly
to p (cf. [42] 3.12.14) so the convergence follows as well as thegitivity of

By construction  vanishes onJ. To get the KMS condition one applies [L®)
with a=(1 un)X, b=y wherey is a smooth element inA. Then one gets a
bounded uniformly continuous sequencd-, (z) of holomorphic functions in the
strip fzjlmz 2 [0; ]g with

Fa(="(0 un)x «(y)) Falt+i)="((y)Ad un)x) 8t2R:

Using the Montel theorem on normal families and the quasi-cetral property of
un one gets the KMS condition for . 2

1.3 Q%% and KMS states

We shall now describe an explicit system ¢f. [4], [5]) that will make contact
between the general framework above and arithmetic. The algbra A of this
system is de ned over the rationals,

A=Ag oC; (1.11)

whereA g is aQ-algebra and is of countable (in nite) dimension as a vectorspace
over Q. The algebraA has aC -completion A and a natural time evolution .

To any vacuum state' 2 E; for (A; ) we attach the Q-vector space of complex
numbers,
Vo =1'(a); a2Aqg (1.12)

that is of countable dimension overQ. It turns out that V. is included in
algebraic numbers, so that one can act on these numbers by th@alois group

Gal (Q=Q): (1.13)
The symmetry group G is the inverse limit with the pro nite topology
G =2 =lim GLy(Z=n2): (1.14)
n
This can also be described as the quotient of the ictle clasgroup of Q by the
connected component of the identity,
G=0GL ;|_(Q)F]GL;|_(A)=R+ = CQ=DQZ (1.15)

Here A = Aq denotes the actles ofQ, namely A = Ar R, with A¢ = 2 Q.
The following amazing fact holds:
Forany' 2E; and any 2 Gal(Q=Q), the composition (1.16)

de ned on Ag does extend to astate on A.
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What is \unreasonable" in this property de ning \fabulous" states is that,
though elements

2 Gal(Q=Q) (1.17)

extend to automorphisms of C, these are extremely discontinuous and not even
Lebesgue measurable (except faz 7! z), and certainly do not preserve positiv-

ity.
It follows from (LCI8) that the composition ' 7! ' de nes uniquely an action
of Gal(Q=Q) on E; and the equation

=t g (1.18)

gives a relation between Galois automorphisms and elementsf G, i.e. ickle
classes [I115), which is in fact the class eld theory isomgrhism Cqo=Dg =

Gal(Q*=Q).

Let us now concretely describe our system, consisting of thelgebra A (de ned
over Q) and of the time evolution ;.

The main conceptual steps involved in the construction of ths algebra are:

The construction, due to Hecke, of convolution algebras asxiated to dou-
ble cosets on algebraic groups over the rational numbers;

The existence of a canonical time evolution on a von Neumannlgebra.

More concretely, while Hecke was considering the case of GL where Hecke
operators appear in the convolution algebra associated tohte almost normal

subgroup GLy(2) GL2(Q), the BC system arises from the Hecke algebra
associated to the corresponding pair of parabolic subgroup

Indeed, let P be the algebraic group \ax + b, i.e. the functor which to any
abelian ring R assigns the groupPr of 2 by 2 matrices overR of the form

Pr = é 2 ; ;b2 R; ainvertible : (1.19)

By construction P, Pé' is an inclusion ¢ of countable groups, where

Ps denotes the restriction to a > 0. This inclusion ful lls the following com-
mensurability condition:

The orbits of the left action of g on = g are all nite . (1.20)

For obvious reasons the same holds for orbits ofy acting on the right on ¢n.

The Hecke algebraAg = Hq( ; o) is by de nition the convolution algebra of
functions of nite support
f:on! Q; (1.22)

which fulll the g-invariance condition

f( 0=f() 8 2 5 02 o (1.22)
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so that f is really de ned on ¢n = . The convolution product is then given
by X
(fr f2)( )= f1( 1 Hf2( 1): (1.23)

oh

The time evolution appears from the analysis of theregular representation of the

pair ( ; o). Itistrivial when ¢ is normal, or in the original case of Hecke, but
it becomes interesting in the parabolic case, due to the laclof unimodularity of

the parabolic group, as will become clear in the following.

The regular representation

X
(@) )= (1Y (0 (1.24)

ohn

in the Hilbert space
H="2( on) (1.25)

extends to the complexi cation
Ac = AQ Q C (126)

of the above algebra, which inherits from this representatbn the involution
a 7! a, uniguely dened so that (a) = (a) (the Hilbert space adjoint),
namely

f()=Ff( ) 8 2 on=o (1.27)

It happens that the time evolution ( cf. [54]) of the von Neumann algebra gen-
erated by A in the regular representation restricts to the dense subalgbra A.
This implies that there is a uniquely determined time evolution ; 2 Aut( A),
such that the state ' ; given by

“a(f)=h (F)"e el (1.28)

is a KMS; state i.e. a KMS state at inverse temperature = 1. Here "¢ is
the cyclic and separating vector for the regular representtion given by the left
cosetf og2 on.

Explicitly, one gets the following formula for the time evolution:

it
() ) = % f() 8 2 on=o; (1.29)

where the integer valued functionsL and R on the double coset space are given
respectively by

L( )= Cardinality of left ¢ orbitof in =¢; R()=L( 1: (1.30)

Besides the conceptual description given above, the algeaiA g also has a useful
explicit presentation in terms of generators and relations(cf. [5] x4, Prop.18).
We recall it here, in the slightly simpli ed version of [Z1], Prop.24.
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Proposition 1.6  The algebraAq is generated by elements,, n 2 N and
e(r), for r 2 Q=Z, satisfying the relations

nn=1,foraln2 N,

Kk n= kn,forall k,n2 N ,
e0)=1,e(r) =& r), and e(r)e(s) = &(r + 9), for all ;s 2 Q=Z,
Forall n2 N andallr 2 Q=Z,

ne(r) o= e(s): (1.312)

In this form the time evolution preserves pointwise the subdgebraRg = Q[Q=Z]
generated by thee(r) and acts on the ,'s as

t( n): nit

The Hecke algebra considered above admits an automorphism 2 = 1 whose
xed point algebra is the Hecke algebra of the pairPz  Pg. The latter admits
an equivalent descriptior?, from the pair

(Pr;Pa);

where R is the maximal compact subring of the ring of nite ackles
Y
Af = Qp: (1.32)
res

This actlic description displays, as a natural symmetry group, the quotient G
of the ickle class group ofQ by the connected component of identity [TT%).

Let Q be an algebraic closure ofQ and Q¥ Q be the maximal abelian
extension of Q. Let r 7! |, be a (non-canonical) isomorphism ofQ=Z with
the multiplicative group of roots of unity inside Q2°.

We can now state the basic result that gives content to the rehtion between
phase transition and arithmetic (BC [B]):

Theorem 1.7 1. For 0< 5 1 there exists a uniqueKMS state' for
the above system. lts restriction toRq = Q[Q=Z] A is given by

Y 1
' (e(a=h) = b % : (1.33)

p prime ;pjb

2This procedure holds more generally ( cf. [&7] [48]) for arbitrary almost normal inclusions

( 05)
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2. For > 1 the extreme KMS states are parameterized by embeddings
:Q%1 Cand

X
'oo(e@=)=z() ' n asb (1.34)

n=1
where the partition function Z( )= ( ) is the Riemann zeta function.

3. For =1, the Galois groupGal(Q=Q) acts by composition onE; . The
action factors through the abelianizationGal(Q®*=Q), and the class eld
theory isomorphism :G! Gal(Q#=Q) intertwines the actions,

=Y 26aAQP=0):

1.4 Further Developments

The main theorem of class eld theory provides a classi caton of nite abelian
extensions of a local or global eldK in terms of subgroups of a locally compact
abelian group canonically associated to the eld. This is the multiplicative group
K = GL 1(K) in the local nonarchimedean case, while in the global case is
the quotient Cx =Dk of the icele class groupCk by the connected component
of the identity. The construction of the group Ck is at the origin of the theory
of iceles and aceles.

Hilbert's 12th problem can be formulated as the question of poviding an explicit
set of generators of the maximal abelian extensioi 2 of a number eld K, in-
side an algebraic closuré , and of the action of the Galois group GalK 2°=K).
The typical example where this is achieved, which motivatedHilbert's formu-
lation of the explicit class eld theory problem, is the Kron ecker{Weber case:
the construction of the maximal abelian extension ofQ. In this case the torsion
points of C (roots of unity) generate Q%  C.

Remarkably, the only other case for number elds where this pogram has been
carried out completely is that of imaginary quadratic elds, where the construc-
tion relies on the theory of elliptic curves with complex multiplication ( cf. e.qg.
[53]). Generalizations to other number elds involve otherremarkable problems
in number theory like the Stark conjectures. Recent work of Manin [34] [35]
suggests a close relation between the real quadratic case @dmoncommutative
geometry.

To better appreciate the technical di culties underlying a ny attempt to address
the Hilbert 12th problem of explicit class eld theory via th e BC approach, in
view of the problem of fabulous states that we shall formulae in X3, we rst
summarize brie y the state of the art (to this moment and to ou r knowledge) in
the study of C -dynamical systems with phase transitions associated to nmber
elds.
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Some progress from the original BC paper followed in variouglirections, and
some extensions of the BC construction to other global elds(number elds

and function elds) were obtained. Harari and Leichtnam [I9] produced aC -

dynamical system with phase transition for function elds and algebraic number
elds. In the number elds case a localization is used in orde to deal with lack

of unique factorization into primes, and this changes nitely many Euler factors
in the zeta function. The construction is based on the inclujpn Oo1 KoK ,

whereO is the ring of integers ofK . The symmetry group G of (I I3) is replaced
by the group

G=0 =GL.(0);

with & the pro nite completion of the ring of integers O. Their result on xed

point algebras of compact group actions shows that the conibution of the

group of units O can be factored out in the cases when this group is nite.
There is a group homomorphisms : G! Ck =Dy, but it is in general neither

injective nor surjective, hence, even in the case of imaging quadratic elds,

the construction does not capture the action of the Galois goup Gal(K 2°=K),

except in the very special class number one case.

P. Cohen gave in [[B] a construction of aC -dynamical system associated to a
number eld K, which has spontaneous symmetry breaking and recovers theilf
Dedekind zeta function as partition function. The main point of her approach
is to involve the semigroup of all ideals rather than just the principal ideals used
in other approaches as the replacement of the semi-group ofgsitive integers
involved in BC. Still, the group of symmetries is G = & and not the desired
CK =DK .

Typically, the extensions of the number eld K obtained via these constructions
are given by roots of unity, hence they do not recover the maxinal abelian
extension.

The Hecke algebra of the inclusionOo 1 K o K for an arbitrary algebraic
number eld K was also considered by Arledge, Laca, and Raeburn ir[1],
where they discuss its structure and representations, but ot the problem of
KMS states.

Further results on this Hecke algebra have been announced biaca and van
Frankenhuysen [27]: they obtain some general results on thstructure and rep-
resentations for all number elds, while they analyze the stucture of KMS
states only for the class number one case. In this case, theannounced result
is that there are enough ground states to support a transitie free action of
Gal(K 2=K) (up to a copy of f 1g for each real embedding). However, it ap-
pears that the construction does not give embeddings ok 2 as actual values of
the ground states on the Hecke algebra oveK , hence it does not seem suitable
to treat the class eld theory problem of providing explicit generators ofK 20,
The structure of the Hecke algebra of the inclusionO o O K o K was
further clari ed by Laca and Larsen in [E3], using a decompogion of the Hecke
algebra of a semidirect product as the cross product of the Heke algebra of an
intermediate (smaller) inclusion by an action of a semigrow.
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The original BC algebra was also studied in much greater detds in several fol-

lowing papers. It was proved by Brenken in[[F] and by Laca and Reburn in [Z5]

that the BC algebra can be written as a semigroup cross produc Brenken also

discusses the case of Hecke algebras from number elds of titygpe considered
in [25, 1]

Laca then re-derived the original BC result from the point of view of semigroup
cross products in [Z1]. This allows for signi cant simpli ¢ ations of the argument
in the case of > 1, by looking at the conditional expectations and the KMS

condition at the level of the \predual" (semigroup) dynamic al system. A fur-

ther simpli cation of the original phase transition theore m of BC was given by
Neshveyev in [40], via a direct argument for ergodicity, whch implies uniqueness
of the KMS states for O 1.

The BC algebra can also be realized as a full corner in the crgsproduct of
the nite ackles by the multiplicative rationals, as was sh own by Laca in [22],
by dilating the semigroup action to a minimal full group action. Laca and
Raeburn used the dilation results of [22] to calculate explkitly the primitive
(and maximal) ideal spaces of the BC algebra as well as of therass product of
the full ackles by the action of the multiplicative rationa Is.

Using the cross product description of the BC algebra, Leictnam and Nistor

computed Hochschild, cyclic, and periodic cyclic homologygroups of the BC
algebra, by computing the corresponding groups for theC -dynamical system
algebras arising from the action ofQ on the ackles of Q. The calculation for the

BC algebra then follows by taking an increasing sequence ofrooth subalgebras
and an inductive limit over certain Morita equivalent subal gebras.

Further results related to aspects of the BC construction ard generalizations
can be found in [3], [15], [24],[129] [T30][155].

1.5 Fabulous States

Given a number eld K, we let Ax denote the actles ofK and Jx = GL 1(Ak)
be the group of ickkles of K. We write Ck for the group of ickles classesCk =
Jk =K and D¢ for the connected component of the identity in Cy .

If we remain close to the spirit of the Hilbert 12th problem, we can formulate a
general question, aimed at extending the results of]5] to dier number elds K .

Given a number eld K, with a choice of an embeddingKk  C, the \problem

of fabulous states" consists in constructing aC -dynamical system @; ) and
an \arithmetic" subalgebra A, which satisfy the following properties:

1. The iceles class groupG = Ck =Dk acts by symmetries on @; ) pre-
serving the subalgebraA.

2. The states' 2 E; , evaluated on elements ofA, satisfy:

' (a) 2 K, the algebraic closure ofK in C;
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the elements off' (a): a2 Ag, for' 2 E; generateK 2,

3. The class eld theory isomorphism
"Cx =Dy ! Gal(K =K)
intertwines the actions,

b= YO (1.35)
forall 2 Gal(K?2=K) and forall ' 2 E; .

