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L>-HOMOLOGY FOR VON NEUMANN ALGEBRAS

Alain CONNES ! and Dimitri SHLYAKHTENKO 2

1. INTRODUCTION.

The aim of this paper is to introduce a notion of L?-homology in the context of von Neu-
mann algebras. Finding a suitable (co)homology theory for von Neumann algebras has been
a dream for several generations (see [KR7T1al, [KR71Db, IKR72, [SS95] and references therein).
One’s hope is to have a powerful invariant to distinguish von Neumann algebras. Unfortu-
nately, little positive is known about the Kadison-Ringrose cohomology H; (M, M), except
that it vanishes in many cases. Furthermore, there does not seem to be a good connection
between the bounded cohomology theory of a group and of the bounded cohomology of its
von Neumann algebra.

Our interest in developing an L2-cohomology theory was revived by the introduction of L?-
cohomology invariants in the field of ergodic equivalence relations in the paper of Gaboriau
[Gab02]. His results in particular imply that L?-Betti numbers 6§2)(F) of a discrete group
are the same for measure-equivalent groups (i.e., for groups that can generate isomorphic
ergodic measure-preserving equivalence relations). Parallels between the “worlds” of von
Neumann algebras and measurable equivalence relations have been noted for a long time
(starting with the parallel between the work of Murray and von Neumann [MvN] and that
of H. Dye [Dy]). Thus there is hope that an invariant of a group that “survives” measure
equivalence will survive also “von Neumann algebra equivalence”, i.e., will be an invariant
of the von Neumann algebra of the group.

The original motivation for our construction comes from the well understood analogy between
the theory of II;-factors and that of discrete groups, based on the theory of correspondences
[Conl, Con94]. This analogy has been remarkably efficient to transpose analytic properties
such as “amenability” or “property 77 from the group context to the factor context [Con80)
[CJ] and more recently in the breakthrough work of Popa [Popa] [Con03]. We use the
theory of correspondences together with the algebraic description of L?-Betti numbers given
by Luck. His definition involves the computation of the algebraic group homology with
coefficients in the group von Neumann algebra. Following the guiding idea that the category
of bimodules over a von Neumann algebra is the analogue of the category of modules over
a group, we are led to the following algebraic definition of L?-homology of a von Neumann
algebra M:

HP (M) = Hy(M; M&M®).
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Here Hj, stands for the algebraic Hochschild homology of M. One is thus led to consider the
L?-Betti numbers,

B (M) = dimgza HY (M)
(see Section ZZ for more motivation behind this definition).

The L? Betti numbers that we associate to a II; factor M enjoy the following scaling property.
If p € M is a projection of trace A, then

1
B (pMp) = 567 (M),

This behavior is a consequence of considering the “double” M ® M° of M. 1t is quite different
from the behavior of L?-Betti numbers associated to equivalence relations [Gab(2], where
the factor A\? is replaced by A. Note that the behavior of our invariants is consistent with
the formula for the “number of generators” of compressions of free group factors, where the
same factor A\* appears. Indeed, for p € L(F;) = L(F;_1)+1) a projection of trace A, one has
by the results of Voiculescu, Dykema and Radulescu (see e.g. [VDN92]) that

pL(Fy)p = L(F(—1)r-2)11-

In this respect, our theory seems to be quite disjoint from a kind of relative theory of L*-
invariants for factors with H7T-Cartan subalgebras discovered by Popa [Popal]. Indeed, the
two theories have different scaling properties (A~ versus A™!) under compression.

We have completely unexpectedly found a connection between our definition, involving al-
gebraic homology, and the theory of free entropy dimension developed by Voiculescu and his
followers ([Vai93l, [Voi94l [Voi96, [Voi9s], see also [Voi02] and references therein). Such a con-
nection between L?-Betti numbers and free entropy dimension parallels nicely the connections
between free entropy dimension and cost for equivalence relations [Gab00), [ShI0T) [Sh103al.
Our definition seems to be robust with respect to modifications; for example, the connec-
tions with free probability theory do not seem to be accessible for certain variations of our
definition.

This unexpected connection allows us to rely on several deep results in free probability
theory, including the inequality between the microstates and microstates-free free entropy
proved by recent fundamental work of Biane, Capitaine and Guionnet [BCG03]. Drawing on
these results, we obtain strong evidence that the first L2-Betti number associated to the von
Neumann algebra of a free group F,, on n generators is bounded below by n—1 (= ﬁ?) (Fp))-
Moreover, our inability to prove a similar inequality between free entropy dimension and L?-
Betti numbers obtained by varying our definition can be taken as evidence that the present
definition is the correct one. Even more encouraging are the facts that the L?-Betti numbers
can be controlled from above at least in some cases (such as abelian von Neumann algebras,
or von Neumann algebras with a diffuse center).

Our results also have several implications for the questions involving computation of free
entropy dimension. In particular, we show that the modified free entropy dimension dy(I") of
any discrete group I' is bounded from above by ﬁfz)(f‘) — ﬁé2) (") + 1; a similar estimate holds
for the various versions of the non-microstates free entropy dimension. If I has property T
and if the von Neumann algebra L(I") is diffuse, then dy(I') < 1 (and = 1 if L(T") can be
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embedded into the ultrapower of the free group factor, as is the case when I' is residually
finite). This generalizes a result of Voiculescu [Voi99h] for the case that I' = SL(n,Z), n > 3.

1.1. Notation. Whenever possible, we shall use the following notation: the letter A will
stand for a tracial x-algebra with a fixed positive faithful trace 7. The letter M will stand
for the von Neumann algebra generated by A in the GNS representation associated to 7. We
write L?(M) for the associated representation space.

For a group I', we denote by CI' its (algebraic) group algebra, and by L(I") its group von
Neumann algebra.

The tensor sign ® will always refer to the algebraic tensor product. Tensor products that
involve completions (such as the von Neumann algebra tensor product or the Hilbert space
tensor product) will always be denoted by ®.

We denote by HS(L?*(M)) the ideal of Hilbert-Schmidt operators on L?*(M), and by
FR(L*(M)) the ideal of finite-rank operators on L?(M).

It will be useful to identify HS(L?(M)) with L*(M)®L?*(M°) in the following way. Let
J : L*(M) — L*(M) be the Tomita conjugation. Let P, € L*(M) be the projection onto
the cyclic vector. Then consider the map ¥ : M ® M° — FR(L?*(M)) given by

(1.1) V(e®y)(§) =vTys) xyeM, e L*(M)

The map ¥ extends to an isometric isomorphism of L?(M®&M?®) with the Hilbert space
HS(L*(M)) of Hilbert-Schmidt operators in L?(M).
Note that B(L*(M)) admits four commuting actions of M:

T al
Ta
Ja*JT

TJa™J.

NSNS
1111

Here a € M and T € B(L*(M)). These four actions are intertwined by the map ¥ with the
four natural actions of M on L?(M®DM?), listed in the corresponding order:

(1.2) TRy’ — ar®y°
r®y’ — x®(ya)
TRy’ — ra®y’
r@y - 2® (),

where a € M and x ® y° € M ® M°.

2. DEFINITION OF L?-BETTI NUMBERS AND L?-HOMOLOGY.

2.1. Review of L?.-homology for groups.
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2.1.1. Co-compact actions. The study of L?-cohomology has been initiated by Atiyah in
[ALi76], who considered L? deRham cohomology of a connected manifold X endowed with a
cocompact proper free action of a discrete group I'. The k-th cohomology group is defined as
the quotient of the space of closed L2-integrable k-forms by the closure of the space of exact
L? k-forms. In other words, one considers reduced L*-cohomology (reduced means that one
takes a quotient by the closure of the image of the boundary operator).

The cohomology groups in question can also be identified with the Hilbert spaces of L?
harmonic forms, and are in a natural way modules over the group I'. Furthermore, because
of the properness and cocompactness assumptions, these spaces are actually modules over the
group von Neumann algebra L(IT"). Atiyah considered the Murray-von Neumann dimensions
of these cohomology groups, and called them L2-Betti numbers of the action. Remarkably,
it turns out that these numbers are homotopy invariants; in particular, if the manifold X
is contractible, then the numbers depend only on the group I', and are called the L2-Betti
numbers of the group, ﬁi(z)(F). This definition extends to cover cocompact proper free
actions of I' on a contractible simplicial complex, and gives an equivalent definition of the
Betti numbers using L? singular homology. For example, if I' = F,,, the free group on n

generators, then ﬁi(z)(F) =0 fori # 1, and ﬁf)(lﬂ) =n-—1.

2.1.2. Cheeger-Gromouv’s approach to non-cocompact actions. Not every group can act on a
contractible space in a proper free and co-compact way. For this reason, if one wants to
obtain an L?-homology theory for groups, one is forced to consider non-cocompact actions.
This leads to difficulties of a technical nature. The problem is that because the spaces of
L?-(co)chains are now infinitely-dimensional modules over L(T"), one needs to be much more
careful in taking the closure of the image of the boundary operator, and one may end up
with having to consider dimensions of actions of L(I') on quotients of Hilbert spaces by not
necessarily closed subspaces.

This can be overcome in one of two ways. The first, which is the original approach of Cheeger
and Gromov [CGS6|, is to “approximate” the L*-homology of a non-cocompact action on
a contractible manifold X by realizing the simplicial complex (A,, d,) underlying X as an
inductive limit of sub-complexes (Afkk), 8@), which correspond to co-compact (free) actions.
Let C,Ek)(X ) the the space of L2-chains for AP (i.e., the Hilbert space with orthonormal
basis given by simplices in Afkk)). Denote by ij; the map from c® (X) to C’il)(X ). Then the
n-th L?-Betti number is defined as

o1 (ker O
(2.1) B = sup inf dimz) palkeron)
koo I>F ik,l(ker &(Lk)) MNim 8&1

2.1.3. Luck’s approach to non-cocompact actions. The second way, developed by Luck
[Liic98], is to extend the notion of Murray-von Neumann dimension to algebraic modules over
type II; von Neumann algebras. This way one can, for example, assign a dimension to the
quotient of an L(I") module by a non-closed submodule. Luck shows that such an extension
indeed exists. In the case that V' is a finitely-generated module over L(I'), its dimension is
just the supremum of the dimensions of normal L(I') modules (i.e. finite projective modules)
that can be embedded into V.
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Returning briefly to the co-compact case, one can now consider non-reduced simplicial L?
homology of a space X, defined as the quotient of the kernel of the boundary operator 0,
by the (non-closed) image of 0,41. This results in L(I") modules, which are not normal.
However, due to the behavior of Luck’s extension of the Murray-von Neumann dimension, it
turns out that the dimensions of these modules are the same as the Murray-von Neumann
dimensions of the reduced homology groups (i.e., the L?-Betti numbers).

In the case that X is connected and contractible, its ordinary homology vanishes. This
means that if we denote by C’,gf ) the vector space with basis given by the k-chains on X,
then the sequence (C’,gf ), Ok) is exact. Each C,gf ) is a flat module over I', and C’éf ) o C, since
we assume that X is connected. Thus (C,gf ), Ox) forms a resolution of the trivial I'-module

C’éf ). Furthermore, the space of L? chains on X is very roughly L(T") ®r C’,gf )3 Thus the
non-reduced L?-homology of X is nothing but the (algebraic) homology group

H,(T; L(T))

of the group I' with coefficients in L(I') viewed as a right [-module. Since L(I") is both
a right I'-module, and a left L(I')-module, the H,(I'; L(T')) are left L(I')-modules. Thus
one can consider dimp,ry H,(I'; L(I')). However, as we pointed out, the dimensions of these
non-reduced homology groups are precisely the L2-Betti numbers of the group.

Thus even in the case that I' admits no proper free co-compact action on a contractible
space, one can consider the numbers

(2.2) BENT) = dimpry H (T; L(T)),

where H, stands for the algebraic group homology. Luck shows that a certain continuity
property of his dimension leads to the formula

dimpry H. (5 L(T)) = s%p }2}{ dimp,r) ik,l(H*(Cik)))

in the notation of the previous section and of equation (). Combined with (1), this
shows that this definition produces the same numbers as the one in equation (ZII).

2.2. From groups to von Neumann algebras.

2.2.1. Correspondences. Let us recall the basis of the analogy between discrete groups and
IT;-factors. A correspondence from II;-factors is simply a Hilbert space endowed with a
structure of (normal) bimodule. Correspondences on M (i.e. M-M Hilbert bimodules) play

3More precisely, the space of L2-chains is ¢2(I') ®r Clgf) = 0T) ®rr) L(T) @r C,gf). However, since by
[Liic98g], the functor £2 @ (ry - in the category of finitely-generated L(T')-modules is flat, the nuance between
() ®r C,gf) and L(T) ®r Clif) is irrelevant in the foregoing.
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the role of unitary representations, and the dictionary begins as follows,
Discrete Group I' IT;-Factor M

Unitary Representation M-M Hilbert bimodule

Trivial Representation L*(M)

Regular Representation Coarse Correspondence
Amenability L*(M) Cyearty L*(M)RL*(M®)
Property T L?(M) isolated

where the “coarse correspondence” is given by the bimodule L?(M)®L?*(M®) with bimodule
structure given by the first two lines of ([L2).

2.2.2. Some homological algebra. In order to find a suitable notion of L? Betti numbers of a
tracial algebra (M, 7), we chose as our point of departure equation (Z2). It is perhaps best
to rewrite the definition of group homology in the language of homological algebra see e.g.
[(]HSG]:
H.(T'; L(T)) = Tor,""" (x; L(T)).

This equation involves three objects: Mod(I"), x and L(I'). The role of Mod(T") is to prescribe
a suitable category; in this case, it is the category of left modules over I'. The module
stands for the trivial left module. To compute the Tor functor, one must first choose a
resolution of x by flat modules

(23) *<—Co<—ClH"'

This means that each C; is flat over I' (the definition of a flat module is not really needed
here; free modules and, more generally, projective modules, are flat), and the sequence (23))
is exact.

Now L(I') plays two roles. Its first role is that of a right module over I'. To finish the
computation of Tor, one applies the functor L(I')®r to the exact sequence (Z3)):

(2.4) L) @r % — L(T) @r Cy « L(T) @p Cy - - .

This new sequence () may well fail to be exact. Note, however, that it is a differential
complex: the composition of any two consecutive arrows is zero (since the original sequences
(23) had this property). The value of Tor is precisely the homology of (4), i.e., Tory is the
kernel of the k-th map, divided by the image of the k£ + 1-st. It is crucial that the value of
the Tor functor is well-defined and is independent of the choice of the resolution (Z3)).
Finally, L(I") plays its final role, which is that of not just a right I'-module, but also of a
left L(I")-module. It is crucial that the left action of L(I') commutes with the right action
of I'. Because of this, (24) is is a differential complex of left L(I')-modules. This makes it
possible to take the dimension

(2.5) B (I') = dimyp) Tor20) (s; L(T)),



as the definition of the Betti numbers (Z2).

2.2.3. Analogs for tracial x-algebras. Let now (A, T) be a tracial x-algebra. We would like
to make sense of

BP(A, 1) = dimy Tor) (Z, W),
where: X is the analog of the group von Neumann algebra L(I'); Y is the analog of the
category of right I'-modules; Z is the analog of the trivial module; and W is the analog of
the T', L(I")-bimodule L(T").
Let M = W*(A) in the GNS representation associated to 7.
It is fortunate that the theory of correspondences furnishes perfect analogs for all of these
objects. The analog of Y, i.e., of the category of left ['-modules, is the category Y of A, A-
bimodules, or, better, of left modules over the algebraic tensor product A ® A° of A by its
opposite algebra A°.
In particular the trivial I'-module Z is A viewed as a bimodule over A and since we want to
view it as a left module over A ® A° we use

(2.6) (m®n°)-a:=man, VYm,n,a€ A

We next look for X, the analog of the group von Neumann algebra L(I"). Note that L(I") is
the von Neumann algebra generated by I in the left regular representation. The analog of the
left regular representation of I' on ¢?(T") is the coarse correspondence, i.e. the representation
of A® A° on L*(M,T)Q@L*(M?°,T) given by

(m ® n?) Za1®bo Zmai@)(bin)o, m,neA.

i.e. the first two lines of (CA). Hence X = W*(M ® M?) in this representation, i.e., X =
M®MP° (von Neumann tensor product). Finally, W = M®AM?°, but having two structures.
One is that of a right A ® A°-module, with the action

(2.7) Zal®b° (m ®n°) Zaim@)(nbi)o, m,n € A.
The other is that of an M® MP°-left module, given by left multiplication in M&M?, i.e
(m ® n?) Za,@bo Zmai®(b,-n)°, m,n € M.
Note that the actions of M@M° and A ® A° on W = MRM° commute.
Thus we are led by our analogy to consider
HP(A,7) = Tor!®*(A:; M®M°)
(2)(A 7) = dimygpe H (A, 7).

It turns out that in the category of bimodules over an algebra, TorA®AO(A; M®M?) is exactly
the k-th Hochschild homology of A with coefficients in the bimodule M®@M?° of (1.

Definition 2.1. Let (A, 7) be a tracial x-algebra. Let M = W*(A) in the GNS representation
associated to 7. Then define the k-th L2-homology group of A to be the Hochschild homology
group

HP (A, 7) = Hi(A; M&M®).
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Also define the k-th L2-Betti number of A to be its extended Murray-von Neumann dimension
(in the sense of Luck),

BP(A, ) = dimugare Hi(A; MOM®).

This definition of course depends on the trace that we choose on A.

2.3. The bar resolution. We will now give an “explicit” description of the L?-homology
group of A, which is at the same time the only description we have at present. The situation
is somewhat analogous to the case of dealing with a general group I', for which one does not
know whether or not one can choose a “nice” topological space on which I' can act properly
and freely (which would give us a “nice” resolution with which to compute the homology).
Thus one must instead resort to using the universal cover ET' of the universal classifying
space BT of T.

Let Cyx(A) = (A® A°) ® A®* k= 0,1,..., viewed as a left A ® A°-module via

(men®)  (a@V)@a;® - -®@ag) =(ma @ (bn)°)Ra; ® - ® ay,

where m,n,a,b,ay,...,a, € A. Note that Ci(A) is a free A ® A°-module (typically on an
infinite number of generators if k£ > 0). Define

8k : Ck(A) — Ck_l(A)
by the formula
(2.8) HT R ®@a) = T(@®1) @ @ ap+

k—1
(—)'T(1®a) a1 @ ®@a + Y (-1))TR®a @ @ aa:1 @ @ a

=1

<

where T' € A ® A° aq,...,a; € A and we use the algebra structure of A ® A° to define
T(ap ®1) and T (1 ® al). Then (C,(A),0,) is exact [CES6] and forms a resolution of the
A® A°-left module A of (228]) by A® A%-left modules, with the last map Cy(A) = AR A° — A

given by the multiplication m,
S a ok — Yo

Let C’E)(A) = MRM° Qg0 Cp = (MRM°) @ A®%. Let 822) be given by the same formula
as in (§), except that we now allow T' € M@M?°. Then

(2)
(2.9) HP(A, 1) = %.
im 9,77,
is by construction a left M & M°-module.
It is in general not clear how to compute these homology groups (or their dimensions over
M®&DM?). However, one can give a description of the L?-Betti numbers of A as a limit of
finite numbers.
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Lemma 2.2. The bar resolution of A can be written as an inductive limit of its sub-complexes
Cg), €1, so that each Y s a finitely generated left module over A ® A°. Moreover, if
we denote by iy, : CY — % the inclusion map, and by H,({) the homology of the complex
(MRM) ® ag a0 Y then we have

(2.11) BA(A 1) = sup inf dim g o (inx) Hn(€).
Vi >

Proof. For each integer n, and finite subset ' C A, let V = span F', and let V[, = V®",
Denote by m the multiplication map m: A ® A — A, and let

Vi = span((m @ 1" HVp, (1@m @ 19"V, ..., (1% 2 @ m)V)

Vo = span((m @ 1" )V, (1@m @ 19"V, ..., (1®"* @ m)V})
and so on, where 1 stands for the identity map A — A. Let

oFn) _ (AR A) @V, k<n
F 0, k > n.