Notice that, with this formulation, the problem of the const ruction of fabulous

states is intimately related to Hilbert's 12th problem. Thi s question will be
pursued in [13].

We shall construct here a system which is the analog of the BC ystem for

GL»(Q) instead of GL1(Q). This will extend the results of [5] to this non-

abelian GL, case and will exhibit many new features which have no countgrart

in the abelian case. Our construction involves the explicitdescription of the au-

tomorphism group of the modular eld, [61]. The construction of fabulous states
for imaginary quadratic elds, which will be investigated with N. Ramachan-

dran in [@3], involves specializing the Gl, system to a subsystem compatible
with complex multiplication in a given imaginary quadratic eld.

The construction of the GL, system gives aC -dynamical system @A; ;) and
an involutive subalgebraAq de ned over Q, satisfying the following properties:

The quotient group S := Q nGL»(A¢) of the nite acelic group of GL »
acts as symmetries of the dynamical system4; ) preserving the subal-
gebraAg.

For generic' 2 E; , the valuesf' (a) 2 C: a 2 A g generate a sub eld
F C which is an extension ofQ of transcendence degree 1.

For generic' 2 E; , there exists an isomorphism
'S Gal(F =Q)

which intertwines the actions

L= YO (1.36)
forall 2 Gal(F =Q).

There are a number of important nuances between the abelianase above and
the non-abelian one. For instance, in the abelian case the lgl generated by

' (A) does not depend on the choice of 2 E; and the isomorphism is also
independent of ' . This no longer holds in the non-abelian case, as is clear
from the presence of inner automorphisms of the symmetry gnop S. Also, in
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the latter case, the action of S on E; is not transitive and the corresponding
invariant of the orbit of ' under S is the subeld F C. Another important
nuance is that the algebraA is no longer unital while Ag is an algebra of
unbounded multipliers of A. Finally, the symmetries require the full framework
of endomorphisms as explained above iHL2.

1.6 The subalgebra Agqg and Eisenstein Series

In this section we shall recast the BC algebra in terms of the tigonometric ana-
log of the Eisenstein series, following the analogy develaa by Eisenstein and
Kronecker between trigonometric and elliptic functions, as outlined by A.Weil
in [68].

This will be done by rst giving a geometric interpretation i n terms of Q-lattices
of the noncommutative spaceX whose algebra of continuous functionsC(X)
is the BC C -algebra. The spaceX is by construction the quotient of the
Pontrjagin dual of the abelian group Q=Z by the equivalence relation generated
by the action by multiplication of the semi-group N .

Let Y

be the compact ring product of the ringsZ, of p-adic integers. It is the maximal
compact subring of the locally compact ring of nite ackles

Y
Ar = Qp
res
We recall the following standard fact
Proposition 1.8 The inclusion Q A gives an isomorphism of abelian
groups
Q=Z = Ar=R:

The following map is an isomorphism of compact rings
j : Rl Hom(Q=Z; Q=2); j(a)(x)=ax; 8x2A;=R; 8a2R:

We shall usej from now on to identify R with Hom(Q=Z; Q=Z). Note that
by construction Hom(Q=Z; Q=Z) is endowed with the topology of pointwise
convergence. It is identi ed with lim Z=NZ using the restriction to N -torsion
elements.

For every r 2 Q=Z one gets a functione(r) 2 C(R) by,

e(r)( ):=exp2i (r) 8 2 Hom(Q=Z; Q=2Z)
and this gives the identi cation of R with the Pontrjagin dual of Q=Z and of

C(R) with the group C -algebraC (Q=2).
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One can then describe the BCC -algebra as the cross product of2(R) by the
semigroup action ofN as follows. For each integem 2 N we letnR R be
the range of multiplication by n. It is an open and closed subset oR whose
characteristic function , is a projection , 2 C(R). One has by construction

n m= nm, 8n;m2N
wheren _ m denotes the lowest common multiple ofn and m.
The semigroup action ofN on C(R) corresponds to the isomorphism
W) )=f(ntl); 8 2nR: (1.37)
of C(R) with the reduced algebraC(R) , of C(R) by the projection . In the
BC algebra one has
nf o n= an(f); 8f 2C(R): (1.38)

There is an equivalent description of the BC algebra in termsof the etale
groupoid G of pairs (r; ), wherer 2 Q,, 2 Randr 2 R. The compo-
sition in G is given by

(ri; 1) (r2; 2)=(rarz; 2); ifra 2= 1; (1.39)
and the convolution of functions by
f1 fao(r )= X fa(rs s )fa(s; ) (1.40)
while the adjoint of f is
f(n)=Ffr Lr): (1.41)

All of this is implicit in ([S[) and has been amply described in the subsequent
papers mentioned in{¥L4. In the description above, | is given by the function

n(r; ) which vanishes unlessr = n and is equal to 1 forr = n. The time
evolution is given by

() )=t ); 8f 2C (G): (1.42)

We shall now describe a geometric interpretation of this graipoid G in terms of
commensurability of Q-lattices. In particular, it will pave the way to the gen-
eralization of the BC system to higher dimensions. The basisimple geometric
objects areQ-lattices in R", de ned as follows.

De nition 1.9 A Q-lattice in R" is a pair ( ; ), with a lattice in R", and
:Q"=z"1 Q = an homomorphism of abelian groups.

Two lattices  in R" are commensurable i their intersection 1\ 5 is of
nite index in ;. Their sum = 1+ 2 is then a lattice and, given two

homomorphisms of abelian groups j : Q"=z" ! Q = j, the dierence
1 > is welldened modulo = 1+ .

Notice that in De nition 1[9dhe homomorphism , in general, is not an isomor-

phism.
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De nition 1.10 A Q-lattice ( ; ) is invertible if the map is an isomorphism
of abelian groups.

We consider a natural equivalence relation on the set of)-lattices de ned as
follows.

Proposition 1.11  The following de nes an equivalence relation calledcom-
mensurability betweenQ-lattices: ( 1; 1); ( 2; 2) are commensurable i
are commensurable and 1 >=0 modulo = 1+ .

Proof. Indeed, let ( j; ;) be three Q-lattices and assume commensurability
between the pairs (12) and (2;3). Then the lattices ; are commensurable
and are of nite index in = 1+ 2+ 3. 0Onehas 1 > = 0 modulo ,

2 3=0modulo andthus ; 3=0modulo .But %= ;+ jisof
nite index in and thus ; 3 gives a group homomorphism

Qn:Zn I -0
which is zero sinceQ"=Z" is in nitely divisible and = Cis nite. This shows
that 1 3 =0modulo °= ;+ 3 and hence that the pair (1;3) is

commensurable.2
Notice that every Q-lattice in R is uniquely of the form

(;)=C12 ), >0 (1.43)
with 2 Hom(Q=Z; Q=Z) = R.
Proposition 1.12  The map
(n )=((r *Z; )iz ); 8 )2G;

de nes an isomorphism of locally compact etale groupoids étween G and the
quotient R =R, of the equivalence relationR of commensurability on the space
of Q-lattices in R by the natural scaling action ofR, .

Proof. First sincer 2 R the pair (r 1Z; ) = r YZ;r ) is a Q-lattice

and is commensurable to Z; ). Thus, the map is well de ned. Using the

identi cation (ILZ3), we see that the restriction of to the objects G© of G is

an isomorphism of R with the quotient of the space of Q-lattices in R by the

natural scaling action of R, . The freeness of this action shows that the quotient
R =R, is still a groupoid, and one has

(ri; 1) (r2; 2)= (rarz; 2) ifrp 2= g

Finally, up to scaling, every element ofR is of the form

(r *z;r * 95z )
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where both ®and areinR andr = 2 2 Q,. Moreover sincer ' 0=
modulo 2Z one getsa b %=0andr  °= . Thus is surjective and is an
isomorphism. 2

This geometric description of the BC algebra allows us to geerate in a natural
manner a rational subalgebra which will generalize to the tvo dimensional case.
In particular the algebra C(R) can be viewed as the algebra of homogeneous
functions of \weight 0" on the space of Q-lattices for the natural scaling action
of the multiplicative group R, where weightk means

f( ; )= Xf(;); 8 2R,:

We let the function c¢() be the multiple of the covolume j j of the lattice,
speci ed by
2ic(2)=1 (1.44)

The function c is homogeneous of weight 1 on the space ofQ-lattices. For
a2 Q=Z, we then de ne a function e;., of weight O by

X
eral 5 )=¢() y (1.45)
y2 + (a)

. . . . P
where one uses Eisenstein summatione. limy 1y NN when (a) 6 0 and
one letse;.a( ; )=0when (a)=0.

The main result of this section is the following

Theorem 1.13 The e1., ;22 Q=Z generate Q[Q=Z].
The rational algebra Ag is the subalgebra oA = C (G) generated by the
€14;a2 Q=Z and the ,, ,.

We de ne more generally for each weightk 2 N and eacha 2 Q=Z a function
ka On the space ofQ-lattices in R by

X k
ka( ;)= y ©: (1.46)
y2+ (a)
This is well de ned provided (a) 6 0. For (a) =0 we let
ka( 3 )= «c() % (1.47)

where we shall x the constants  below in (T&0). The function ., has weight
k i.e. it satis es the homogeneity condition

k;a( ; )= kk;a( ) ), 8 2R+:
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When a = Nﬁ the function .5 has levelN in that it only uses the restriction
n of to N-torsion points of Q=2Z,

1 1
—Z=7 — =
NN N
The products
&a = & ka (1.48)
are of weight 0 and satisfy two types of relations.
The rst relations are multiplicative and express e, as a polynomial ine;.a,

eca = Pk(era) (1.49)

where the P¢ are the polynomials with rational coe cients uniquely dete rmined
by the equalities

PLU) = U5 Ploa (W)= (W D) @Pe(W):

This follows for (a) 2 from the elementary formulas for the trigonometric
analog of the Eisenstein series [([36] Chapter Il). Sincee;.a( ; ) = 0 is the
natural choice for (a) 2 , the validity of (L[Z9uniquely dictates the choice
of the normalization constants  of (CZ4). One gets

k=P0)= (2% 1) «; (1.50)
where = 0 for odd k and 5 = ( 1)j (Z—')I with B; 2 Q the Bernoulli
numbers. Equivalently, '

hs
X = 1 5 . ij :
e 1 2 2

One can express thee., as Q-linear combinations of the generatorse(r). We
view e(r) as the function on Q-lattices which assignsto (; ) =( Z; ),
> 0, the value

e(r)( ; )=exp2i (r):
One then has

Lemma 1.14 Leta2 Q=Z, and n> 0O with na= 0. Then

X'k 1
€14 = (= 2)eka): (1.52)
! ey N 2

Proof. We evaluate both sideson (; ) =( Z; ), > 0. Both sides only
depend on the restrictionx 7! cx of to n-torsion elements ofQ=Z which we
write as multiplication by c¢2 Z=nZ. Let a = nﬁ If bc=0(n)then (a)=0and
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both sides vanish sincee(ka)( ; ) = exp2 i (":i) =1 for all k. If bc6 0(n)
then (a) 6 0 and the left side is %(U +1)=(U 1) whereU =exp2 i %C un =1,
U 6 1. The right hand side is
X1k 1
Ko k.
(U
k=1

which gives%(U + 1) after multiplication by U 1. 2

This last equality shows that e;.5 is (one half of) the Cayley transform of e(a)
with care taken wheree(a) 1 fails to be invertible. In particular while e(a) is
unitary, e;., is skew-adjoint,

€.a= ©1a:

We say that a Q-lattice ( ; ) is divisible by an integern 2 N when , = 0.
We let |, be the characteristic function of the set of Q-lattices divisible by n.
It corresponds to the characteristic function ofnR  R.

Let N> Oand ( ; ) a Q-lattice with y(a) = cafor c2 Z=NZ. The order
of the kernel of N is m = gcd(N;c). Also a divisor bjN divides ( ; ) i it
divides c. Thus for any function f on N one has

X
f() ol ;)= f();

bjN bjgcd(N;c)

which allows one to express any function of the ordem = gcd(N;c) of the
kernel of n interms of the projections ; BN . In order to obtain the function
m 7! m we let

X )
fj(n):= (d)(n=d)’ ;
djn
where is the Mebius function so that
) Y )
fj(n)= nl 1 p'):
p prime ; pjn

Notice that f; is the Euler totient function and that the ratio f .;=f; gives
the r.h.s. of (I33) in Theorem[LT.

The Mebius inversion formula gives

fi(0) o( ; )=m; m=gcd(N;c): (1.52)
bj N

We can now write division relations ful lled by the function s (TZ8).
Lemma 1.15 Let N > O then

X X
&a = k (2 2)fy(d)+ N*f i (d) o (1.53)
Na=0 djN
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Proof. For a given Q-lattice ( ; ) with Ker  of order mjN, N = md, the
result follows from
X

X
ka( 7 )= m y K+m@¢ 1) «cX()= m(@d*+2% 2) ,ck
N a=0 y2i n

together with (CR2) applied forj =1land j =1 k. 2
The semigroup action ofN is given on functions ofQ-lattices by the endomor-
phisms

n(f)C 5 )=F(m ;) 8( ;)2 n; (1.54)
while (f)( ; )=0outside ,. This semigroup action preserves the rational
subalgebraBg generated by thee;, ;a2 Q=Z, since one has

n(&a)= n €a=n ; (1.55)

(independently of the choice of the solutionb = a=n of nb = a) and we shall
now show that the projections , belong to Bg.