Note that C’,EF’") forms a sub-complex of the bar resolution of A.
Order the pairs (F,n) by saying that (F,n) < (F',n’) if F C F/' and n < n/. If (F,n) <
(F',n'), let

i(Fm) : ClgFm) — ClgF )

be the inclusion map. Then each C,SF’") is finitely-generated over A ® A° (it has at most

dim V}, generators), and the bar resolution of A is the inductive limit of the sub-complexes
C(Fm’)

k
It follows that the homology group H, (A; M®&M?) is itself the inductive limit of the directed
system {H,(¢), ¢4}, so that (ZI0) holds.
Because of the finite generation assumptions, we have that
dlmM(gMo(’l&k)*Hn(g) < 00, Vk > ¢.
Thus [Li1c98, Theorem 2.9(2)] implies (ZI). O

A reader interested in an even more explicit description, valid for the first Betti number,
is urged to look ahead to section Bl

2.4. Group algebras. We have defined L?-Betti numbers for any tracial *-algebra (A, 7).
While the case of interest is when A is a von Neumann algebra (so that M = A), we want
to point out that the definition works well even in the purely algebraic setting.

Proposition 2.3. Let I' be a discrete group, and denote by T the von Neumann trace on the
group algebra CT'. Let T® =T x I'°, with T° the opposite group, and view I' as a subgroup
of I'® wia the diagonal inclusion map v — A(y) = (v, (y"1)°). Then

(2.12) HP(CI,7) = LIC®) @y HA(I),
(2.13) glcr, ) = g
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Proof. Note that L(IN®L(I®) = L(I' x I'°) = L(I'®). By [CE56], we have that
H,(CT; L(T)®L(T°)) = Hy(T, L(I'?)).

Since L(I'¥) = L(I'®) @) L(T') as [-modules, and the functor L(I'®)® ) is flat [LiicI8,
Theorem 3.3(1)], it follows that

Hy/(CT; LN)@L(T?)) = LI®) @) Hy(T; L)) = L) @50y B (D).
Equation (ZI3) now follows from [Liic98, Theorem 3.3(2)]. O

2.5. Compressions of von Neumann algebras. As was shown by Gaboriau in the con-
text of measurable measure-preserving equivalence relations [Gab02], L?-Betti numbers be-
have well under restrictions of equivalence relations. More precisely, if an ergodic equivalence
relation R is restricted to subset X of measure A, then one has
5 (R) = 1 B2 (R).

The analogue of this fact is given by the following theorem. It should be noted that the factor
1/X in Gaboriau’s result is replaced in our context by the factor of 1/A2. This is explained by
the fact that in constructing our L?-homology, we have passed to the category of bimodules,
so the natural object that we are working with is M ® M° (and not M). Compressing M to
a projection of trace A amounts to compressing M ® M° by a projection of trace \2.

Theorem 2.4. Let M be a factor and let p € M be a projection of trace \. Then
1 1

2.14 @ (pMp, —7(p-p)) = — LD (M, 7).
(2.14) By (pMp, T(p)T(p p) = 5P (M, 7)
Proof. Let (Cy(M),0,) be the bar resolution of M,

Ce(M) = (M ® M°) @ M, k>0
with 0, as in Let N =M ® M°, q = p® p° which is an idempotent in N. The reduced
algebra N, = ¢ N ¢ is pMp @ (pMp)°.
Let F' be the functor V +— F(V) = ¢V from the category of left N-modules to that of left
Ngmodules. It is an exact functor since for 7': V +— W, x € imT' N g W one has

r=Ty=qTy=Tqy €im(T/qV).
Note that in our case ¢/V is a projective left module over IV, since pM is a projective left
module over pMp and similarly for the opposite algebras. Thus F' maps projective modules
to projective modules. Moreover when we apply F' to the “trivial” N-module M of we
get F'(M) = pMp, the “trivial” pMp ® (pMp)°-module.
This shows that F(C,(M),0.) is a projective resolution of pMp and hence that,

HO (pMp, %ﬂp-p)) = (o) HOM,7).

Equation (T4 now follows from the fact that for an M®M? left module V' and the projec-
tion ¢ = pRp° € MRM°, we have

dimpMpé(pMp)o qV = dimq(M®Mo)q qV = m dimM®Mo V.
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2.6. Direct sums. L2-homology behaves well with respect to direct sums:

Proposition 2.5. Let (A, 7) = @,(A;, 7;) (finite direct sum), so that the trace on A decom-
poses as @, ouT; in terms of normalized traces T, on A;.

Then
’7') = @ H,gz)(AZ, Ti)

Z 2B (A, 7).

Proof. Let C% be the bar resolution of A; with its differential df), and let
@ - @i

Then each Cj, k > 1 is a projective module over A ® A°. This is because @, A; ® A? is a
direct summand of A ® A% = (P, ; A; ® Aj. Thus (Cy, dy) is a projective resolution of A.
Using this resolution to compute the L?-homology of A we obtain

(A7) =P B (A ).
Let M; = W*(A;), M = W*(A) (each time in the GNS representation associated to 7). The

formula for Betti numbers is now immediate, once we remark that if V; is a module over
Mi®Mi0, then

and

dimygae (@ Vi) =D of dimagsne Vi,
the factor a? coming from the fact that
M®M°:@M,~®M;, T®T:@aiaﬂ,~®7‘j.
~ Iy
O

2.7. Zeroth Betti number and zeroth L?-homology for von Neumann algebras.
Let M be a von Neumann algebra. By definition

ker 862)

im (9%2)

is the quotient of M®@M?° by the left ideal L generated by
V={1®n°—n®1l:ne M}

H§? (M, 7) =

or in other words

HP(M,7) = (MRM®) @ g0 M.
Proposition 2.6. Let M be a II;-factor. Then HSQ)(M, T) # 0if and only if M is hyperfinite.
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Proof. Since as a left M®M°-module, Hé2)(M ) is clearly generated by the class in the
quotient of the element 1 ® 1, Hé2)(M) =0 if and only if [1 ® 1] = 0.

By ([Con76]) M is hyperfinite if and only if the trivial correspondence is weakly contained
in the coarse correspondence. That is to say, there exists a nonzero non-normal state 6 :
M®M° — C with the property that

(2.15) (m @n°) =7(mn), Vm,n € M.

Assume first that M is hyperfinite. Then 0(2*z) = 0 for x € V. Thus 0|; = 0, so that ¢
factors through to a non-zero linear functional on HSQ)(M ) and Hé2)(M ) # 0.
Conversely, assume that Héz)(M ) # 0. Then for any n unitaries u; € M, the operator

1
T = EZui@)ujo—l,
belongs to the left ideal L so that T" and hence T*T are not invertible, for any u;. Thus one
can find a non-normal state ¢ on M®M?, for which ¢(T*T) = 0 for any such 7. Denoting
by &4 the associated cyclic vector, we get that T'¢, = 0 and so
(ui @ u%) &y = &g

But then we have

(u; @1) & = (1@ u7) &
and hence

(n®1)& = (1®n°)&
for all n € M. Hence

(mn®1)&=(me1)(n©1)& = (men’)&,

so that ¢(m ® n°) = ¢(mn ® 1). Lastly,

p(nm @ 1) = ((n®@m°) &, &)
= ((1em?) - (n®1)&, &)
= {(n®1)&, (1@m™)&)
= ((n®1)&, (m"®1)&)
= ((mn®1)&,&) = dmn@1),
so that ¢|ye1 is a trace, and hence the unique trace 7 on M = M ®1, thus ¢ fulfills O

~—~~

We get as consequence of Luck’s Theorem 1.8 [[iic98], his definition of the projective part

of a module and of Theorem 0.6 in [Liic9§], and of the fact that Héz) (A, 7) = MRM°R a0 A,
M = W*(A) is finitely (in fact, singly) generated as an M®M° module, that

ﬁQ(A, ’7‘) = dimM®Mo HOHI(M®M0 ®A®Ao A, M@Mo)

Proposition 2.7. If (A, T) contains an element x, whose distribution with respect to T is
non-atomic, then 582)(14, 7)=0.
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Proof. Assume ﬂ(()z)(A, T) # 0, let ¢ # 0, ¢ € Hom(MRM° @ag40 A, MRM?). Denote
by [1 ® 1] the class of 1 ® 1 in MM Qa0 A. Let & = ¢([1 @ 1]) € M®M?. Since
M@M° @ aga0 A is generated by [1 ® 1], ¢ # 0 implies that £ # 0.

We thus have a vector £ # 0 in L?*(M®M?®) with the property that (m ®1—1®@ m°) & =0
for all m € A and hence for all m € A” = M. Identify L*(M®M?°) with the space of
Hilbert-Schmidt operators on L*(M), by the map ¥ of (LJ). Then ¥(£) is a non-zero
Hilbert-Schmidt operator, commuting with M by ([C2). But this is impossible, since M
contains an element with a diffuse spectrum. O

Corollary 2.8. If M is a type I, factor, then /632)(]\/[) =0.

Proposition 2.9. Let M be a finite-dimensional von Neumann algebra with a faithful trace

7. Decompose M = @&M; into factors with M; = My, «x, (the algebra of k; x k; matrices), and

let \; be the trace of the minimal central projection in M corresponding to the i-th summand.
Then

%

B(M) = 0, k>1

Proof. Since there is no difference between M @ M and M®M in the finite-dimensional case,

ﬁ,gQ)(M )=0if k> 0. For ﬂéz) we find easily that ﬁéz)(C) = 1; the compression formula then

gives ﬂ(()z)(MkX k) = 77, and the direct sum formula gives us finally the desired expression. [

2.8. L?*-Betti numbers for bimodule maps.

2.8.1. Betti numbers for group module maps. L*-Betti numbers can be more generally defined
for maps between group modules. Let us for definiteness consider a module map f between
two free left I'-modules:
f:(CDhH)" — (CI)™.
Thus f is given by an n X m matrix of right-multiplication operators in CI'. Consider now
F@ ) — ()™,
given by the same matrix. The kernel of f®) may be larger than the ¢’-closure of the kernel

of f. To measure the difference, consider for p < 2
2

—
. ker (p)
BER(f) = dimpr) _ng
ker f
Set
BA(f) = 822 (f)

for convenience.
Note that if I" acts freely and cocompactly on some contractible simplicial complex X, then
ﬁ]@)(f‘ ) is then just 33 (9;), where 9; is the boundary operator of X. Indeed, contractibility
implies that ker 9, = im Oy, so that the closures of these two subspaces of (/2) are the
same.
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2.8.2. Betti numbers for bimodule maps. Let (A,T) be a tracial *-algebra. Let F' : (A ®
A% — (A® A°)™ be a left A ® A°-module map (or, equivalently, an A, A-bimodule map).
Then F'is given by a matrix

Fop - iy

F={ :

le e an
where Fj; € A® A° and the action is given by right multiplication.

Let M = W*(A) in the GNS representation associated to .

The right multiplication by Fj;; admits a unique continuous extension to L*(M®M?®). Thus
F admits a unique continuous extension to a left M&M°-module map from (L*(M&@M?°))"
to (L?(M&M?®))™, which we denote by F(®.

We note that ker F C ker I C ker F® (where - refers to closure in L?>-norm). By analogy
with the group case, we make the following definition (compare [[iic97], Definition 5.1).

Definition 2.10. The L? Betti number of F' is the Murray-von Neumann dimension

ker F2) -
BA(F) = dimpsgare ir — = dimygue ker F® — dimpe 0 ker F.
Lemma 2.11. One has
i ker F i ker VN
Mmaseye —s = dimase e _
1 M®M W[ﬁ M®M (M@M())kerF’

where FVN s the restriction of F® to (M&@M°)" C (L2 (M@M°))", and (M&M?°) - ker F
denotes the saturation of ker F' under the action of MQM°.

The proof is almost verbatim the argument on the bottom of page 158 and top of page 159
of |Liic98], see also Theorem 5.4 of [Liic97].

Remark 2.12. Note that F*V is exactly the map
1@ F : (MRM°) @aga0 (AR A°)" — (MROM®) @aga0 (AR A%)™,
if we identify (M®M®) @ aga0 (A ® A°) with M®&M?°. Thus in particular,
ker(1® F)
(M&M?) - ker F

2.8.3. Homological algebra interpretation. Let F : (A ® A°)" — (A ® A°)™ be a bimodule
map, as above. Put V = (A® A°)", W = (A® A°)™.
Consider the exact sequence

BI(F) = dimpgae

V2 W SimF —o0.

Since the A ® A% left modules V' and W are projective (in fact, free), this sequence is
the beginning of a projective resolution of im F'. More precisely, one can choose projective
modules Vi, V5, ... and morphisms F}, Fs, ... so that the following sequence is exact:

ey Y W S im F—o.
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Note that im F} = ker F'. Consider the differential complex

s (MEM®) @agae Vi 5 (MEM®) @ agae V - (MOM®) @agae W — -+

By definition,

» _ ker(1® F)
Tor{'®4 FMRM°) = ———=.
ory @ (im F, M@M°®) (1 )
Since im(1 ® F}) = (M®M°) -im F} = (M®M?°) ker F', we conclude that
(2.16) BA(F) = dimpsg e (Tord®A” (im F, M&M?)).

2.8.4. FExamples of Betti numbers. The following statement gives many examples of bimodule
maps over von Neumann algebras, for which the L? Betti numbers are non-zero. For a group
module map f : CI'™ — CI'™, denote by f() its extension to £'(I')". Denote by 33V (f) the
dimension

BEY(f) = dimpry (ker f?) — dimgr) ker fO.

Theorem 2.13. Let I' be a discrete group, n,m < oo and let f : CI'™ — CI'™ be a I'-left
module map given by a matriz with entries f;; € CI'. Let A= M = L(I').

Let Fy; = A(fij) € MM be the images of fi; under the canonical diagonal inclusion
A(Y) = (v, (v H°) of CT into M @ M° = L(T') @ L(T°). Let F: (M @ M°)" — (M @ M°)™
be given by the matriz whose entries are right multiplications by F;;. Then,

BA(f) = BD(F) = B2V(f)

Note that the statement is not automatic, since we are comparing
Torl(im f, L(I))  with  Tor"®XT) (im F, L(I)&L(I?))
and not
Tor! (im f, L(T))  with  Tor{"®"(im F, L(T")&®L(I'°))
Let A, be the induction functor from left I'-modules to left M ® M°-modules associated to
the morphism A : CI' — M ® M?,
A(X):=(M&®M°) @cr X

where M ® M? is viewed as a right CI'-module using A, then the M ® M°-module (M & M°)™
is induced from CI'™ while F is induced from f, or in short F' =1 ® f.

Proof. 1t is sufficient to prove that dimasgase ker F® = dimy ) ker f#), dimpgaro ker F >
dimyr ker f and dimygare ker F' < dimp ) ker ). Here M stands for the extension of f
to (1(T).

The morphism A preserves the trace and extends to an inclusion of von Neumann algebras A :
L(T') — M®&M?°. Denote by F* the “adjoint” of F' (with 4, j-th entry FJ;). Then ker F® =
ker((F@)*F®). Regard T = (F®)*F® as an element of the algebra of n x n matrices
over M@M?®. Then the dimension of the kernel of F® is precisely the non-normalized
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trace, computed in M, ,(M®M?), of the spectral projection P of T' corresponding to the
eigenvalue 0. But F' = A(f), and hence P = A(p) where p is the spectral projection p
corresponding to the eigenvalue 0 of the element ¢t = (f*)*f® € M, (L(T')). The trace of
p is exactly dimp) ker f@. Thus

dim a0 ker F@ = dimp,ry ker f(z)

Consider now the orthogonal projection E : L*(M®&M°) — A(L*(M)). Tt defines a
conditional expectation F : M®M° — M where we identify AM with M. Note that
if n € M® M° C L*(M®M°), then E(n) € ('(I'). To prove this, note first that
it is sufficient to prove that E(n) € ¢'(I') whenever n is a simple tensor of the form
E®C( & € LAM), ¢ € L*(M°). For v € T, let u, be the corresponding unitary in
M. Let £ = > ayu, and ( = Zﬁyuf’rl (where the sums are in L? sense). Then
E(E®¢) => a,8,Alu,) ~ > a, 3, u,. Since the sequences {c,} and {3,} are in ¢*(T),
their product lies in ¢}(T"), and E(n) € (X(T).

Denote by E., the map n — E((uy-1 ® 1) - n). Then any n € L*(M®M?) is the L*-sum
n=>(u,®1)-E,(n). We extend E and E, (componentwise) to maps of direct sums of
L*(M&M?°) and denote them with the same letter. Since E is a conditional expectation and
F acts by right multiplication by the A(f;;) one has E o F® = ) o E and also

E,oF® =f®oE Vyel

Let now n € ker F. Then n € (M ® M°)", and E,(n) € (¢1(I'))", for all 7. Denote by f) the
restriction of f@ to (¢*(T'))". Then fMo E (n) = E, 0 F®(n) =0, so that E,(n) € ker fU),
Denote by ¢ the projection in M, x,(M) corresponding to the invariant subspace ker f(1).
Let @ = A(g) be the image of ¢ under the inclusion map of M, y,(M) C M, x,(MRM°)
induced by A. Since E, (1) € ker fU for all v, it follows easily that n = Y (u, ® 1) - E,(n) is
in the range of (). Thus we have proved that ker F' is contained in the range of (), so that
dimpsene ker F < dimpgae im Q = dimy, im ¢ = dimyy ker f1),

Finally, if we are given a finite sequence ¢, € ker f, then > (u, ® 1) - t, € ker . Thus
the induced module from ker f is contained in ker F'. This shows that dim,; ker f <
dim a0 ker F. Thus we have

dimjs ker f < dimyga0 ker F' < dimyy ker fD).
]

It would be interesting to know exactly when 3@ (F) = 3@ (f). Note that by the results
of [Minl, if T' is a “combable group” (in particular, a finitely generated hyperbolic group),
and f: Cp(X) — C,—1(X) is the boundary homomorphism of a contractible chain complex
with a cocompact free action of I, then ) (f) = 3@V (f). Indeed, it it proved in [Min] that
any element in ker f() can be approximated in ¢! (and hence ¢2) by elements from ker f.
This implies the following fact:

Theorem 2.14. Let I' be a discrete combable group acting freely and co-compactly on a
contractible chain complex Cw(X) of a topological space X. Let D, = (L(I') ® L(I'°)) ®r
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Cu(X), where I" acts on L(I") @ L(I'°) by A. Then for each k,
dimL(p)®L(po) Hk((L(P)®L(FO)) ®L(F)®L(F°) D*(X)) = dlmL(F) Hk(L(F) ®F C*(X))
= (D).