Proof of Theorem [LT3

Using (C53) one can express, as a rational linear combination of the e, , with
k even, but special care is needed when is a power of two. The coe cient of

k ~ in (C53), whenN = pPis a prime power, is given by (¥ 2)(p 1)p° !

p°(p¢ 1), which does not vanish unlessp = 2, and is p° (2 3p+ p?)
for k = 2. Thus, one can express n as a linear combination of the ey, by
induction on b. For p=2, N = 2P b > 1 the coecient of  y in (CEJ) is
zero but the coecient of | n=pis 2° 2(2K 1)(2k 2)60 for k even. This
allows one to express y as a linear combination of thee,., by induction on b.
Thus, for instance, » is given by

X
2=3+2 €:a:
4a=0
) X
In general, » involves €.
2n+1 a=0
Since for relatively prime integersn; m one has \m, = n m, We see that the

algebra Bg generated overQ by the e, contains all the projections ,. In
order to show that B contains the e(r) it is enough to show that for any prime
power N = p° it contains e(Ni). This is proved by induction on b. Multiplying
@C53)by1 pandusing(l ) p =0for I > 0 we get the equalities

X

@ p &a = (N* +2 2) (1 ):

N a=0
Let then z(j) = (1 p) e The above relations together with{LZ9) show
that in the reduced algebra Bg): , one has, for allk,

K 1

Pe(z())= (N* 1) «:
j=1
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Thus, forj 2f 1;::;; N 1g, the symmetric functions of the z(j ) are xed rational
numbers . In particular z = z(1) ful lls

1
Q= M t+ (" M M=o
1

. . . 1 j .
and % is not a root of this equation, whose roots are the— cot(l—). This

allows us, using the companion matrix ofQ, to express the Cayley transform of
2z as a polynomial with rational coe cients,

n.
nZ .

2z+1 X ?

2z 1 o

One then has

1
nz"=(1 p) &(y);
0
where the left-hand side belongs tdBg by construction. Now e(Ni) is equal
to p(e(Nﬂ)). It follows from the induction hypothesis on b, (N = p°), that
e(#) 2 Bq and therefore using [I5F) that p(e(f)) 2 Bg. Thus, we get
e(x) 2 Bo as required. This proves the rst part. To get the second notice that
the cross product by N is obtained by adjoining to the rational group ring of

Q=Z the isometries , and their adjoints , with the relation

nf o= a(f); 8f 2Q[Q=Z];
which gives the rational algebraAqg. 2

It is not true, however, that the division relations (I53) combined with the
multiplicative relations (IZ9) su ce to present the algeb ra. In particular there
are more elaborate division relations which we did not needn the above proof.
In order to formulate them, we let for djN, (N;d) be the projection belonging
to the algebra generated by the p; N, and corresponding to the subset

gcd(N; (5 ))= N=d

so that %

(N;d)= Nz (T kn=d);
kjd

where the product is over non trivial divisors k 6 1 of d.

Proposition 1.16 The e, ; a2 Q=Z , k odd, ful ll for any x 2 Q=Z and any
integer N the relation

1 X

X
N Bcx+a = (N;d)d* *eqax:

N a=0 djN
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Proof. To prove this, let ( ; ) be such that gcd(N; ( ; )) = N=d = m and
assume by homogeneity that = Z. Then when a ranges through the {-; j 2
f0;:::;;N  1g, the (a) range m-times through the ia;j 2f0;::;;d  1g. Thus
the left-hand side of (II®) givesm-times
% 1 X X
o(2)" y ¥ = o2)<d" y
1=0 yoz+ (x)+ & y2Z+ (dx)

This is clear wheny = 0 does not appear in the sums involved. When it does
one has, for 2 £,

X 1 X X
(y+ ) *=d" (y+d)
i=0 y2z+ (x)+ & y2Z+ (dx)

Subtracting the pole part on both sides and equating the nite values gives the
desired equality, since for oddk the value of ¢a( ; ) for (a) = O can be

written as the nite value of
X

y+ ).
y2 + (a)

For even k this no longer holds and the nite value c() ¥ is replaced by
(2 1) ke() . Thus when (dx) 2 Z one gets an additional term which is
best taken care of by multiplying the right hand side in Proposition [CT8 by
(1 (dx)), With  (y) the order of y in Q=Z, and adding corresponding terms
to the formula, which becomes
1 X X
N &x+a = (N;d)(I  (ax)) d* " exax (1.56)
Na=0 djN
X
+ ok (dCrd i 2) (Nid)
djN
These relations are more elaborate than the division relatins for trigonometric
functions. They restrict to the latter on the subset of invertible Q-lattices,
for which all ,, n 6 1 are zero and the only non-zero term in the r.h.s. is
the term in d = N. The standard discussion of Eisenstein series in higher
dimension is restricted to invertible Q-lattices, but in our case the construction
of the endomorphisms implemented by the , requires the above extension to
non-invertible Q-lattices. We shall now proceed to do it in dimension 2.

1.7 The Determinant part of the GL,-System

As we recalled in the previous sections, the algebra of the diimensional system
can be described as the semigroup cross product

C(R)oN
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Thus, one may wish to follow a similar approach for the 2-dimasional case, by
replacing C(R) by C(M2(R)) and the semigroup action of N by the semigroup
action of M2(Z)* . Such construction can be carried out, as we discuss in this
section, and it corresponds to the \determinant part" of the GL, system. It
is useful to analyze what happens in this case rst, before waliscuss the full
GL,-system in the next section. In fact, this will show quite clearly where some
important technical issues arise.

For instance, just as in the case of the BC algebra, where theitne evolution
acts on the isometries , by n' and leaves the elements oC(R) xed, the
time evolution here is given by Det(m)® on the isometries implementing the
semigroup action ofm 2 M,(Z)*, while leaving C(M,(R)) pointwise xed. In
this case, however, the vacuum state of the corresponding Hhailtonian is highly
degenerate, because of the presence of the ) symmetry. This implies that
the partition function and the KMS states below critical tem perature can only
be de ned via the type Il ; trace Trace .

This issue will be taken care more naturally in the full GL,-system, by rst
taking the classical quotient by = SL ,(Z) on the spaceM,(R) H. This will
resolve the degeneracy of the vacuum state and the countingfanodes of the
Hamiltonian will be on the coset classes nM,(Z)* .

The whole discussion of this section extends to GLlg) for arbitrary n and we
shall brie y indicate how this is done, but we stick to n = 2 for de niteness.
We start with the action of the semigroup

M2(Z)* = fm 2 My(Z); Det(m) > 0g=GL ; (Q)\ M2(R) (1.57)

on the compact spaceM ,(R), given by left multiplication
7' m; (1.58)
where the productm takes place inM3(R) using the natural homomorphism
M2(Z)" ! Ma(R); (1.59)

which is the extension to two by two matrices of the inclusionof the ring Z in
2 = R. The relevant C -algebra is the semi-group cross product

A= C(Ma(R)) 0 M2(2)": (1.60)

It can be viewed as theC -algebra C (G;) of the etale groupoid G, of pairs
(r; ), with r 2 GL;(Q), 2 Mz(R)andr 2 My(R), where the product takes
place in M2(A¢ ). The composition in G, is given by

(ri; 1) (ra; 2)=(roro; 2); ifrp 2= 1
and the convolution of functions by

X
f1 fao(r ):= fi(rs Yis )fa(s; ); (1.61)
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while the adjoint of f is
fr )="*@ Lr) (1.62)

(cf. the analogous expressiondT.B9)[THO)TLH1) in the lhdensional case).

A homomorphismG, ! H of the groupoid G, to an abelian groupH determines
a dual action of the Pontrjagin dual of H on the algebra ofG,, as in the case
of the time evolution ¢, with H = R, and its dual identi ed with R. We shall
use the same term \dual action" for nonabelianH .

The main structure is given by the dual action of GL; (R) corresponding to the
groupoid homomorphismj

i Gyl GLI(R); j(; )=r (1.63)

obtained from the inclusion GL; (Q)  GLj (R). As a derived piece of structure
one gets the one parameter group of automorphisms; 2 Aut( A) which is dual
to the determinant of the homomorphism j,

() Y =Det(r)tf(r; ); 8f 2A: (1.64)

The obtained C -dynamical system (A; ) only involves Det j and it does not
fully correspond to the BC system. We shall make use of the fuldual action of
GL; (R) later in the construction of the full GL , system.

The algebra C(M2(R)) embeds as a -subalgebra of A. The analogs of the
isometries ;N2 N are the isometries ; m 2 M,(Z)* given by

m(m; )=1; q(; )=0; 8r6 m:

The range n , of  is the projection given by the characteristic function
of the subsetP, = mM,(R) M3(R). It depends only on the lattice L =
m(Z?) Z2. Indeed, if m;m®2 M,(2)* fulll m(Z?) = mY%Zz?), then m®= m
for some 2 , hence mM,(R) = m°M;(R). Thus, we shall label this analog
of the |, by lattices

L Zz27" | 2C(Ma(R); (1.65)

where | is the characteristic function of P, for any m such that m(zZ?) = L.
The algebra generated by the | is then governed by

L LO= L\LO; 72 =1: (166)

In fact, the complete rules are better expressed in terms of g@rtial isometries
(g;L), with g2 GL; (Q), L Z? alattice, and g(L)  Z?, satisfying

(g;L)(g; )= ();  (gL)r; )=0; 8rég:

One has
(il1) (@iL2)= (102:% '(L1)\ L2); (1.67)
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and
(g;L) = (g HoL): (1.68)

The (g;L) generate the semi-groupC -subalgebraC (M,(Z)*) A and to-
gether with C(M,(R)) they generate A. The additional relations are

f (gL)= (gL)fe; 8f 2C(M2(R)); g2 GL;(Q); (1.69)

wheref 9(y) := f (gy) whenevergy makes sense.

The action of GL2(R) on M3(R) by right multiplication commutes with the
semi-group action [T58) of M2(Z)* and with the time evolution . They
de ne symmetries

2 Aut(A; ):

Thus, we have aC -dynamical system with a compact group of symmetries.
The following results show how to construct KMS -states for > 2. We
rst describe a speci ¢ positive energy representation of he C -dynamical sub-
system (C (M2(2)*), ). We let H = 2(M»(2)*) with canonical basis ",
m 2 M,(Z2)". We dene ( (g;L)) as the partial isometry in H with initial
domain given by the span of

" m m
m; m= 1 2 (muma) 2 L (magima) 2 L (1.70)
M21 M2z

i.e. matrices m whose columns belong to the latticeL ~ Z2. On this domain
we de ne the action of ( (g;L)) by

((@L)"m="gm: (1.71)
Notice that the columns of gm belong togL.
Proposition 1.17 1) is an involutive representation of C (M2(Z)*) in H.

2) The Hamiltonian H given byH" ,, = logDet(m) ", is positive and imple-
ments the time evolution ;:

()= €" (e ™ 8x2C (M2(2)"):
3) =SL 2(2Z) acts on the right in H by
(Y)m=m 1; 82 ; m2My2)":
and this action commutes with (C (M2(2)*).

Proof. The map m 7! gm is injective so that ( (g;L)) is a partial isometry.
Its range is the set ofh 2 M,(Z)* of the form g m where Det(m) > 0 and the
columns ofm are in L. This means that Det(h) > 0 and the columns ofh are
in gL Z?. This shows that

( (g;L) = ( (g HoL); (1.72)
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so that is involutive on these elements.

Then the supportof ( (g1;L1)) ( (g;L>)) is formed by the ", with columns
of m in L, such that the columns ofgom are in L. This is the same as the
support of ( (0102;0, L1\ Ly)) and the two partial isometries agree there.
Thus, we get

( (9;L1) (92L2)) = ( (9;L1)) ( (@2iL2): (1.73)
Next, using (C71) we see that
H ((g:L))  ((g;L)H =log(Det g) ( (g;L)); (1.74)

since both sides vanish on the kernel while on the support ongan use the
multiplicativity of Det.
Now = SL ,(Z) acts on the rightin H by

()m:=m 1; 8 2 ; m2My2)° (1.75)

and this action commutes by construction with the algebra (C (M2(2)*). 2
The image (C ()) generates a type Il ; factor in H, hence one can evaluate
the corresponding trace Trace on any element of its commutant. We let
(x):=Trace ( (x)e "); 8x2C (Mx(2)") (1.76)
and we de ne the normalization factor by
Z( )=Trace (e "): (1.77)

We then have the following:

Lemma 1.18 1) The normalization factor Z( ) is given by

Z()= () 1)
where is the Riemann -function.
2)Forall > 2,Z ' isaKMS state onC (M,(2)*").

Proof. Any sublattice L Z2? is uniquely of the form L = g Z?, where

a
0
a;d 1,0 b<d(cf. [B0] p. 161). Thus, the type Il; dimension of the action
of in the subspace of H spanned by the",, with Det m = N is the same as

the cardinality of the quotient of fm 2 M,(Z)* ;Detm = Ng by acting on

the right. This is equal to the cardinality of the set of matri ces 8 g as above
P
with determinant = N. This gives 1(N) = d. Thus, Z( ) is given by
djN
RT(\)
?\1 = () ( n: (1.78)
N =1

One checks the KMS -property of ' using the trace property of Trace together
with the second equality in Proposition [[T1. 2
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Proposition 1.19 1) For any 2 GL,(R) the formula
f) m=1f(M ) m; 8m2My2)"

extends the representation to an involutive representation  of the cross prod-
uct A= C(M2(R)) o M,(2)* in H.

2) Let f 2 C(M2(Z=NZ)) C(M2(R)). Then (f) 2 ( n)°where y isthe
congruence subgroup of levell .

3) For each > 2 the formula

(x):=Limyy  Zy'Trace ,( (x)e "); 8x2A
de nes a KMS state onA, where Zy :=Trace , (e M).

Proof. 1) The invertibility of shows that letting f| be the characteristic
function of P_ one has (f_ )= L independently of . Indeedf (m )=1i
m 2 P_ and this holdsi m(zZ?) L.

To check (TE9) one uses

f(gm )= f9m )); 892 GL;(Q):
2) Let pn : M2(R) ! M2(Z=NZ) be the canonical projection. It is a ring

homomorphism. Letthenf = h py whereh is a function on M,(Z=NZ). One
has, forany 2 y,

) ()om

f(m 1)m 1

f)m 1=
h(pn(M 1) w2

The equality py () = 1 shows that

pn(M P )=pum)pn( Hpen ()= pu(M)pa( )= pn(m );

hence

) ()m= () () m:

3) One uses 2) to show that, for allN andf 2 C(M,(Z=NZzZ)) C(M2(R)), the
productsf (g;L) belong to the commutant of ( y). Since y has nite index
in it follows that for > 2 one hasZy :=Trace ,(e ") < 1. Thus, the
limit de ning (x) makes sense on a norm dense subalgebraAafand extends
to a state on A by uniform continuity. One checks the KMS condition on the
dense subalgebra in the same way as above.

It is not di cult to extend the above discussion to arbitrary n using ([51]). The
normalization factor is then given by

vy 1
Z()= ( Kk

0
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What happens, however, is that the states only depend on the determinant
of . This shows that the above construction should be extendedd involve not
only the one-parameter group ; but in fact the whole dual action given by the
groupoid homomorphism [L&8).

De nition 1.20  Given a groupoid G and a homomorphismj : G! H to a
group H, the \cross product” groupoid G j H is de ned as the productG H
with units G@  H, range and source maps

r(; )=0rC)iC) )s sy )=(s(); )
and composition

(15 21) (20 2)=(C1 25 2):

In our case this cross productG; = G, ; GLj; (R) corresponds to the groupoid
of the partially de ned action of GL 3 (Q) on the locally compact spaceZ, of
pairs (; )2 M2(R) GL; (R) given by

9(; )=(9;9 ); 832GL;(Q); g 2Mz(R):

Since the subgroup GL; (Q) acts freely and properly by translation on
GL; (R), one obtains a Morita equivalent groupoid S, by dividing G, by the
following action of

(129 )=(19,% 25 2 ) (1.79)
The space of unitsséo) is the quotient nZy. We let p : Zp ! nZo be the
quotient map. The range and source maps are given by
r@ ; )=p0:9 ); s(g; )=p( )

and the composition is given by

(015 15 1) (% 25 2)=(0102; 25 2);

which passes to -orbits.

1.8 Commensurability of  Q-Lattices in C and
the full GL,-System

We shall now describe the full GL, C -dynamical system A; ). It is obtained
from the system of the previous section by taking a cross prodct with the
dual action of GL; (R) i.e. from the groupoid S, that we just described. It
admits an equivalent and more geometric description in terns of the notion
of commensurability between Q-lattices developed in section 1.6 above and we
shall follow both points of view. The C -algebra A is a Hecke algebra, which
is a variant of the modular Hecke algebrade ned in ([[0]). Recall from section
1.6:
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invertible case

Figure 1.2: Q-Lattices in C.

De nition 1.21 1) A Q-lattice in C is a pair ( ; ), with a lattice in C,

and :Q?=z2! Q = an homomorphism of abelian groups.
2) Two Q-lattices ( j; ;) are commensurable i j are commensurable and
1 > =0 modulo = 1+ .

This is an equivalence relationR betweenQ-lattices (Proposition [LIT). We use
the basisfe; =1;e, = ig of the R-vector spaceC to let GL (R) act on C as
R-linear transformations. We let

o= Z2e+Ze=272+iZ
Also we view 2 M;(R) as the homomorphism
1Q%=Z21  Q: o= o; (a)= 1(@)ert+ (a)er:
Proposition 1.22  The map
(@ )= *gto ) P ) 8@ )2S

de nes an isomorphism of locally compactetale groupoids étweenS, and the
equivalence relationR of commensurability on the space of)-lattices in C.

Proof. The proof is the same as for Propositior_L122

We shall now describe the quotient ofS, R by the natural scaling action of
C . We view C as a subgroup of GL; (R) by the map

=a+ib2C 7! ab 2 2 GL} (R) (1.80)
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and identify the quotient GL 5 (R)=C with H by the map
2GL;(R) 7! = (i)2H: (1.81)

Given a pair ( j; j) of commensurableQ-lattices and a non zero complex
number 2 C the pair ( j; ;) is still a pair of commensurable Q-lattices.
Moreover, one has

(9; ; 1): (g;; ); 8 2C: (1.82)

The scaling action of C on Q-lattices in C is not free, since the lattice
for instance is invariant under multiplication by i. It follows that the quotient
S;=C R =C is not a groupoid. One can nevertheless de ne its convolutio
algebra in a straightforward manner by restricting the convolution product on
S, R to functions which are homogeneous ofveight 0, where weightk means

f(g;; )= *f(g; ); 8 2C: (1.83)

Let
Y = M(R) H; (1.84)

endowed with the natural action of GL; (Q) by

a +b
()= el (1.85)
a b + .
for = c d 2GL;(Q)and (; )2Y. Letthen

Z nGL;(Q) Y (1.86)

be the locally compact space quotient off (g;y) 2 GL;(Q) Y ; gy2 Yg by
the following action of :

@Y7 (19 % 2y); 852

The natural lift of the quotient map (IL8T], together with pr oposition[22, rst
gives the identi cation of the quotient of Y by with the space of Q-lattices in
C up to scaling, realized by the map

nY ! (Space ofQ-lattices in C)=C = X; (1.87)
G)=C3) = Z+Z; ()= ¢  2x):
It also gives the isomorphism :S,=C =Z!R =C ,
(=0 (@) ) (1.88)
where =Det(g) (c +d)for = 2 3 2GLI(Qandy=(; )2Y.
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We let A = C¢(Z) be the space of continuous functions with compact support
on Z. We view elementsf 2 A as functions on GL; (Q) Y such that

f(oy)=f(gy) f(g:;y)="f(gy); 8 2 ;92GL;(Q);y2VY:

This does not imply that f (g;y) only depends on the orbit :y but that it only
depends on the orbit ofy under the congruence subgroup \ g ! g.
We de ne the convolution product of two such functions by

X
(fr f2)(gry) = f1(gh % hy) fa(h;y) (1.89)
h2 nGL} (Q);hy2Y

and the adjoint by
f (g:y) = f(9 Ligy): (1.90)
Notice that these rules combine [.ZB) and [T81).

For any x 2 X we let c(x) be the commensurability class ofx. It is a countable
subset of X and we want to de ne a natural representation in 12(c(x)). We let
p be the quotient map fromY to X. Let y 2 Y with p(y) = x be an element in
the preimage ofx. Let

Gy = fg2 GL}(Q)joy2 Yg:

The natural map g2 Gy 7! p(gy) 2 X is a surjection from nGy to c(x) but it
fails to be injective in degenerate cases such as=(0; ) with 2 H a complex
multiplication point ( cf. Lemmal[LZ8). This corresponds to the phenomenon
of holonomy in the context of foliations ([I1]). To handle it one de nes the
representation  directly in the Hilbert space Hy = 12( nGy) of left -invariant
functions on Gy by

X
(y(f) )9 = f(gh “hy) (h); 8g2Gy; (1.91)
h2 nGy

forf 2A and 2H,.

Proposition 1.23 1) The vector spaceA endowed with the product and the
adjoint f 7! f is an involutive algebra.

2) Foranyy 2 Y, y denes a unitary representation of A in H, whose unitary
equivalence class only depends an= p(y).

3) The completion of A for the norm given by
iifjj=Supyay ji y(f)jj
is a C -algebra.

The proof of (1) and (2) is similar to ([LO], Proposition 2). Using the compact-
ness of the support off , one shows that the supremum is nite for anyf 2 A
(cf. 1. 2
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Remark 1.24 The locally compact spaceZ of ([L88) is not a groupoid, due
to the torsion elements in , which give nontrivial isotropy under scaling, for
the square and equilateral lattices. Nonetheless, Propogon [CZ3 yields a well
de ned C -algebra. This can be viewed as a subalgebra of thé -algebra of the
groupoid obtained by replacing by its commutator subgroup in the de nition

of S, as in (CM).

We let ; be the one parameter group of automorphisms oA given by

t(f)(g;y) = (Det g)" f(g;y): (1.92)

Notice that since X is not compact (but still locally compact) the C -algebra
A does not have a unit, hence the discussion of Propositionl.2pplies.

The one parameter group »; ([CZ3) is the modular automorphism group associ-
ated to the regular representation ofA. To obtain the latter we endow X = nY
with the measure

dy=d d ()

whered = Q d j is the normalized Haar measure of the additive compact
group M2(R) and d ( ) is the Riemannian volume form in H for the Poincae
metric, normalized so that ( nH) = 1. We then get the following result.

Proposition 1.25 The expression
z
t(f)= § f(1y)dy: (1.93)

de nes a state on A, which is a KMS, state for the one parameter group ;.

Proof. At the measure theory level, the quotient X = nY is the total space
over nH gha bundle with ber the probability space M»(R)=f 1g, thus the
total mass , dy =1. One gets
z X
(f f)= f(hy)f (hyy)dy; 8f 2A;
X h2 nGL; (Q);hy2Y

which su ces to get the Hilbert space H of the regular representation and the
cyclic vector implementing the state ' , which corresponds to

(g;y)=0; 83g2 ; (Ly)=1; 8y2X:

The measured is the product of the additive Haar measures on column vectcs,
hence one gets
d(g )= (Det g) ?d; 892 GL;(Q):

Let us prove that ' is a KMS, state. The above equality shows that, for any
compactly supported continuous function on nGLj; (Q) Y, one has
z Z
X X
(h;y)dy = (k ;ky)(Detk) 2dy: (1.94)
X h2 nGL; (Q) X 2 nGL; (Q)
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Letthen f; 2 A and dene (h;y) =0 unless hy 2 Y while otherwise
(hiy)= fi(h *;hy)fa(h;y)(Deth)* 2

The Lh.s. of (T334) is then equal to' (f1 ,(f2)) for z= t+2i. The r.h.s. of
(CT3) gives' ( (f2)f1) and [LY4) gives the desired equality (f1 t+2i(f2)) =
" e(f2)f1). 2

We can now state the main result on the analysis of KMS states o the C -
dynamical system (A; (). Recall that a Q-lattice | = ( ; ) is invertible if is
an isomorphism (De nition LI0). We have the following result.

Theorem 1.26 1) For each invertible Q-lattice | = ( ; ), the representation
| IS a positive energy representation of theC -dynamical system(A; ).

2) For > 2andl=( ; ) aninvertible Q-lattice, the formula

X
ta(f)y=2z 1 f(1;m ;m ( ))Det(m)

nM2(2)*
de nes an extremal KMS state' | on (A; (), whereZz = () ( 1) is the
partition function.
3) For > 2themapl 7! ' , is a bijection from the space of invertible Q-

lattices (up to scaling) to the spaceE of extremal KMS states on(A; ).

The proof of 1) re ects the following fact, which in essence Bows that the
invertible Q-lattices are ground statesfor our system.

Lemma 1.27 1) Let s: Q%=Z2! Q? be a section of the projection : Q2!
Q?=Z2. Then the set ofs(a+ b) s(a) s(b); a;b2 Q?=Z?, generatesZ?.

2) Let | = ( ; ) be an invertible Q-lattice and I1°= ( % 9 be commensurable
with |. Then 0,

Proof. 1) Let L Z? be the subgroup generated by thes(a+ b) s(a)
s(b); a;b2 Q?%=z2. If L 6 Z2 we can assume, after a change of basis, that
for some prime numberp one hasL pZ Z. Restricting s to the p-torsion
elements ofQ?=z2 and multiplying it by p, we get a morphism of groups

Z=pZ Z=pZ! Z=p’Z Z=pZ;
which is a section of the projection
Z=pZ Z=pZ! Z=pZ Z=pZ:

This gives a contradiction, since the groupZ=p’Z Z=pZ contains elements of

order p?.

2) Let s (resp. s be a lift of modulo (resp. of °modulo 9. Since
°=0modulo %= + Oonehass(a) s%a)2 + Oforall a2 Q?=Z2.
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This allows one to corrects modulo and s’ modulo ©so that s = s Then
for any a;b2 Q?=Z2 one hass(a+ b) s(@) s(b2 \ Candthe rst part
of the lemma together with the invertibility of ~ show that \ %= . 2

Giveny 2 Y we let Hy be the diagonal operator inHy given by

(Hy )(h) :=log(Det( h)) (h); 8h2 Gy (1.95)
It implements the one parameter group ; i.e.

yCex) = ey y(x)e ™My 8x2A: (1.96)

In general the operator Hy is not positive but when the lattice | = ( ; ) =
(p(y)) is invertible one has

Det(h)2 N ; 8h2 Gy;

henceHy, 0. This proves the rst part of the theorem. The basis of the Hilbert
spaceH, is then labeled by the lattices ° containing and the operator H,
is diagonal with eigenvalues the logarithms of the orders °: . Equivalently,
one can label the orthonormal basis , by the coset space nM,(Z)*. Thus,
the same counting as in the previous section (cf.[51]) showthat

Z=Trace(e "v)= () ( 1)

and in particular thatitis nite for > 2. The KMS property of the functional
" (f)=2Z 'Trace( y(f)e ")

then follows from (1.96). One has, using (1.91) foy =(; )2V,
hy(f)(m); mi = f(@m;m());

hence we get the following formula for'  :

X
ta(f)y=2z 1 f(1;m ;m ( ))Det(m) : (1.97)
nM2(2)*

Finally, the irreducibility of the representation  follows as in [11] p.562 using
the absence of holonomy for invertibleQ-lattices. This completes the proof of
2) of Theorem 1.26.

In order to prove 3) of Theorem 1.26 we shall proceed in two sfgs. The rst
shows (Proposition 1.30 below) that KMS states are given by measures on the
spaceX of Q-lattices (up to scaling). The second shows that when > 2 this
measure is carried by the commensurability classes of inveble Q-lattices.