This theorem is of interest in conjunction with equation (ZI1I), since D,(X) (is homotopic to
a a sub-complex that) occurs among the approximating sub-complexes of the bar resolution
of L(T).

2.9. Dual definition of Betti numbers for bimodule maps. For the remainder of this
section, we shall concentrate on bimodule maps over a von Neumann algebra; i.e., we assume
that A = M is a von Neumann algebra with a fixed trace 7.

Let f: (M ® M°)" — (M ® M°)™ be a left M ® M°-module map. We are interested in the
size of the kernel ker f in (M ® M®)". As before, denote by fV and f®), respectively, the
extensions of f to (M®@&M?°)" and L2(M&M?°)".

Let us consider the algebraic tensor product FR = L*(M) ® L?*(M°) as a subset of
LA(M)®L*(M°) = L*(M®&M?) in the natural way. Note that M ® M° C FR.

Note also that in the identification ¥ of L*(M&M?°) with the space HS = HS(L*(M)) of
Hilbert-Schmidt operators on L*(M) (see (), the set FR corresponds precisely to the
subset of HS consisting of finite-rank operators.

We begin with a lemma, which shows that it does not matter for the purposes of L?-closure
whether we compute the kernel of f® in (M ® M°)" or FR".

Lemma 2.15. ker f® N FR" has the same L?*-closure in L*(M&M°)" as ker f = ker f®
(M ® M°)". Thus

(2.17) BA(f) = dimpsgaze ker f@ — dimysgare (ker f@ N FR7)

Proof. We view elements of L?(M) as unbounded operators (of left multiplication) on L?(M),
affiliated with M.
Given any finite subset K C L*(M), and € > 0 there exists a projection e € M such that

eEeM, |e—¢&|l<e, VE€K

where e£ € M means that the a priori unbounded operator of left multiplication by e
is bounded. This is proved for a single ¢ using the polar decomposition & = bu and a
suitable spectral projection of the unbounded self-adjoint operator b. One controls moreover
the trace 7(1 —e) < e. Taking the intersection f of the projections eg,& € K one gets
7(1 — f) < ne, n = card(K). This gives a sequence of projections such that f; ¢ is bounded
V¢ € K and f;, — 1 in L? and hence strongly, which gives the answer. This shows that for
any element £ € F'R"™ there exists a projection e € M such that (e ® e°) £ € (M @ M°)™ and
(e ®e®) & — €| < e. Since ker f2 N FR" is a left module over M ® M?° the conclusion of
the lemma follows. O

As consequence, we have the following description of the dimension of the kernel of a left
M ® M°-module map f: (M ® M°)" — (M ® M°)™. Extend f to a map (still denoted by
f) from FR"™ — FR™ as in the previous Lemma. Identify F'R with the set of finite-rank
operators on L?(M) using the identification ¥. Let B be the von Neumann algebra of all
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bounded operators on L*(M). Denote by (-,-) the canonical pairing between F'R™ and B"
given by

((Ty,...,Tp),(S1,...,5n)) = ZTI(TJ-SJ»).

Denote by f! the map
ft:B™— B"
uniquely determined by
(f{(T),8) = (T, f(S)).

The map f! is well-defined and is in fact given by right multiplication by the matrix
where for h =Y m; ® ny € M ® M?° one lets

h' ::Zni®mf.

The right multiplication by a ® b € M ® M? acts in the obvious way on (M ® M°)" and
becomes, after the identification ¥, using (L2

(2.18) T-(a®’)=Ja"JT Jb*J, VT €B.

t
Jtu

Lemma 2.16. We have
dimpsz e (MRM®) - ker f) = n — dimpgae (fE(B™) N HS™),
where the closure is taken with respect to the weak operator topology. In particular,
FIHS™ NHS"
IHCED

Proof. We note that F'R is the dual of B(H) with respect to the weak topology. By duality,
FE(B™)" is the annihilator of ker f C FR™. Let us show that ft(B™) NHS is the annihilator
of ker f "% 0 HS™. The answer then follows by duality in HS™ whose dimension over M & M?
is equal to n.
Note that the two pairings are compatible. By continuity of the pairing in HS™, ft*(B™) N

. . ——HS
HS™ is perpendicular to ker f .
Since the Hilbert-Schmidt topology is stronger than the weak topology on H.S, the subspace
ft(B™) N HS™ is already closed in the Hilbert-Schmidt topology.

Assume that £ € HS™ belongs to (ker fHS)L. Then ¢ 1 ker f and viewing £ € HS™ C B",
as an element of B™ we find using the compatibility of the pairings that ¢ is in the co-kernel

of f, so that £ € ft(Bm)w and £ € ft(Bm)w N HS™ as claimed.
Finally note that f¢(H Sm)w = ft(Bm)w, because HS is weakly-dense in B and f is weakly

continuous. O

BA(f) = dimyegare (

3. FIRST BETTI NUMBER AND A.

In this section, we concentrate on the first L?-Betti number.

3.1. 6{2) as a limit.
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3.1.1. Sub-complexes associated to a set of generators. We recall that all L?-Betti numbers
can be represented as limits, as described by equation (ZI1). We particularize to the first
Betti number.

Let M be a von Neumann algebra with a faithful trace-state 7.

Let F ={Xy,..., X}, X, € M be a self-adjoint set of elements in M; that is, we assume
that X* € F whenever X € F. Assume further that [’ generates M as a von Neumann
algebra. Let

C1(F) = (M ® M°) ® span F = (M @ M°)dmspanF
and consider
Op : C1(F) - M @ M°,
given by
(3.1) Or(a@b°RX)=aX®0—a® (Xb)°, a®b’e M@ M, X elF.
Then
(3.2) ker Op — Cy(F) 25 M @ M° — M — 0

is a sub-complex of the bar resolution of M. The sequence above is not exact, and the
quotient of M ® M° by the image of O is the left M ® M°-module (M & M) @ a0 A,
where A is the algebra generated by F. When viewed as a bimodule over M this left
M ® M°-module can be identified by the map z ® y° — = ® y with M ®4 M, where
(m®n°) - (r®4y) =mz®4yn. We shall thus use the notation,

M@AM = (M@MO) ®A®Ao A

The sequence

(3.3) ker Op — C1(F) 25 M @ M° — M @4 M — 0
is exact. Applying the induction functor (M®M°)® peare one gets the map
1®0p: (M®M°) ® span ' — M&M?°,

given as in (B]) by right multiplication by X ® 1 — 1 ® X°. Then the first homology of the
induced complex from (B3)) (or (B2)) is given by
ker(1 ® OF)

H(F) = (M®@Me) - ker O

In other words,
Lemma 3.1. Let A be the algebra generated by F'. Then
H(F) = TorY*M* (M @4 M, M&M?).
In particular, H(F) depends only on the inclusion A C M and not on F.
We let B(F) = dimygpe H(F') so that by Lemma ZTT] one has

B(F) = 3P (0F)
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Note that if £ C F”, then there is a natural inclusion map ip g : Cy(F) — C1(F”). This
map induces a homomorphism
(iF’,F)* : H(F) — H(F/)
For F' C F’ two finite subsets, let

iF/,F(ker(l &® 81:))
z'F/,F(ker(l X 8F)) N (M@MO) - ker 8F1
Note that ip p(ker(100p))N(M&M?)-ker Op is exactly the intersection of (M ®M°)®span F
with (M®M?) - ker Op.

Then (ZIT)) implies that

(M) = sup inf dimygne H(F : F').
F F'DF

H(F: F')= = (ip.p) H(F).

We are thus led to the natural question of the computation of
ﬁ(F : F/) = dimM®Mo H(F . F/)
and, in particular, of (F) = dimygae H(F') (which corresponds to the case that F' = F”).
Note in particular that
BF: F') < B(F)
(since the dimension of the image via (ip p). is not larger that the dimension of the domain),
and also that

(3.4) B F) < B(F)

(since the image via (ip ). is a sub-module of H(F")).

Let F = (X4,...,X,), F' = FU(Yy,...,Y,,), and assume for simplicity that n = dim span F.
Denote by %) the extension of dp to (L2(M)@L2(M°))" = L*(M&M°) ® span F obtained
by continuity. By Lemma T8, equation (Z11), we have that

B(F) = 8D(8p) = dimpz e ker 02 — dimyyzp0 ker 8% N F R,

Lemma 3.2. Let F' C F' be self-adjoint sets of elements in M, as before. If F' generates M
as a von Neumann algebra, then

dimpsgare i, ker o =n— (1- 5(()2)(M7 7)),

and

BF) = n—(1— 05" (M,7)) = dimygare (ker 0 N FR?),
BF:F) = n—(1-8%M,7)) — dimyze ker Op Nipr pker 0.
Proof. We just need to prove the first statement. The inclusion map ip g : C1(F) — Cy(F")
is injective, so that we need only to consider the case that F' = F’. As explained in the

proof of Proposition EZ0, 8% (M, ) is 1 — dimysz e (im(8(%)) where 01? comes from the bar
resolution.



21

Considering the kernel and cokernel of the morphism

(2)
(3.5) Me&M® @ F 25 MaMe,

it is enough to show that

im(0%) = im(8?) .

By construction im(@iz)) is the strong closure in M®@M?¢ of the left ideal L generated by
V={n®l-1&n°: neM}

We use the map ¥ : M@M° — HS = HS(L?*(M)) (of (ITl)); one has by (L) or (ZI)

(3.6) V(z(n®1—1@n%) = [Jn'J, U(z)], Vo€ MSM,nec M.