We rst describe the stabilizers of the action of GL; (Q) on the space ofQ-
lattices in C.
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Lemma 1.28 Letg2 GL;(Q);g61 andy2 Y;y=(; ) such thatgy=vy.
Then = 0. Moreover g2 Q GL; (Q) unless is an imaginary quadratic
number in which caseg 2 K GL; (Q) whereK = Q( ) is the corresponding
quadratic eld.

g,theng(): meansa + b= (c +d). If c60
this shows that is an imaginary quadratic number. Let K = Q( ) be the
corresponding eld and let f ; 1g be the natural basis of K over Q. Then the
multiplication by ( ¢ + d) is given by the transpose of the matrixg. Sinceg 6 1

and K is a eld we get

Proof. Let g =

a 1 b
g 1= d 1 2 GL»(Q)

c
andthus (g 1) =0implies =0.If c=0then a + b= (c + d) implies
a=d;b=0sothat g2 Q GL;(Q). Sinceg6 1 one gets =0. 2

We let X = nY be the quotientandp: Y ! X the quotient map. We let F
be the closed subset oK , F = p(f(0; ); 2 Hg).

Lemma 1.29 Let g2 GL;(Q);g 2 andx 2 X;x 2 F. There exists a
neighborhoodV of x, such that

p(ap *(V)\ V= ;

Proof. Let o= \ g ! gand Xy = onY. For xo 2 X, the projections
p1(Xo) = p(y) and p2(xo) = p(gy) are independent of the representativey 2 Y.
Moreover if p1(Xp) 2 F then p1(Xo) 6 p2(Xo) by Lemma 1.28. By construction

o is of nite index nin andthe ber p, 1(x) has at mostn elements. Let then
W X, be a compact neighborhood op, 1(x) in X such that x 2 p,(W). For
z2V X suciently closeto x one hasp, *(z) W and thus pa(p, *(z)) V¢
which gives the result. 2

We can now prove the following.

Proposition 1.30 Let > Oand' a KMS state on(A; ). Then there exists
a probability measure on X = nY such that

Z
()= f(@;x)d (x); 8f 2A:
X
Proof. Let go 2 GL; (Q) and f 2 C.(Z) such that
f(;y)=0; 89Z go

Since any element ofC.(Z) is a nite linear combination of such functions, it is
enough to show that' (f) = 0 provided gy 2 . Let hy 2 C¢(X); 0 h, 1
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with support disjoint from F and converging pointwise to 1 in the complement
of F. Let u, 2 A be given by

un(L;y) = hn(y); un(9;y)=0; 8gZ

The formula
(f)g; ):=1"F(g:0 ) 8 2A (1.98)

de nes a homomorphism of @; ) tothe C dynamical system B; ) obtained
by specialization to = 0, with convolution product

X
f1 fa(; )= fu(gh Hh( Dfa(h; );
h

where now we have no restriction on the summation, as in [10].
For eachn 2 N we let

m(@:Y)=1if g2 :[n];  @(gy)=0if g2 :[n]: (1.99)
One has (] [0 = land (( )= n2t m;: 8t 2 R. Moreover, the range
(M= (n] of [n) is the characteristic function of the set of Q-lattices that

are divisible by n, i.e. those of the form ( ;n ).

Let )= ( [ny). These are unitary multipliers of B. Since they are eigenvec-
tors for ¢, the system B; ) has no non-zero KMS positive functional. This
shows that the pushforward of' by vanishes and by Proposition 1.5 that,
with the notation introduced above,

H(E)=lim ()

Thus, since f un)(g;y) = f(g;y) hn(y), we can assume thatf (g;y) = 0 unless
p(y) 2 K, whereK X is a compact subset disjoint fromF. Let x 2 K and V
as in lemma 1.29 and leth 2 C.(V). Then, upon applying the KMS condition
(1.6) to the pair a;bwith a=f and

b(1;y) = h(y); blg;y)=0; 892 ;

onegets' (b f)="(f b). Onehas b f)(g;y)= h(gy)f(g;y). Applying this
to f binstead off and usingh(gy)h(y)=0; 8y2 X weget' (f ) =0
and' (f) =0, using a partition of unity on K. 2

We let Det be the continuous map fromM,(R) to R given by the determinant

a b

d 2My(R)7'ad bc2R:

For eachn 2 N , the composition ,, Det de nes a projection 9n), which is
the characteristic function of the set of Q-lattices whose determinant is divisible
by n. If a Q-lattice is divisible by n its determinant is divisible by n? and one
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controls divisibility using the following family of projec tions ,(k;l). Given a
prime p and a pair (k;l) of integersk |, we let

pkil) == (P " NC WD AP (1.100)

This corresponds, when working moduldN = p° b > |, to matrices in the double

class of
a o0

0d

where v, is the p-adic valuation.

Vp(@) = ki Vvp(d) = I;

Lemma 1.31 Let' be a KMS state on (A; (). Then, for any prime p
and pair (k;I) of integersk <1, one has

(k)= p &V P k@+p Ha p )@ pto)

while for k = | one has
(p=p® @ p )@ P
For distinct primes p; one has

Y Y
O k= O (k)
Proof. For eachn2 N we let , 2 M (A) be given by

n(g;y)=1,; 8g2 8 Cl) n(g;y) =0 otherwise:

One has {( ,) = n' ,; 8t2 R. The double class g (i is the union

of the left -cosets of the matrices g g wheread = n and gcd@; b;d = 1.

The number of these left cosets is
Y
F(n):=n 1+ph
p prime ;pjn

and

no n(y)=1(n); 8y2Y: (1.101)
One has X
n oLy = n(h L hy)?:

h2 nGL, (Q);hy2Y

With y = (; ), the r.h.s. is independent of and only depends upon the
SLy(Z=nZ) GL2(Z=nZ) double class of , = pn( ) 2 M2(Z=n2).
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Let us assume thatn = p' is a prime power. We can assume that,, = p,( ) is
of the form

- p 0

n — 0 pb

We need to count the number! (a; b) of left -cosets h; in the double class

nt'l o0

0 1

of the double class is given byh; = ( }) L where the ; are

0 a b I:

suchthat hjy2 Y ie. h; 2 M2(R). Afull set of representatives

0= g (.’)L (s) = é ﬁ ;62101 :5n g
and forx 2f1;2;::;1  1g,s2 Z=pg *Z prime to p
COENANRS

The counting gives

I'(a;b)=0if b<l.

l(a;h=p2ifa<lib I

l(a;p=p@+p Hifa |I.
Let e (i;j); (i j) be the projection corresponding toa i;b j. Then for

i<j one has

p(i57)=ep(isj) ep(i+1;j) ep(isj +1)+ e(i+1;j+1) (1.102)

while
p(i1) = &) &) +1): (1.103)
The computation above gives
X1
noa@Ly)= PP e+ plep(kil) ek +1;1); (1.104)
0

where we omit the variabley in the r.h.s.
Let ' be a KMS state, and (k;I) := ' (ep(k;1)). Then, applying the KMS
condition to the pair ( f; [p]) for f 2 C(X), one gets

(k;D=p & (©;1 k):
Let (k) = (0;k). Upon applying the KMS conditionto ( »; ,), One gets
K 1

- pl(1+p l)p 21 + pk (p 2k (l k) p 2(k+1) (I k 1)
0

pa+p Hp !
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Since (0) =1, this determines the (n) by induction on n and gives
(=ap® J+@ ap*;
with
p 1.
pt* 1
Combined with (1.102) and (1.103), this gives the requireddérmulas for' ( p(k;1))
and the rst part of the lemma follows.

To get the second pa6, one proceeds by induction on the numbrem of primes
p. The function f = =7 * , (k1) fullls

a=(1+ p)

f(hy)=f(y); 82Y; 8h2

nl o
0 1

where n = pl,. Thus, when applying the KMS condition to ( f; ), the
above computation applies with no change to give the result.2

Let us now complete the proof of 3) of Theorem 1.26. Let be a KMS state.
Proposition 1.30 shows that there is a probability measure on X such that
z

()= f(@Q;x)d (x); 8f 2A:
X

With y = (; ) 2 X, Lemma 1.31 shows that the probat,glity' (ep(1;1)) =

(1;1) that a prime p divides is p ? . Since the series p 2 converges
( > % would su ce here), it follows ( cf. [44] Thm. 1.41) that, for almost all
y 2 X, is only divisible by a nite number of primes. Next, again by L emma
1.31, the probability that the determinant of is divisible by p is

"(ep(0;1)= ()=(1+ pp pt %

P
For > 2 the corresponding series ((1+ p)p pt 2 )is convergent. Thus,
we conclude that with probability one

p 2 GL2(Zp); foralmost all p:
P
Moreover, since ' ( p(k;1)) = 1, one gets with probability one

p 2 GL2(Qp); 8p:

In other words, the measure gives measure one to nite ickles. (Notice that
nite ickles form a Borel subset which is not closed.) Howewer, when is a
nite ickle the corresponding Q-lattice is commensurable to a unique invertible
Q-lattice. Then the KMS condition shows that the measure is entirely de-
termined by its restriction to invertible Q-lattices, so that, for some probability
measure , Z

t= o d ()
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It follows that the Choquet simplex of extremal KMS states is the space of
probability measures on the locally compact space

GL2(Q)nGL2(A)=C

of invertible Q-lattices 2 and its extreme points are the' | . 2

In fact Lemma 1.31 admits the following corollary:
Corollary 1.32  For 1 there is no KMS state on (A; ).

Proof. Indeed the value of' ( ,(k;!)) provided by the lemma is strictly negative
for < 1 and vanishes for =1. In the latter case this shows that the measure

is supported byfOg H Y and one checks that no such measure ful lls the
KMS condition for =1. 2
In fact the measure provided by Lemma 1.31 allows us to constrct a speci ¢
KMS state on (A; ) for 1 < 2. We shall analyze this range of values in
Chapter Il in connection with the renormalization group.
To get some feeling about what happens when ! 2 from above, we shall show
that, on functions f which are independent of , the states' ., converge weakly
to the KMS, state ' of (1.93), independently of the choice of the invertibleQ-
lattice 1. Namely, we have

z
L (F)! f (a) da:
M2(R)

Using the density of functions of the formf py among left -invariant contin-
uous functions onM,(R), this follows from:

Lemma 1.33 For N 2 N, let ( N) be the congruence subgroup of lev&l and
X
Z = Det(m)
( N)nM 2 (2)*
When | 2 one has, for any functionf on M,(Z=N2),
X X
z ! f(pn(M))Det(m) ! N * f(a):
( N)nM2(Z2)* M 2(Z=N Z)

Proof. For x 2 M,(Z=N2Z) we let
X
h(x) = lim_Z 1 Det(m)
' m2 ( N)nM2(2)* ;pn (m)= x
be the limit of the above expression, withf the characteristic function of the
subsetfxg M32(Z=NZ). We want to show that

h(x)= N #; 8x2 My(Z=NZ): (1.105)

3cf. e.g. [39] for the standard identi cation of the set of invertible Q-lattices with the above
double quotient
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Sincepy is a surjection SL,(Z) ! SL2(Z=NZ) and ( N) a normal subgroup
of , one gets

h( 1x 2)= h(x); 8 2 SLy(Z=N2Z): (1.106)
Thus, to prove (1.105) we can assume thak is a diagonal matrix
x= 1 0 2 Mayz=NZ):

Dividing both n and N by their g.c.d. k does not a ect the validity of (1.105),
since allm 2 ( N)nM,(2)* with py(m) = x are of the form km? while
Det(tm) = k 2 Det(m® . This shows that (1.105) holds forn = 0 and
allows us to assume thatn is coprime to N. Let then r be the g.c.d. of* and
N. One can then assume thatx = g ngr , with rjN and with n and n°
coprime to N. Let SL2(Z=N2Z) be the diagonal subgroup. The left coset
X  M2(Z=NZ) only depends onr and the residue 2 (Z=N%) of nn°
modulo N%= N=r. It is the set of all diagonal matrices of the form
_ M 0 _ : _ .
Y= 0 npr N1 2 (Z=NZ) ; ninpz= (N9:
Let (N) be the inverse image of by py. By (1.106) h is constant on
X, hence
X
h(x) = lim_Z ! Det(m) : (1.107)
' m2  (N)nM2(2)* ;pn (M)2 X
In each left cosetm 2~ (N)nM,(Z)* with py (m) 2 x one can nd a unique
S g with a > 0 coprime to N, d > O divisible by r,
ad=r= (N9 and b= NbPwith0 Kk’<d. Thus, we can rewrite (1.107) as

triangular matrix

X
h(x) = lim_Z 1 d(ad) ; (1.108)
' Y

whereY is the set of pairs of positive integers §; d) such that
pn(8) 2 (Z=NZ) ; rjd; ad=r (N):

To prove (1.105) we assume rstthatr <N and write N = N3y N, whereN; is
coprime to N ®°and N, has the same prime factors adl ©. One hasr = Ny r,, with
r2jNo. An element of Z=N,Z is invertible i its image in Z=N% is invertible.
To prove (1.105) it is enough to show that, for any of ther; lifts , 2 Z=N,Z of
, one has X
|i|m2 z ! d(ad) = N3N 4 (1.109)
! vo
where Y Cis the set of pairs of positive integers &; d) such that

pn (@) 2 (Z=NZ) ; pn.(ad) = 2
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We let 1y be the trivial Dirichlet character modulo N. Then when Xy, varies
among Dirichlet characters moduloN, one has

X
dad ="'(N2) ' Xn,(2) *L(In, X n,i )L(Xnss 1);
Yo

where ' is the Euler totient function. Only the trivial character Xy, = 1y,
contributes to the limit (1.109), since the other L-functions are regular at 1.

Moreover, the residue ofL (1n,; l)at =2isequalto E\‘Lj) so that, when
I 2, we have

d(ad) N, 'L(An;2)( 2)
YO

By construction one has
Z j (N @C 2t

where the order of the quotient group : ( N) is N3 ijN 1 p 2 ([51).
Since %
Ldnis)= (1 p®) (9

PIN
one gets (1.109). A similar argument handles the case= N. 2

The states' | converge when !1 and their limits restrict to C¢(X) A
as characters given by evaluation atl:

()= f(); 8f 2 C(X):
These characters are all distinct and we thus get a bijectiorof the space
GL2(Q)nGL2(A)=C

of invertible Q-lattices with the space E; of extremal KMS; states.

We shall now describe the natural symmetry group of the abovesystem, from
an action of the quotient group S

S:= Q nGL2(Af)

as symmetries of our dynamical system. Here the nite actlc group of GL; is
given by Y
GL,(Af) = GL2(Qp);

res

where in the restricted product the p-component lies in GLy(Z,) for all but
nitely many p's. It satis es

GL2(Ar) = GL 3 (Q) GL2(R):
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The action of the subgroup
GL,(R) S

is de ned in a straightforward manner using the following right action of GL,(R)
on Q-lattices:
() =(; ); 8 2GLy(R):

By construction this action preserves the commensurabiliy relation for pairs of
Q-lattices and preserves the value of the ratio of covolumesof such pairs. We
can view it as the action

Gy =0 1)
of GL2(R) on Y = M»(R) H, which commutes with the left action of GL (Q).
Thus, this action de nes automorphisms of the dynamical sysem (A; ;) by

(f)(g;y) = f(g;y:); 8f 2A; 2GL2(R);

and one has
12 < 129 8iZGL2(R):

The complementary action of GL; (Q) is more subtle and is given by endomor-

phisms of the dynamical system A; ), following De nition 1.3.

For m 2 My(2)*, let m =Det(m) m 2 M»(Z)*. The rangeR,, of the map
' m only depends onL = m(Z?). Indeed if m; 2 M»(Z)* fulll mq(Z?)=
m,(Z?) then my = m; for some 2 , hence M2(R)m; = M2(R) m». Let

then
e 2 C(X) (1.110)

be the characteristic function of n(R, H) n(M,(R) H), for any m such
that m(Z?) = L. Equivalently, it is the characteristic function of the open and
closed subsett, X of Q-lattices of the form ( ;  m). One has

€ € o= €, Lo; ee2=1: (2.111)
Forl=( ; )2E. X andm2 M»(2)*, m(Z?) = L we let
| mi=(C; mbHh2x
This map preserves commensurability ofQ-lattices. On Y it is given by
(; ) mi=( m?Y); 8; )2Rn H
and it commutes with the left action of GL (Q). The formula
m()g:y):=f(gy m Y, 82Ry H; (1.112)

extended by n(f)(g;y) =0 for y 2R, H, de nes an endomorphism , of
A that commutes with the time evolution ;. Notice that (1) = e. 2 M (A)
is a multiplier of A and that  lands in the reduced algebraAg , so that
(1.112) is unambiguous. Thus one obtains an action of the seigroup M,(Z)*
by endomorphisms of the dynamical system 4; ), ful lling De nition 1.3.
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Proposition 1.34 The above actions of the groupGL2(R) S and of the
semigroupM,(Z)* S assemble to an action of the groud = Q nGL,(A;)
as symmetries of the dynamical systenfA; ;).

Proof. The construction above applies to give an action by endomorpisms of
the semigroup GLx(Af )\ M2(R), which contains both GL,(R) and M»(2)* . It
remains to show that the sub-semigroupN M2(Z)* acts by inner endomor-
phisms of (A; ). Indeed for anyn 2 N , the endomorphism ,; (where [n] =
n O
0 n
which was de ned in (1.99) abovei.e. one has

2 M3(Z)") is inner and implemented by the multiplier ,; 2 M (A)

1.9 The subalgebra Aqg and the Modular Field

The strategy outlined in x1.6 allows us to nd, using Eisenstein series, a suit-
able arithmetic subalgebraAqg of the algebra of unbounded multipliers of the
basic HeckeC -algebra A of the previous section. The extremal KMS states
' 2 E: extendto Ag and the image' (Ag) generates, in the generic case, a spe-
cialization F C of the modular eld F. The state' will then intertwine the
symmetry group S of the system (&; ) with the Galois group of the modular
eld i.e. we shall show that there exists an isomorphism of S with Gal( F- =Q)
such that

"= () 8 2Gal(F =Q): (1.113)

Let us rst dene Ag directly without any reference to Eisenstein series and
check directly its algebraic properties. We letZ nGL; (Q) Y be as above
and f 2 C(Z) be a function with nite support in the variable g2 nGL; (Q).
Such anf de nes an unbounded multiplier of the C -algebraA with the product
given as above by

X
(fr f2)(gry) = f1i(gh thy) fo(h;y):
h2 nGL, (Q);hy2Y

One hasY = M,(R) H and we write f (g;y) = f(g; ;z), with (g; ;z) 2
GL7(Q) M32(R) H. In order to de ne the arithmetic elementsf 2 Aq we
rst look at the way f depends on 2 M3(R). Let as abovepy : M2(R) !
M2(Z=NZ) be the canonical projection. It is a ring homomorphism. We sy
that f has levelN i f(g; ;z) only depends upon @;py( );2z) 2 GL; (Q)
M2(Z=NZ) H. Then specifying f amounts to assigning the nitely many
continuous functions f g;m 2 C(H) with m 2 M»(Z=NZ) and

f(9;;2)= fgpy()(2):
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The invariance condition
f(g:;y)=1f(g; y); 8 2 ;92GL;(Q);y2Y (1.114)
then shows that
fogmi = fgm: 8 2 (N)\ g ' g;

with standard notations for congruence subgroups and for tle slash operation
in weight 0 (cf. (1.141)).

We denote by F the eld of modular functions which are rational over Q2°,
i.e. the union of the elds Fy of modular functions of level N rational over
Q(e?™N ). Its elements are modular functionsh( ) whoseqw*—expansion has all
its coe cients in Q(e?™ ) (cf. [51]).

The rst requirement for arithmetic elements is that

fgm 2 F  8(g;m): (1.115)

This condition alone, however, is not su cient. In fact, the modular eld Fy
of level N contains (cf. [51]) a primitive N-th root of 1. Thus, the condition
(1.115) alone allows the algebral  to contain the cyclotomic eld Q%  C, but
this would prevent the existence of \fabulous states", becase the \fabulous"
property would not be compatible with C-linearity. We shall then impose an
additional condition, which forces the spectrum of the coresponding elements
of Ag to contain all Galois conjugates of such a root, so that no suc element
can be a scalar. This is, in e ect, a consistency condition orthe roots of unity
that appear in the coe cients of the g-series, when is multiplied on the left
by a diagonal matrix.

Consider elementsg 2 GL; (Q) and 2 GL,(Z=N2Z), respectively of the form

_ n 0 _ k0 .
9=r1 45 1 and = 01 (1.116)

with k prime to N and njN .

De nition 1.35  We shall say thatf of levelNg is arithmetic (f 2 Ag) i for
any multiple N of No and any pair (g; ) as in (1.116) we havefgy 2 Fy for
all m 2 M»(Z=N2Z) and the g-series offy. m is obtained from the g-series for
fg:m by raising to the powerk the roots of unity that appear as coe cients.

The arithmetic subalgebra Aq enriches the structure of the noncommutative
space to that of a \noncommutative arithmetic variety". As w e shall prove in
Theorem 1.39, a generic ground staté of the system, when evaluated onAq
generates an embedded cop¥: of the modular eld in C. Moreover, there
exists a unique isomorphism = - of the symmetry group S of the system
with Gal( F- =Q), such that

() ' =" 7 8 2S:
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A rst step towards this result is to show that the arithmetic ity condition is
equivalent to a covariance property under left multiplication of by elements 2
GL»(R), in terms of Galois automorphisms. The condition is alwayssatis ed
for 2 SLy(R).

For eachg 2 GL2(A¢), we let Gal(g) 2 Aut(F) be its natural action on F,
written in a covariant way so that

Gal(g1 o) = Gal(g1) Gal(gz):

With the standard contravariant notation f 7! f9 (cf. e.g. [28]) we let, for all
f2F,
Gal(g)(f):=f9; g=Det(g)g *: (1.117)

Lemma 1.36 For any 2 SL,(R) one has
fg; m = Gal( )fgozm;
whereg = 9g%is the decomposition ofg as a product in GL2(R):GL2(Q).
Proof. Notice that the decomposition °g°is not unique, but the left invariance
f(g%; )=1f(@%; ); 8 2

shows that the above condition is well de ned. Letpy : M2(R) ! M3(Z=N2Z)
be the projection. Thenfg m = fgp, ( )pu(m), for f of leveIN. Let 2 be
such that pny ()= pn( ). Then

fgm ()= (@ m )=f(g:m ()
Thus, for g°= g , one obtains the required condition. 2
Lemma 1.37 A function f is in Ag i condition (1.115)is satis ed and
fom = Gal( )gom: 8 2GLa(R); (1.118)
whereg = °g%is the decomposition ofg as a product in GL,(R):GL2(Q).

Proof. By Lemma 1.36, the only nontrivial part of the covariance cordition
0 ?_ with u 2 GL1(R).

To prove (1.118) we can assume thag = ¢go with go diagonal as in (1.116)
and 2 . Letthen = 1 with as above and ; 2 SL,(R). One has

(1.118) is the case of diagonal matrices =

foo; 1m =Gal( )fg; 1m

by De nition 1.35 since Gal( ) is given by raising the roots of unity that appear
as coe cients of the g-expansion to the powerk where u is the residue ofk
modulo N (cf. [51] (6.2.1) p.141). One then has

fg;m = Gal( l)fgo;m = Gal( l)fgo; im
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and by Lemma 1.36, withgo 1 = 993 we get
fgm =Gall 1 1)fgm=Gal )fgm

Moreover

9 =% =% 1= Qo 17 1%
which shows thatg°= g3
One checks similarly that the converse holds.2

Proposition 1.38 Ag is a subalgebra of the algebra of unbounded multipliers
of A, globally invariant under the action of the symmetry groupS.

Proof. For eachgenericvalue of 2 H the evaluation map
h2F 711 (hy=h()2C

gives an isomorphism ofF with a subeld F C and a corresponding action
Gal of GL2(A¢) by automorphisms of F , such that

Gal (g)(I (h))= 1 (Gal(g)(h)): (1.119)

We rst rewrite the product as
X
(fr f2)(9;: ) = fa(go Houi91( ) fala s )

012 nGLj (Q);01 2M2(R)

The proof that (f1 f2)gm 2 F is the same as in Proposition 2 of ([10]). It
remains to be shown that condition (1.118) is stable under covolution. Thus
we let 2 GL,(R) and we want to show that f; f, fullls (1.118). We let
9°2 GL,(Q) and 2 GL,(R)with g = g% By de nition, one has

X

(f1 f2)g; 5 )= fagg b 19 1( ) fa(gs )
012 nGL; (Q):g1 2M2(R)

Weletg, = %? be the decomposition ofg; , and use 1.118 to write the r.h.s.

as

X
(f1 f2)(g;: : )= fugghor ;9 1( ) Gal ( )fa(gd; i )
with Gal as in (1.119). The result then follows from the equality

fi(gg Hor ;9 1()) =Gal ()(fa(g'g Lad 1920 (1.120)
which we now prove. The equalityg; = % together with (1.118) shows that
f1(99 50 19 1()) =Gal gy Nfa(g'or o 1910 )

1_ 01

using gg ' °= gg, o1 g; H=9gg; ‘= g°g
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For any h 2 F, one has

lo,(H(Gall 9Yh) = 14, y(Gal(gn)Gal( )Gal(g, )(h))

and, by construction of the Galois action [51],

lg,() Gallg) =1 ;

so that in fact

Galg,( y( Vg, ()= Gal ( )lgo,(h):

This proves (1.120) and it shows that Ag is a subalgebra of the algebra of
unbounded multipliers of A. To prove the invariance underS is straightforward,
since the endomorphisms are all acting on the variable by right multiplication,
which does not interfere with condition (1.118). 2

In fact, modulo the nuance between \forms" and functions, the above algebra
Aq is intimately related to the modular Hecke algebra of [10].

We can now state the main result extending Theorem 1.7 to the wo dimensional
case.

Theorem 1.39 Let| =(; ) be a generic invertibleQ-lattice and ' | 2 E; be
the corresponding KMS state. The image' |(Ag) C generates the special-
ization F C of the modular eld F obtained for the modulus . The action
of the symmetry groupS of the dynamical system(A; ;) is intertwined by '
with the Galois group of the modular eld F by the formula

' = Gal ( hy =

Proof. We rst need to exhibit enough elements of Ag. Let us rst deal with
functions f (g; ; ) which vanish except wheng 2 . By construction these are
functions on the spaceX of Q-lattices

X = (Space of Q-lattices in C)=C n(M2(R) H): (1.121)

To obtain such elements ofAg we start with Eisenstein series and view them
as functions on the space ofQ-lattices. Recall that to a pair (; ) 2 Y we
associate theQ-lattice ( ; )= (; )by

= Z+ Z; (= 1(9) 20@2Q =; (1.122)

P
where (a) = ik (&) 2 Q=Z, for a = (a1;a) 2 (Q=Z)2. The Eisenstein
series are given by

X
Exa(; )= % y 2 (1.123)

y2+ (a)
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This is unde ned when (a) 2 , but we shall easily deal with that point below.
For k =1 we let
0 1

X X
Xa(: )= 2@ y2 7% 2A (1.124)

y2 + (a) y2

when (a) 2 and X,(; )=0if (a)2 . Thisis just the evaluation of the
Weierstrass} -function on (a).

For 2 =SL ,(Z)we have Xj,( ; Y=(c +d)2Xa(; ); which shows
that the function c¢( )X, is -invariant on Y, where

o )= 2735 LB (1.125)

has weight 2 and no pole inH. We usec as we used the covolume in the
1-dimensional case, to pass to modular functions. This coasponds in weight
2 to passing from division values of the Weierstrasg -function to the Fricke
functions (cf. [28] x6.2)

()= 273 L8y (v ) (1.126)

wherev = (v1;V) 2 (Q=Z)? and (v; ) := vi + vo. Here @, g3 are the
coe cients giving the elliptic curve E = C= in Weierstrass form,

y?=4x°  gx g
with discriminant = g5 27g3. One has (up to powers of )
02 =60es; 0z =140¢6;

where one de nes the standard modular forms of even weighk 2 2N as

X
a()= X y X
y2 nfOg
with g-expansion = €' )
2k _ 2k+l X
& = 1By *( 1)k_2(k D k 1(N)qY;

where the B, are the Bernoulli numbers and ,(N) is the sum of d" over the
divisors d of N. The e;, for n 2 are in the ring Q[ey; es] (cf [56]) thanks to
the relation

1 X 2
§(m 3)4m? ey = @2r 1@Cm 2r Deyem 2 (1.127)
2
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Notice that X5 := ¢X; 2 C(M2(R) H)= C(Y) is a continuous function on .
The continuity of X, as a function of comes from the fact that it only involves
the restriction §n 2 M,(Z=NZ) of to N -torsion elementsa with Na = 0.