We adopt the following notation for any bounded operator T in L?(M),

(3.7) o(T):=T° = JT*J, VT €B.

This gives an antiautomorphism of B which restricts to the canonical antiisomorphism o :
M — M'. We thus see that the closure of L in L*(M®M?°) can be identified with the
subspace

[HS, M,
which is the closure of the linear span of commutators of M’ with HS.

Similarly the closure of im(@ff)) is the subspace

[HS.F7], F°:=o(F).

We just need to show that [HS, F?] is dense in [HS, M'] in the HS-topology. Then the
algebra A generated by F' is x-strongly dense in M by hypothesis. For fixed T' € HS the

map x — [T, z] is continuous on bounded sets, from B endowed with the strong topology to
HS. Thus [HS,0(A)] is dense in [HS, M'].
It remains to sow that [HS,o(A)] = [HS, F'?], which follows from the indentities,

1. X, Xy... X, = [Xo.. . XoT, X))+ [X5... X, T X1, X
b X X, T Xy X, X
+ o FTXy . X, X

and the fact that HS is a two sided ideal. O

3.1.2. A(F) and A(F : F’). It is thus of interest to consider the quantities:

(3.8) A(F) = n—dimygpe (ker 8};2) N FR") = n — dimysg e ker Op,
A(F . F/) = n— dimM®Mo ker 8F1 N ipgp ker 8}2),
AM,T) = sup inf A(F;F'),

Fst. M=w=(F) F'OF

where in the last equation we require that F' generates M.
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Explicitly, if F' = (Xq,...,X,), F' = FU(Y1,...,Y,), we have:

HS
(3.9) A(F) = n—dimygye {(T1,....To) € FR*: > [T;, X7 =0} |
A(F: F) = n— dimyeue (HS" @0

N {(Th, - Tn, 51,2 8p) € PR

HS
LX)+ YIS Y = 0) ),

where we used the map ¥ : M@M° — HS = HS(L*(M)). Note that the X}, Y}, are moved

to the commutant M’ of M by the map o, as follows from (B8, it is thus clear that the

subspaces of HS" involved in the above equations are M-bimodules. In either equation

above, F'R™ can be replaced by V(M ® M°)" C FR".

Furthermore, we have by Lemma B2k

(3.10) (M, 1) = AM,7) = (1= 557 (M, 7).

Note that if F' = (X3,...,X,), then Op : FR" = FR ® span ' — F'R is given by
aF'(j—‘la' A aTn) = —Z[E,X{j]

The transpose of dp is the map
Op : B(L*(M)) — B(L*(M))"

given by

(3.11) 0L(D) = ([D, X7],...,[D, X7)).

In view of Lemma T8, we have the following description of A(F):
(3.12) A(F) = dimygae OL(B(LA(M))" N HS™.
Similarly, if F/ = FU{Y1,...,Y,,}, then

(3.13) A(F : F') = dimpygage (95 (B(L2(M))" 0 HS™™),

where 7, : HS™™ — HS™ denotes the orthogonal projection onto the first n coordinates.
3.2. Properties of A. We record the following properties of A:

Theorem 3.3. Let X;,..., X, € (M,7) be a fized self-adjoint set of elements. Then we
have:

(a) A(Xq,...,X,) <n.

(b) A(Xq,...,X,) depends only on the pair (A,T|a), where A is the algebra generated by
Xi,..., X,

(c) Let T be a finitely generated group, and let Xy, ..., X, € L(I') be a family of unitaries
associated to a symmetric set of generators of I'. Then

If in addition T 1s combable, we have that

AXy,. .., X,) =821 = gP() + 1.
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(d) For all m < n,
AXy, o X)) SAX, LX) F AKX g1, -, X))

(e) Let 1 < m < n, and assume that the families X1,..., Xm, Xma1, ..., X, are free. Then
AXy, .o X)) = AX, . X)) F AKX g1, -, X))

Proof. (a) follows immediately from the definition of A.

(b) Let A be the algebra generated by Xj,..., X, and let N be the von Neumann algebra

generated by A inside of M. Let F' = (Xi,...,X,). By the obvious variant of Lemma
for non generating sets, we find that

A(F) = B (F) + (1= 85 ().
where ﬁfz)(F) is computed inside (M, 7). Moreover, by Lemma Bl, we have that
B(F) = dimsgaze TorM®M (M @4 M, M&M?).
Since the functors
My -, - Qno M°, MRM°QnsnNo
are flat [L11c97], it follows that
TorMM (M @4 M, M&M®) = M&M° @ngno Tor)} N (N @4 N, NON°).
Finally, since
dimpg e (MM @ngne W) = dimygne W,
we find that
A(F) = dimygye TorVN (N @4 N, NON°) + 1 — 8 (N),

which depends only on A and 7|4.

(c) The inequality follows from Theorem EZT3 The equality in the combable case follows
from Theorem T4

(d) Let F; = (X4,...,X,,) and Fy» = (Xpq1,...,X,), FF = Fy UFy. Let V; = span Fj,
Ci=(MeM°)®@V;,i=1,2. Put C = (M®M°) ® span(V}, V3). Consider

8FiZCZ'HM®MO

given by
Op,(a®@b°®@z)=ar®b’ —a® (xbh)’.
Then
(ker Op,) @ (ker Op,) C kerdp N C.
Thus

dimM®Mo ker 8]7 Z dimM®Mo ker 8F1 + dimM®Mo ker 8F2 .

In view of (b), this implies the desired inequality for A.
(e) Let My = W*(Xy,..., Xy,) and My = W* (X114, ..., X,,). By Remark 13.2(e) of [V0i99al,
there exist operators Dy, Dy in B(L?*(M)) so that

(3.14) [Di, My,] = {0}, [Di,m] = [m,¥(1®1)],
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for all i # k and m € M;. These operators are denoted by 7} in [V0i99a] and are called a
dual system to Mj, My, C1. It is worth mentioning in conjunction with Def. 13.1 of [V0i99al
that a single algebra A always has a dual system relative to C1, namely the operator of
orthogonal projection onto C1 in L?(A).

One can in fact explicitly describe these operators. Denote by H) the space L?(M;) & C1.
Then since M = M * M,

rm=cie@ H  He--oH),
k  i1#£12,i2703,.. 0170k

We refer the reader to [VDN92| for more details and the definition of the action of M; on
this space. The operator Dy, is then given by

D,1=1
and
0, & € Hy
D K- Q& =
k&1 3 {gl ®---®&., otherwise.

Let F' = (X3,...,X,). Assume now that

Y TioX;€kerdp, T,€ Mo M.
=1

Then

n

> _[¥(T), X7] = 0.

i=1
Let k be equal to 1 or 2, and write Iy = {1,...,m}, Iy = {m +1,...,n}. Then for all
a,be M,

0 = Y T(U(T), X7)e D]D)

= Y BB, a DFY)

= =) Tr([(¥(T), X{]¥(a @ D).

i€l
where we used (BI4) and the equality V(1 ® 1) = U(1 ® 1).
It follows (since a,b € M were arbitrary) that

D_[W(T), X7 = 3 [W(T), X7] =0,

It follows that 1", T; ® X; € kerdp, and >_1 | T; ® X; € ker Op.
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Let F1 = (Xq,..., X)), Fo = (Xong1,. .., Xy). If we denote by V; the span of F; and let
V = span(Vj, V3), then we have shown that
kerOp Ckerdp "M @ M°®@ V) +ker Op N M @ M° ® Vs,

so that
ker Or C ker Op, + ker Op, .

Thus

2
dim a0 (ker Op) < Z dimpsgare (ker Op, ).
k=1

From this and part (b) we conclude that

AXy, 0 X)) > AX, LX) F AKX, -, X)),
Since we have proved the opposite inequality in part (c), the desired equality now follows. [
3.3. A and diffuse center.

Lemma 3.4. Let F = (X, Xy,...,X,), and assume that [ X, X;] = 0 for all j. Assume
furthermore that the spectrum of X is diffuse. Then A(F) = 1.

Proof. Let M = W*(F). Since A(F) = 8% 4+ (1 — g (M)), we find that

A(F) = 1= 57 (M),
Since M contains a diffuse von Neumann algebra (namely, W*(X)), it follows from Propo-
sition B0 that 8 (M) = 0. Thus A(F) > 1.

For the opposite inequality, let F'R be the ideal of finite-rank operators on L?*(M), and
assume that Qq,...,Q, € FR™ are arbitrary. Let

CT]‘ = [Qj7XU]7
T = =) [Q;X7].
j=1

Then since [X?, X?] = 0 for all j, we have that

n

[T>XU] + Z[T]’Xﬂ = Z_[[QJ>X;]>XU] + [[QJ’XJ]’X;] =0

j=1

by the Jacobi identity. Thus the image of the map
FRn > (Ql,...,Qn) — (T,Tl,...,Tn)

lies inside ker O (we identify as usual M ® M° with a subset of F'R via the map ¥; see
Lemma ZTH). It follows that the closure of ker Or in the Hilbert-Schmidt norm contains the
image of the map

n

¢ HS" 3 (Q1,. ., Qn) = (=D [Q), X71,[Q1, X7),. .., [Qu, X7).

i=1
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Since X has diffuse spectrum, the commutant of W*(X?) in B(L?*(M)) does not intersect
compact (and hence Hilbert-Schmidt) operators. Thus the map ¢ is injective. Hence by
Luck’s results on additivity of dimension for weakly exact sequences [Liic98] we conclude
that

. ——HS ) . .
dimpsgae ker O~ > dimpsg a0 im ¢ = dimygpe HS™ = n.

Thus

A(F) =n+1-— dimM®Mo ker@FHS S 1.