We view X, as a function onZ by

Xa(i5 )=Xa(; ): 8 2

while it vanishes for 2 . Let us show that X5 2 Ag. Since the Fricke
functions belong to the modular eld F we only need to check (1.118). For
2 GL(R) and generic we want to show that

Xa( 5 )=Gal ()Xa(; )

If (@) =0 both sides vanish, otherwise they are both given by Fricle functions
fy; fyo, corresponding respectively to the labels (using (1.122))

- . 0= U U
v=s (a); v'=s (a); s= 1 0
Thus, V= s s 1(v)=(s ! !'s)!(v) and the result follows from (1.117) and
the equality
~=Det( ) l=s1t'tg

with the Galois group GL,(Z=nZ)= 1 of the modular eld F, over Q(j) acting
on the Fricke functions by permutation of their labels:

£, =f,,; 8u2 GLy(Z=nZ):

This shows that X5 2 A g and it su ces to show that, with the notation of the
theorem, ' |(Ag) generatesF , since the modular eld F is the eld generated
over Q by all the Fricke functions. It already contains Q(j) at level 2 and it
contains in fact Q2°(j).

Let us now display elementsT,,;;, 2 Aq, I} 2 Q,;rijro, associated to the
classical Hecke correspondences. We le;, ., nGL2(Q)* be the nite

subset given by the double class of rol rO in nGL,(Q)" =. We then de ne
2

Trl;rz(g; ; )= 1 If g 2 Crl;rz ) g 2 MZ(R), Trl;rz(g; ; )= 0 0therW|Se.

One needs to check (1.118), but iy = ©g%is the decomposition ofg as
a product in GL»(R):GL»(Q)*, then g° belongs to the double coset ofg 2

nGL,(Q)* =, which gives the required invariance. It is not true that th e
T, 2 Ag fulll the relations of the Hecke algebra H(GL2(Q)*; ) of double
cosets, but this holds whenry;r, are restricted to vary among positive integers.
To see this one checks that the map

(fF)ag:y):= f(g) if g2Mx(2)"; (f)g;y)=0 otherwise
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de nes an isomorphism
TH(M2(2)" ;) 'A g (1.128)

of the standard Hecke algebraH(M»(Z)*; ) of -biinvariant functions (with

- nite support) on  M»(Z)* with a subalgebraH A q. Notice that it is only
because the conditionhy 2 Y of de nition (1.89) is now automatically satis ed
that is a homomorphism.

Let us now show the intertwining equality
"1 =Gal ( hy "1; 8 2s: (1.129)

One has
(f)=1(@1;; ); 8f 2Aq

It is enough to prove (1.129) for 2 GL»(R) and for 2 GL2(Q).
For 2 GL2(R), the state ' | is given simply by

(v )F)=1@ ; ) 8f 2Aq;

and using (1.118) one gets (1.129) in that case.

Let m 2 M, (Z). Then the state ' | m is more tricky to obtain, since it is
not the straight composition but the O-temperature limit of the states obtained
by composition of the KMS state ' |. with the endomorphism , de ned in

(1.112). Indeed, the range of , is the reduced algebra by the projectione_, with
L = m(Z?), on which any of the zero temperature states vanishes idemtally.

Let us rst show that for nite we have
om =" (e) e (1.130)
where L = m(Z?) and |%is given by
1°=( %m’ 1(); m =m° °2M;(2):GLy(R): (1.131)
By (1.97) we have

X
a(m)=21 f(1; m?% ())Det( ) ;
M >(2)*

where 2 M,(Z)* is subject to the condition m 1 2 My(R). The other
values of a priori involved in the summation (1.97) do not contribute, since
they correspond to the orthogonal of the support of , (f).

One has Det(mn) = Det( m9 by construction, hence

m = m Det(m) = Det(m% ‘m° %= o  ©:
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Therefore the condition m 1 2 My(R) holds i = mo0 for some 2
M,(Z)*. Thus, since Det( ) = Det( ) Det(m9, we can rewrite, up to multi-
plication by a scalar,

, X
a(m@)=2z 1 f(1; % mo ))Det( )
M >(2)*

This proves (1.130). It remains to show that onAq we have
"(f)=Gal (m 1) ' (f); 8f 2Aq:

Both sides only involve the values off on invertible Q-lattices, and there, by
(1.118) one has

f(l;; )=Gal ()11 ); 8 2GL(2;R):
Thus, we obtain
Te(f)= F(L %m’ 2())= Iy o 4(Gal( 9f) =1 (Gal(m® )f):

Sincem® °= m, thisgivesGal (m 1) ' (f) as required. 2

We shall now work out the algebraic relations ful lled by the X, as extensions
of the division formulas of elliptic functions.

We rst work with lattice functions of some weight k, or equivalently with
forms f (g;y) dy**2, and then multiply them by a suitable factor to make them
homogeneous of weight 0 under scaling. The functions of weig 2 are the
generators, the higher weight ones will be obtained from then by universal
formulas with modular forms as coe cients.

The powersX " of the function X, are then expressed as universal polynomials
with coe cients in the ring Q [e4; 5] in the following weight 2k functions (k > 1):

X
Exa(; )= % y 2 (1.132)

y2+ (a)

These ful ll by construction ([56]) the relations

2m
Eoma = Xa(Eom 22 €m 2)+ 1 > Com (1.133)

X2 ok+1 _
ok Gk+2 (E2m 2« 22 €m 2« 2):

1

These relations dictate the value ofEx(; ) when' (a) 2 : one gets

Ex(; )= () F ()2 ; (1.134)
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where ¢ is a modular form of weight Z obtained by induction from (1.133),
with X, replaced by 0 andE,n by 2m. One has k 2 Q[es; es] and the rst

values are 45
4= 5e; = 1ldes; 82763;::: (1.135)

We shall now write the important algebraic relations between the functions X 5,
which extend the division relations of elliptic functions from invertible Q-lattices
to arbitrary ones.

In order to work out the division formulas for the Eisenstein seriesE,n.a we need

to control the image of Ni z 7%= NiZ2 under an arbitrary element 2 M,(R).
This is done as follows using the projections | de ned in (1.65).

Lemma 1.40 Let N 2 N, and 2 M,(R). There exists a smallest lattice
L Zz2withL N2Z2? suchthat | ( )=1. One has

1

—L:

N

Proof. There are nitely many lattices L with NZ> L  Z?. Thus, the
intersection of thoseL for which | ( ) = 1lis still alattice and fullls [ ( )=1
by (1.66). Let L be this lattice, and let us show that (3z%) +L. Let
m 2 M,(Z)* be suchthatm(Z?)= L. Then _( )=1impliesthat = m for
some 2 M(R). Thus (422) m(#2Z2)= &L. Conversely letL® Z?2 be
dened by (§Z?) = L% We need to show that _o( ) =1, i.e. that there
exists m°2 M»(Z)* such that L°= m%z2) and m® * 2 M,(R). Replacing
by 1 o for ; 2 SL»(Z) does not change the problem, hence we can use this
freedom to assume that the restriction of to Ni Z % is of the form

d O

1 —
(529 =

N = 0 d2 ) dj j N ; dlj d2: (1136)
One then takesm® = dol (;) 2 M3(2)* and checks thatL°= m%Zz?) while
2

m° ' belongs toM,(R). 2

Given an integerN > 1, we let Sy be the set of lattices
NZzZ L Z% (1.137)
which is the same as the set of subgroups oZENZ)?. For eachL 2 Sy we
de ne a projection (N;L) by
Y
(N;L)Y= @ Lo): (1.138)
LO2Sy ;Lo L

By Lemma 1.40 the range of (N;L) is exactly the set of 2 M,(R) such that
1
—L:
N
The general form of the division relations is as follows.

(Ni Z%) = (1.139)
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Proposition 1.41  There exists canonical modular forms! ..« of levelN and
weight 2k, such that for all k and (; ) 2 Y they satisfy

X . X
Xa(i )= (N;L)C ) Pk ()
Na=0 L2Sn

In fact, we shall give explicit formulas for the ! n..x and show in particular that

P'nik () =(c +d)2k!N; ek ()

which implies that ! N« is of levelN .

We prove it for k = 1 and then proceed by induction onk. The division formulas
in weight 2 involve the 1-cocycle on the group Gi (Q) with values in Eisenstein
series of weight 2 given in terms of the Dedekind -function by (cf. [10])

d o
> d—Iog—4, (1.140)
where we used the standard “slash operator' notation for theaction of GL; (R)
on functions on the upper half plane:

fix (2)=Det( )21 ( 2)j(;z) *; (1.141)
_ab . _az+b AN :
= ¢ d 2 GL; (R); z= P and j(;z)= cz+d:
Since =0for 2 ,the cocycle property

12 1j 2 t 2 (1-142)

shows that, form 2 M,(Z)", the value of ., 1 only depends upon the lattice
L = m(Z?). We shall denote it by .

Lemma 1.42 For any integer N, the X4, a2 Q=Z, fulll the relation
X X
Xa= N? (N;L) o
Na=0 L2Sn
By construction the projections (N;L), L 2 Sy form a partition of unity,

X
(N;L)y=1:
L2Sy

Thus to prove the lemma it is enough to evaluate both sides on 2 (N;L).
We can moreover use the equality

= i1y, 82

67



to assume thatL and p are of the form

dl 0 d1 0

L="0 4, 0 dy °

z?; N = d jN; dijd:

laet d> = nd;. The order of the kernel of y is d; d, and the computation of
nazo Xa(; ) gives

X
NZe( ) + did2N? (ady bap ) 2
(a;b)2 Z2nf Og

which givesN?(nex(n ) e( )= N? .
This proves the proposition fork = 1. Let us proceed by induction using (1.133)
to expressX K asEa plus a polynomial of degree< k in X, with coe cients
in Q[es; es]. Thus, we only need to prove the equality

X X

Eoxa = (N;L) oLk s
Na=0 L2Sn

where the modular forms ...k are given explicitly as

ek = NZ&dnf*Teyjm 1 Det(m) (e a);

with m 2 M,(2)*, m(Z?) = L, and (d; dn) the elementary divisor of L.
The proof is obtained as above by evaluating both sides on aitrary 2 (N;L).
2

One can rewrite all the above relations in terms of the weightO elements
In particular, the two basic modular functions ¢® e, and ¢ es are replaced by
1 2
Cey= Zj(j 1728); Ces= ——j(j 1728F:
€= £ (] ) Ces= ] ¥
We can now rewrite the relations (1.133) in terms of universpolynomials

Pn 2 Q()IX];

which express the generatordy.a in terms of X, by
BExa = Pr(Xa):

In fact, from (1.133) we see that the coe cients of Py are themselves polynomials
in j rather than rational fractions, so that

Pn 2 Q[ X I

The rst ones are given by

P,=X? j(i 1728); P3= X3 §Xj(j 1728)+gj(j 1728Y;
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1.10 The noncommutative boundary of modular
curves

We shall explain in this section how to combine the dual of the GL,-system
described above with the idea, originally developed in the wrk of Connes{
Douglas{Schwarz [12] and Manin{Marcolli [37], of enlargirg the boundary of
modular curves with a noncommutative space that accounts fothe degeneration
of elliptic curves to noncommutative tori.

The GL,-system described in the previous sections admits a \dual" gstem
obtained by considering Q-lattices up to commensurability but no longer up
to scaling. Equivalently this corresponds to taking the cross product of the
GL,-system by the action of the Pontrjagin dual of C , which combines the
time evolution  with an action by the group Z of integral weights of modular
forms. The resulting space is the total space of the naturalC -bundle.

In acklic terms this \dual" noncommutative space L, is described as follows,

Proposition 1.43  There is a canonical bijection from the space ofGL,(Q)-
orbits of the left action of GL,(Q) on M,(A;) GL2(R) to the spacelL, of
commensurability classes of two-dimensionaQ-lattices.

Proof. The space of Glx(Q) orbits on M2(As) GL2(R) is the same as the
space of GL; (Q) orbits on M(R) GL; (R). 2

By the results of the previous sections, the classical spacebtained by consid-
ering the zero temperature limit of the quantum statistical mechanical system
describing commensurability classes of 2-dimensionaD-lattices up to scaling
is the Shimura variety that represents the projective limit of all the modular
curves

GL2(Q)nGL2(A)=C : (1.143)

Usually, the Shimura variety is constructed as the projective limit of the
hGL,(R)* =C

over congruence subgroups® . This gives a connected component in (1.143).
The other components play a crucial role in the present contgt, in that the
existence of several connected components allows for nooytstant solutions of
the equation " = 1. Moreover all the components are permuted by the Galois
covariance property of the arithmetic elements of the GL, system.

The total space of the natural C -bundle, i.e. the quotient
GL2(Q)nGL2(A); (1.144)

is the space ofinvertible 2-dimensional Q-lattices (not up to scaling).
In the GL; case, the analog of (1.144)i.e. the space of ictle classes

GL1(Q)nGL1(A);
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is compacti ed by rst considering the noncommutative space of commensura-
bility classes of Q-lattices not up to scaling

L =GL1(QrA;

where A is the space of actles with nonzero archimedean componenihe next
step, which is crucial in obtaining the geometric space unddying the spectral
realization of the zeros of the Riemann zeta function, is to dd an additional
\stratum" that gives the noncommutative space of actle classes

L =GL1(QnA;

which will be analyzed in the next Chapter.

Similarly, in the GL , case, the classical space given by the Shimura variety
(1.143) is rst \compacti ed" by adding noncommutative \bo undary strata”
obtained by replacing GL(As) in GL2(A) = GL 2(As) GL2(R) by all matrices
M2 (As). As boundary stratum of the Shimura variety it corresponds to degen-
erating the invertible Q-structure on the lattice to a non-invertible one and
yields the notion of Q-lattice. The corresponding space of commensurability
classes ofQ-lattices up to scaling played a central role in this whole clapter.

The space of commensurability classes of 2-dimension&)-lattices (not up to
scaling) is
L2 =GL2(Q)n(M2(Ar) GL2(R)): (1.145)

On L, we can consider not just modular functions but all modular fams as
functions. One obtains in this way an antihomomorphism of the modular Hecke
algebra of level one of [10] (with variable 2 GL,(Q)* restricted to M(2)*)
to the algebra of coordinates onL ;.

The further compacti cation at the archimedean place, correspondingtoL | L
in the GL; case, now consists of replacing GIR) by matrices M,(R). This
corresponds to degenerating the lattices to pseudo-latties (in the sense of [34])
or in more geometric terms, to a degeneration of elliptic cuves to noncommu-
tative tori. It is this part of the \noncommutative compacti cation" that was
considered in [12] and [37].
A Q-pseudolattice in C is a pair ( ; ), with = j(Z?) the image of a homo-
morphismj :Z2! *,with ° R? = C areal 1-dimensional subspace, and with
a group homomorphism

1Q%=Z%1 Q = :
The Q-pseudolattice is nondegenerate if is injective and is invertible if is
invertible.

Proposition 1.44 Let @Y:= M2(R) PYR). The map
Go7ne: )y =2+ 20 (= 1)  2x) (1.146)
gives an identi cation

n@Y (Space ofQ-pseudolattices inC)=C : (1.1247)
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This space parameterizes the degenerations of 2-dimensiahQ-lattices
yY)=( ;) where = h(Zz+iz) and =h ; (1.148)

fory = (;h) 2 M2(R) GL2(R) and i = h Det(h), when h 2 GL3(R)
degenerates to a non-invertible matrix inM (R).

Proof. Q-pseudolattices inC are of the form
= (Z+ 2); @@= 19 2(8); (1.149)

for 2 C and 2 P}R)and 2 M3(R). The action of C multiplies
while leaving unchanged. This corresponds to changing the 1-dimensional
linear subspace ofC containing the pseudo-lattice and rescaling it. The action
of SL»(Z) on PY(R) by fractional linear transformations changes . The non-
degenerate pseudolattices correspond to the values2 P'(R) r P 1(Q) and the
degenerate pseudolattices to the cuspB(Q).

Fory = (;h) 2 M2(R) GL2(R) consider the Q-lattice (1.148), for h =
h Det(h). Here we use the basise; =1;e, = ig of the R-vector spaceC to
let GL} (R) act on C as R-linear transformations. These formulas continue to
make sense wherh 2 M,(R) and the image = h(Z + i Z) is a pseudolattice
when the matrix h is no longer invertible.

To see this more explicitly, consider the right action
m7'm z (1.150)

of C on M3(R) determined by the inclusion C GL2(R) as in (1.80), The
action of C on M,(R) r fOgis free and proper. The map

« . .
O L LT R
1 (c;d)=(0;0) ¢

de nes an isomorphism

g (1.151)

:(M2(R)r fOg)=C ! PY(C); (1.152)

equivariant with respect to the left action of GL 2(R) on M,(R) and the action
of GL»(R) on PY(C) by fractional linear transformations. Moreover, this maps
M>(R)* to the closure of the upper half plane

H=H[ PYR): (1.153)

The rank one matrices inM»(R) map to PY(R) PY(C). In fact, the isotropy
group of m 2 My(R) is trivial if m 6 0, since m z = m only has nontrivial
solutions for m = 0, since z 1 is invertible when nonzero. This shows that
M (R)nfQg is the total space of a principal C -bundle. 2
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Notice that, unlike the case of Q-lattices of (1.87), where the quotient nY can
be considered as a classical quotient, here the space@ Yshould be regarded
as a noncommutative space with function algebra

C(@yo

The usual algebro{geometric compacti cation of a modular aurve Y o = %H,
for 2 a nite index subgroup of , is obtained by adding the cusp points

nP(Q),
X o= Yo[f cuspsg= “h(H[ PYQ)): (1.154)

Replacing GLy(R) by M2(R) in (1.145) corresponds to replacing the cusp points
P1(Q) by the full boundary P*(R) of H. Since does not act discretely onP*(R),
the quotient is best described by noncommutative geometryas the cross product
C -algebraC(P*(R)) o %or, up to Morita equivalence,

C(P*(R) P)o ; (1.155)

with P the coset space®= = C

The noncommutative boundary of modular curves de ned this way retains a lot

of the arithmetic information of the classical modular curves. Various results of
[37] show, from the number theoretic point of view, why the irational points of

P1(R) in the boundary of H should be considered as part of the compacti cation
of modular curves.

The rst such result is that the classical de nition of modul ar symbols (cf. [36]),
as homology classes on modular curves de ned by geodesicsnoecting cusp
points, can be generalized to \limiting modular symbols", which are asymptotic
cycles determined by geodesics ending at irrational points The properties of
limiting modular symbols are determined by the spectral theory of the Ruelle
transfer operator of a dynamical system, which generalizeshe Gauss shift of
the continued fraction expansion by taking into account the extra datum of the
coset spaceP.

Manin's modular complex (cf. [36]) gives a combinatorial presentation of the
rst homology of modular curves, useful in the explicit computation of the

intersection numbers obtained by pairing modular symbols b cusp forms. It is
shown in [37] that the modular complex can be recovered canadcally from the

K -theory of the C -algebra (1.155).

Moreover, Mellin transforms of cusp forms of weight two for the congruence sub-
groups o(p), with p prime, can be obtained by integrating along the boundary
P1(R) certain \automorphic series" de ned in terms of the contin ued fraction
expansion and of modular symbols.

These extensions of the theory of modular symbols to the norammutative
boundary appear to be interesting also in relation to the resilts of [10], where the
pairing with modular symbols is used to give a formal analog 6the Godbillon{

Vey cocycle and to obtain a rational representative for the Riler class in the
group cohomologyH ?(SL»(Q); Q).
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The fact that the arithmetic information on modular curves i s stored in their
noncommutative boundary (1.155) is interpreted in [38] as @& instance of the
physical principle of holography. Noncommutative spaces asing at the bound-
ary of Shimura varieties have been further investigated by Rugam [41] from
the point of view of Hodge structures.

This noncommutative boundary stratum of modular curves representing degen-
erations of lattices to pseudo-lattices has been proposedybManin ([34] [35])

as a geometric space underlying the explicit class eld thery problem for real

quadratic elds. In fact, this is the rst unsolved case of th e Hilbert 12th

problem. Manin developed in [34] a theory of real multiplicaion, where non-
commutative tori and pseudolattices should play for real gquadratic elds a role

parallel to the one that lattices and elliptic curves play in the construction of
generators of the maximal abelian extensions of imaginary gadratic elds. The

picture that emerges from this \real multiplication progra m" is that the cases
of Q (Kronecker{Weber) and of both imaginary and real quadratic elds should

all have the same underlying geometry, related to di erent pecializations of the
GL, system. The relation of the GL, system and explicit class eld theory for
imaginary quadratic elds is analyzed in [13].

1.11 The BC algebra and optical coherence

It is very natural to look for concrete physical realizations of the phase transition
exhibited by the BC system. An attempt in this direction has b een proposed
in [43], in the context of the physical phenomenon of quantumphase locking in
lasers.

This interpretation relates the additive generators e(r) of the BC algebra (cf.
Proposition 1.6) with the quantum phase states, which are a andard tool in the
theory of optical coherence €f. e.g. [32]), but it leaves open the interpretation
of the generators ,. Since on a nite dimensional Hilbert space isometries are
automatically unitary, this rules out nontrivial represen tations of the , in a
xed nite dimensional space.

After recalling the basic framework of phase states and optial coherence, we
interpret the action of the | as a \renormalization" procedure, relating the
quantum phase states at di erent scales.

There is a well known analogy €f. [46] x21-3) between the quantum statistical
mechanics of systems with phase transitions, such as the f@magnet or the

Bose condensation of superconducting liquid Helium, and th physics of lasers,
with the transition to single mode radiation being the analog of \condensa-
tion". The role of the inverse temperature is played in laser physics by the
\population inversion" parameter, with critical value at t he inversion thresh-
old. The injected signal of the laser acts like the external eld responsible for
the symmetry breaking mechanism. Given these identi cations, one in fact ob-
tains similar forms in the two systems for both thermodynamic potential and
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Figure 1.3: Output pulse train in lasers above threshold.

statistical distribution. The phase locking phenomenon isalso analogous in sys-
tems with phase transitions and lasers, with the modes in thelaser assuming
same phase and amplitude above threshold being the analog @ooper pairs

of electrons acquiring the same energy and phase below cigal temperature in

superconductors.

In a laser cavity typically many longitudinal modes of the radiation are oscil-

lating simultaneously. For a linewidth around a frequency ¢ for the active

medium in the cavity of length L and frequency spacing = c=2L, the number

of oscillating modes isN = d = eand the eld output of the laser is
Ne2
E(x;t) = Anexp( 2i (t x=0+2 i 4); (1.156)
n= N=2
with all the beat frequencies between adjacent modes, n 1= . Dueto

noise in the cavity all these modes are uncorrelated, with aandom distribution
of amplitudes A, and phases ,.

A mode locking phenomenon induced by the excited lasing atomis responsible
for the fact that, above the threshold of population inversion, the phases and
amplitudes of the frequency modes become locked together.he resulting eld

sin( (N +1)(t x=0)
sin(  (t x=0)

E(x;t) = Ae?’ exp( 2i ot x=c)) . (1.157)
shows many locked modes behaving like a single longitudinahode oscillating
inside the cavity (cf. Figure 1.3). This phenomenon accounts for the typical
narrowness of the laser linewidth and monocromaticity of Iaer radiation.

Since the interaction of radiation and matter in lasers is esentially a quan-
tum mechanical phenomenon, the mode locking should be moded by quantum
mechanical phase operators corresponding to the resonamteraction of many
di erent oscillators. In the quantum theory of radiation on e usually describes a
single mode by the Hilbert space spanned by the occupation maber statesjni,
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with creation and annihilation operators a and a that raise and lower the oc-
cupati,gn_numbers and satisfy the relation f;a ] = 1. The polar decomposition
a= S N of the annihilation operator is used to de ne a quantum mechanical
phase operator, which is conjugate to the occupation numbeoperatorN = a a.
Similar phase operators are used in the modeling of Cooper fya. This approach
to the de nition of a quantum phase has the drawback that the one sided shift
S is not a unitary operator. This can also be seen in the fact tha the inverse
Cayley transform of S, which gives the cotangent of the phase, is a symmetric
non self-adjoint operator.

The emission of lasers above threshold can be described inrtes of coherent
state excitations, X
n

ji=exp(j % anii
n
which are eigenfunctions of the annihilation operators,
aj i= ji:

These are quantum mechanical analogs of classical electr@agnetic waves as in
(1.156) (1.157). One can showdf. e.g. [32] x7.4) that the eld excitation in
a laser approaches a coherent state as the pumping increasts values above
the population inversion threshold, with the phase diusion governed by the
equation of motion for quantum mechanical phase states.

The problem in de ning a proper quantum phase operator, due b lack of self-
adjointness, has been overcome by the following approximan of the basic
quantum operators on the Fock spaceH. One selects a scale, given by a positive
integer N 2 N and cuts downH to a nite dimensional subspace by the phase
state projector X
Pn = jomnih mn g
m

where the orthonormal vectorsj n.n i in H are given by

X
jm-Nizzé_ exp 2i mn
‘ (N+1)t=2 N+1

ini: (1.158)

These are eigenvectors for the phase operators, that a ectidcrete values given
by roots of unity, replacing a continuously varying phase.

This way, phase and occupation number behave like positioneind momenta.
An occupation number state has randomly distributed phase ad, conversely, a
phase state has a uniform distribution of occupation numbes.

We now realize the ground states of the BC system as represeations of the
algebra A in the Fock spaceH of the physical system described above. Given
an embedding : Q® ! C, which determines the choice of a ground state, the
generatorse(r) and , (cf. Proposition 1.6) act as

e@=hjni = ( zp)ini;
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kjni = jkni:

In the physical system, the choice of the ground state is detenined by the
primitive N + 1-st root of unity

(n+1)=exp(2i= (N +1)):
One can then write (1.158) in the form

m
N+1

jmni=e N (1.159)

where we write vy for the superposition of the rst N + 1 occupation states

1 X

VW S ————— ni:
N (N +1)l:2 n:OJ

Any choice of a primitive N + 1-st root of unity would correspond to another
ground state, and can be used to de ne analogous phase statehis construc-
tion of phase states brings in a new hidden group of symmetrywhich is di erent
from the standard rotation of the phase, and is the Galois grap Gal(Q¥=Q).
This raises the question of whether such symmetries are an tfact of the ap-
proximation, or if they truly represent a property of the phy sical system.

In the BC algebra, the operators ,, act on the algebra generated by thee(r)
by endomorphisms given by

X
nP(e(ra);::;e(re)) o= n_:: P(e(s1);:::;e(sk)); (1.160)
ns=r
for an arbitrary polynomial P in k-variables, with , =  ,ands=(s1;:::;Sk),
r=(rq;:::;rk) in (Q=2)X. In particular, this action has the e ect of averaging

over di erent choices of the primitive roots.
The averaging on the right hand side of (1.160), involving abitrary phase ob-

the choices of primitive roots. The left hand side implemens this averaging as
a renormalization group action.

Passing to the limit N ! 1 for the phase states is a delicate process. It is
known in the theory of optical coherence €f. e.g. [33] x10) that one can take
such limit only after expectation values have been calculatd. The analogy
between the laser and the ferromagnet suggests that this liiting procedure
should be treated as a case of statistical limit, in the sensef [57]. In fact,
when analyzing correlations near a phase transition, one regls a mechanism
that handles changes of scale. In statistical mechanics, sh mechanism exists
in the form of a renormalization group, which expresses thedct that di erent
length or energy scales are locally coupled. This is taken ca here by the action
of (1.160).
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