We conclude that A(F) = 1. O

Corollary 3.5. If (M, 1) is a von Neumann algebra, and M has a diffuse center, then
BD(M,7) =0 and A(M,7) = 1.

Proof. Let X be a generator of the center of M. Then for any finite subset F of self-adjoint
elements of M, we have that

A(FU{X}) =1,
by Lemma B4l Hence if F' generates M, F' O F and X € F’, then by (B4)
A(F:F) = BP(F:F)+ (157 (M)
< BPF) + (1557 (M)
= A(F)=1.
Thus for any F' generating M, we have that
: BN < . —
FlngA(F P <A(F: FU{X}) =1,

so that A(M,7) < 1. Since M contains a diffuse von Neumann algebra (namely, W*(X)),
it follows that A(M,7) =1, and that ﬁ?)(M) = 0. O

4. A AND FREE ENTROPY DIMENSION.

4.1. Free entropy dimension. The properties of A(X7, ..., X,,) seem very similar to those
enjoyed by the various versions of Voiculescu’s free entropy dimension. We therefore are
interested in connections between the two quantities.

4.1.1. Non-microstates entropy dimension. We consider the free entropy dimensions defined
in terms of the non-microstates free entropy and the non-microstates free Fisher information.
Let Si,...,S,be a free semicircular family, free from (X7,..., X,,). Then set

(X X
5*(X177Xn):n—hm1nfx ( 1—}—\/551’ ’ "_l_\/gsn)
e=0 log £1/2

and
5*(X1, c. ,Xn) =n — llmlngEé*(Xl + \/551, NN >Xn + \/ESn)
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Note that 0* is obtained from 6* by formally applying L’Hopital’s rule to the limit. We
will also use the microstates free entropy dimension d and &y, which were introduced in
[Voi94l [Voi96]. Here

(X1 +VESt, . X+ VES,) = DN,
i=1

where £ € L?(W*(X1,...,X,)) are the conjugate variables

(here * denotes omission).
Let

Ee = Ewe(x, 4281, Xn+/250)
be the unique conditional expectation. By [Voi9§], one has:

-_ L g,
62’ - \/EEE(SZ)

Thus
* 1 1 E NIE
(S =N lllall lollf E - || a(SZ)||2‘

Lemma 4.1. 0*(X;,..., X,,) > 0*(Xy,..., X,).
Proof. Assume that 6*(X1,...,X,,) <n — C. Thus
limiéafa O* (X + eSt, ..., X, +VES,) > C.

Then for some €9 > 0 and all 0 < € < g9, we have that
E(I)*(Xl -+ \/551, e >Xn + \/ESn) Z

C,
so that o

Thus for all 0 < € < &g,

1 [0 1 [oC
5/ (X1 + ViS1, ..., X, + VIS, dt > 5/ ~di

= C(logey* —loge'’?).
Now x. = x*(X1 + /ES1,..., Xy + /ES,) is given by (cf [Voi98])

e :%t/ ng_®%Xﬁﬂﬁ+5&,“gn+wﬁ+€&)ﬁ
0

_ 1/ (L—CD*(XNL\/%Sl,...,Xn—FﬂSn)dt

2 1+t—¢

1 [ n
- e — DY(X) VIS, X+ VS, ) dt,
K+2[ <LH—€ (X1 + VS, ..., +JS)

IA
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for some constant K depending only on ¢y and Xy,..., X, .
Thus n
Xe < K+ 3 log (1 + o — &) + C(loge/? —log£y/?)

Since for small ¢, log € is negative, it follows that

. 1/2
i ing X (X1 + vESL, ..., X, +E5,) ZliminfCIOgE _
e—0 log £1/2 e—0 logel/2
Thus 6*(Xi,...,X,) < n — C. Since C is arbitrary, we get that 0*(Xy,...,X,) <
(X1, X O

4.2. The inequality A > §*. In preparation for the next theorem, we need to set up some
notation.

Let Sy, ..., S, be a free semicircular system, free from (X, ..., X,). Let X;(¢) = X;++ S;,
j=1,...,n Let also M. = W*(Xi(e),...,X,(¢)), N = W*(Xy,..., Xy, S1,...,5,), H =
L?*(N). (We recall in Appendix II the details of this standard construction (cf. [Voi98])) Thus
M. C N C B(H). Let E. be the orthogonal projection from H onto L?*(M.). We denote by
the same symbol the conditional expectation from N onto M.. Note that P, = E.P, = P, E..
Let Dj(e), j =1,...,n, be a dual system to (X;y(¢),..., X,(¢)) on B(H). That is, we require
that

(4.1) Dj(e) = E-Dj(e)E:,  [D;(e), Xi(e)] = 011

Such a system is always possible to find: one can set

1
(4.2) Di(e) = EE%QJ-EE

where (); is a right creation operator (cf. Appendix II). Note that one has the property that
1D5(0)lle < 1/VE.

Identify now M ® M? via the map ¥ with a subspace of the space of finite-rank operators
on H. Let Ty,...,T, € V(M ® M°) be so that Y [T;, X7(¢)] = 0. To be explicit, let
T, =%, a, PLb,, ai, b, € M.

We first need a few lemmas.

Lemma 4.2. Let § > 0. Then there exist zi(¢), yi(e) € M. and g9 > 0 such that,
I77(e) — Tillus < |Ti(e) = Tillh <0, Ve <&

where

T/(e) =Y wile) Pryi(e).

k
Proof. (of Lemma). It is sufficient to prove the statement for single rank-one operator
Ty = aPyb. Note that [|T,l[1 = supjgy =1 /(a, Sb)| = [lall2[[b]l2. We can assume that
||al|2 = ]|b]|]2 = 1. Choose non-commutative polynomials p and ¢ so that

Ip(X1,..., X)) —alls <0/4, ||¢(Xq,...,X,) — bl < d/4.
Let €9 > 0 so that whenever X} € N and || X; — X[l < 2,/Z¢, We have
(X0 X)) — oK X0 oe < /4, 19X, X) = a(Xhr o X0 o < 3/4.
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Set z(e) = p(X1(e),..., Xn(e)), y(e) = ¢(Xi(e), ..., Xn(€)). Let 0 < e < ep. Then ||z(e) —
all2 < 6/2 and ||y(e) — bl|2 < §/2 which gives the answer. O

The following lemma is implicit in [Voi9§], but we restate it for convenience.

Lemma 4.3. Let N be von Neumann algebra, and let T be a faithful normal trace on N.
Let H = L*(N, ), and let J be the Tomita conjugation associated to N. Denote by P; the
orthogonal projection onto 1 € H.
Let Q € B(H) and Z € N. Then

Tr(P[Q, 27)) = ((JQ"T = @)1, Z1).
Proof. Using (J&, n) = (Jn, &) we get:

Tr(P1[Q,27]) = <QZ*1 1) = (Z"Q1,1)
= (Z7,Q"1) —(Q1,2)
= (JQ*JL,Z) - (QL,2)
= ((J@J - Q)1,2),
which is the desired identity. 0

Theorem 4.4. A(Xy,..., X,) > *(Xq,..., X,).
Proof. Let TJ,..., T4, j =1,...,n be in ¥(M ® M°) and such that 3_,[T7, X7] = 0 for all

7. Let -
=> al b
k
Then using @), 3,[T7, X7] = 0, and o(P,) = Py, we get,
Z(Tf,Pﬁ = ZTT(TZJ (X7 (e), D7 (e)])
= ZTr T/, X7 ()]D2(e))
= ZTr VeS| DS (e))
_ ZTr I[s7, VEDI()).

Now, fix £ > 0 and let § = x/8n* Choose g and T7};(¢) as in Lemma B2, so that

(4.3) T} = T (o)l < .

Then for all € < g, since ||[fD( ), Sillloo < 4, we find that

(4.4) IZ PO < R/24+ ) T(T () [VE DY (e), S7)-
ij

Since

Tie) = o) Pyle),  al(e).yd(e) € M.
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and P, = E. P, E., we have that
Tj,(e) = E.Tj;(e) E-.
Si) (cf.[Noi9]]) then &(g) € M. and [|v/£&i(€)]|oo < [|Sillee < 2, in fact
E.SiE. = \/e&(e)
Note that E? = E. and /e D} (¢) = E.Q7 E. by (EZ). One has

(4.5) ZTr IWED] (), S7]) = D Te(T(e)[QF, ST E))
= D T(TERF vE&(E) )

Let 5@(5) = EE(%

We thus get, using (3), the fact that ak , sz commute with &;(¢)? and the inequality
Ve &i(E)lloo < [ Silloo < 2:

D T(TERF VEGE D] < 52+ Y T(TQS, VE&i(e)])
= K/2+] ZTr(H [Z by Q7 al . VE&(e)))]
= m/2+|Z — JYE D)L, VEE(E) )V ul,

where Yi; = 3, b7 Q7 a; , and the last equality is by Lemma B3
Combining this with ([Z]) and (E3) we get

(4.6) |Z P1|<f~e+|Z — Y51 VEE(E) ) al.
Let n;; = (Yi; — JY;3J)1 € H. Computing explicitly, we get that (cf. Appendix II)
(4.7) ng = — Y b S;a
k
and in particular || > 713 = >, |T7|)2, since the subspaces MS;M are orthogonal for

j=1,...,n, and the map Y x; @ yx — Y. xSy is an isometry from L*(M)®L*(M) into
L?(N), for each j (cf. Appendix II). We thus conclude that

ISPl < m+|z<zmj,¢5@<a>>
DR WECP
= (SR e X

ij
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since the free Fisher information is defined as ®*(X;(¢), ..., X,(g)) = i, |&i(e)]|3- Passing
to liminf._ g and noticing that x is arbitrary finally gives us:

1/2
(4.8) |Z P < (0 =5 (Xu, . n>>1/2<z|mj||§> .

The conclusion of the proof of the theorem now follows from the next lemma (cf.
[ShI03bl Lemma 2.9]) applied to the von Neumann algebra M®&AM° and the subspace K of
LA(M&MP°)™ = HS™ closure of the space {(T1,...,T,) € W(M@M°)" : Y [T;,X?| =0}. O

Lemma 4.5. Let N be a finite von Neumann algebra with a faithful normal trace 7. Let
n be a finite integer, and let H = L*(N,7)" viewed as a left module over N. Denote by
Q € L?(N,7) the GNS vector associated to T.

Let K C H be a closed N-invariant subspace of H. Endow M,y,(L?*(N)) with the norm

IRl = > Al

ij=1
Let A(K) ={T € Mpxn(N):TH C K} = K". Then we have:

dimy K = Sup|(T, )*/|T||*, T € A(K),
where I € M,(H) denotes the matriz I;; = 6;;{
Proof. (of Lemma). We identify the commutant N’ of N acting on H with the algebra of
n x n matrices M, (N). Endow this algebra with the non-normalized trace Tr, defined by
the property that Tr(1) = n, where 1 € M,,(IN) denote the identity matrix. Let ex € N’ be
the orthogonal projection from H onto K. Then

dimN K= Tr(eK).

Now, L*(M,(N), Tr) = M, (H) isometrically. Moreover, the orthogonal projection of I onto

A(K) is ex € A(K), since 1 — eg is orthogonal to A(K) = ex M, (N). The above supremum
is thus reached for T' = e and its value is Tr(ex) which gives the result. O

4.2.1. Some consequences for A.
Corollary 4.6. We have

A(Xq, .o, X)) 205 (X, o, X)) 2 0%( Xy, ., X)) 2 0(X, .., X)) > 600( X, X)),
This is immediate from the preceding discussion and the work of Biane, Guionnet and
Capitaine [BCGO3].
The following corollary gives a strong indication that the first L?-Betti number of a free
group factor does not vanish (compare with equations ([BI0) and (BF)).

Corollary 4.7. Let F = (X,...,X,,) be a self-adjoint finite subset of M, and assume that
F' generates M.

Assume that the microstates free entropy x (X1, ..., X,) is finite.

Then for any seld-adjoint subset F' of M, we have

A(FUF") >n
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Proof. Let F' = (Y1,...,Y,). Then
AFUF)>68(Xy,..., X0 Y1,....Y0) >n
where the second inequality follows from [Voi94]. O

It is of course of interest if one has A = ¢*. In conjunction with this, we note the following.
Let F = (X1,...,X,) be a finite self-adjoint subset of M. Consider as in (BITI)

Op : B(L*(M)) — B(L*(M))"

given by
0p(D) = ([D, X7],....,[D, X7]).

Theorem 4.8. One has
dimyrene OLBLAM)) NHST < 6*(X,, ..., X0)

§*(X1,..., X)) < dimpene 0L(B(LA(M))" N HS™ = A(F).

Proof. The first inequality is the statement of Corollary 2.12 in [ShI03b]. The second inequal-
ity is the statement of Theorem E4] together with the “dual” description of A(F') given in

equation ([BI12). O

4.2.2. Some consequences for free entropy dimension. Let C(I') be the cost of a discrete
group I" in the sense of [Gab00)].

Corollary 4.9. Let I' be a finitely generated group with a symmetric set of gemerators
M-y Yn- Denote by u; = MNy;) € L(I') the corresponding unitaries in the left reqular
representation. Let X; = u; +uf, Y; = i(u; — uf). Then

0 (X1, X Vi, ) < BP(D) = AP +1 < O(D).

Proof. The inequality between the cost and 3; — betag + 1 is due to Gaboriau [Gab02]. The
rest of the inequalities follow immediately from the corresponding estimate for A. U

Corollary 4.10. Let I" be a discrete group with Kazhdan’s property (T). Let 71, ..., v, be a
symmetric set of generators of I', and let u; = A(vy;) € L(I') be the associated unitaries in

the left reqular representation. Let X; = w; +u}, Y; = i(u; — u}). Then

5o(0) < (X1, o, X, Vi, o) <0 (Xay oo, Xy Yay .o, Ya) < 1.
If moreover L(I") is diffuse, one has
G X1y Xy Yay oo Vo) = 05 (Xt o, Xy Yas oY) = 1

If L(T) is diffuse and moreover L(I') can be embedded into the ultrapower of the hyperfinite
I -factor, one has

5o(D) = 1.
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Proof. The upper estimates are a consequence of the fact that if I' has property (T), then
BP() = 0 (see e.g. [CGRA, BVI7]). Thus
AI) < BP() = BPM) +1=1-57() < 1.

The lower estimate for 6* is a consequence of [ShI03D, Theorem 2.13]. The corresponding
estimate for dy is a consequence of hyperfinite monotonicity of [Jun01]. O

4.3. A(F) and A(F : F'). The results of the previous section are insufficient to give a

lower bound for A(M,7) and thus for %2)(]\/[ , 7). We show, however, that under certain
smoothness conditions on the families ' and F', A(F, F') > A(F).

Theorem 4.11. Let F = (X3,...,X,,) be a self-adjoint family of generators of M and let
F' = FU(Yy,...,Y,). Let Dy, ..., D, be a dual system to X, ..., X, in the sense of [Voi9§];
thus D; € B(L*(M)) satisfy

[D;, Xi] = 0;: P,
where Py denotes the projection onto the trace vector in L*(M). Assume that [D;,Y;] is a
Hilbert-Schmidt operator for all i and j. Then

AX1, o X Xy X Yo Yo) = A(X0L -, X)) = 1.
Proof. Note that for each j, the n + m-tuple
0,...,P,...,0,[Y1,D;]°, ..., [Yim, D7)
(Py in the j-th place) lies in 9} 5 (B(L*(M))), in the notation of (BI). Thus
&=1(0,...,P,...,0)
(P; in the j-th place) lies in
K = (O (BIPOD)" N HS™™),

in the notation of BIJ). Since ({i,...,&,) clearly densely generate HS™ as an M, M-
bimodule, it follows that the dimension of K over M®M? is exactly n. Thus A(F : F') =n.
Applying this to the case that m = 0 gives also the estimate for A(F' : F)) = A(F). O

An important case of existence of a dual system is when X1, ..., X,, are free semicircular
variables; see [V0i9§].

5. APPENDIX [: ABELIAN VON NEUMANN ALGEBRAS.

The following theorem is the analog of [Liic98, Theorem 5.1}, which makes one suspect that
its statement should hold more generally if A is hyperfinite. We were unable to prove this,
however. If the statement holds for A hyperfinite, it would be interesting if it can be used
as a characterization of hyperfinite algebras (see Remark 5.13 in [Liic98§]).

Theorem 5.1. Let A be a commutative von Neumann algebra and 7 a normal faithful trace
on A.
(i) Let f: (A® A°)" — (A® A°)™ be a left A ® A°-module map, then 32 (f) = 0.
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(ii) Let W be an arbitrary A ® A°-module. Then for all p > 1,
dim gz 40 Tor2®4” (W, ARA°) = 0,

p
Let us first prove a simple lemma,

Lemma 5.2. Let f € A® A°, then the spectral projection p of f* f corresponding to ker f
is the supremum of the projectionse < p:e € AR A°.

Proof. We can assume A is diffuse and identify A with L*°([0,1]), 7 with the Lebesgue
measure \ and L?*(A) with L?([0,1]). We drop the distinction between A and A°.
Let f = > ¢; ® h; and consider f as the function

fz,y) = Zgi(x) hi(y), .,y €0,1].

Then the projection p € ARA° = L*>([0, 1] x [0, 1]) is given by the zero set

Z ={(z,y) : f(z,y) =0}.
Recall that a point 2z € Z is called a point of density of Z if the proportion of Z in squares
S =1xJ, (I and J intervals of equal length) with center z tends to 1 when their size tends
to 0. By Lebesgue’s a.e. differentiability theorem, the set Z differs by a set of measure zero
from its set of points of density. We thus only need to prove the following, with k£ as above,

Claim 5.3. Let I, J C [0,1] be intervals, and 6 < k= with
N2((IxJ)Nn2Z)
AN2(I x J)
Then there are measurable subsets £ C I, F' C J, such that £ x F' C Z and
N2(E x F)
AT x J)

To prove the claim, let g : I — C*, h: J — CF be given by (g(x)); = gi(x), h(z)); = h;(x)
so that,

>1—62%

> (1—ko)>

flxy) =g(x)-hy), Vo,yel0,1],
where - denotes the standard scalar product on CF.
Let
E={zecl : My:(z,y) e Z} > (1-0)\J)}.

Then by Fubini’s Theorem A(E) > (1 —6)A(I). Denote by V(z) the subspace of C*¥ spanned
by g(z). Let V = span(V (z) : x € E). Since the dimension of V' is at most k, we can choose
x1,...,4 € E, 1 <k, so that V = span(g(x1),...,9(x;)). For each 1 < j <[, the set Fj
of y € J for which h(y) is perpendicular to g(z;) (i.e. (xj,y) € Z) has measure at least
(1 —0)A(J). Thus the measure of F' = [ Fj is at least (1 — [0)A(J) > (1 — kd)A(J). But
then for all y € F'and x € E, g(z) € V and h(y) L V, so that f(z,y) = 0. It follows that
ExFcCZ.

|
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Proof. (of Theorem B.Tl). First the above lemma implies (i) for n = m = 1. Indeed let
f € A® A° and p the spectral projection of f* f corresponding to ker f. The subspace
(A® A°) - pis dense in ker f&). Thus since p is a strong limit of projections e¢; € A ® A°,
pe; =e;p = ej, one gets (A® A°) - e; C ker(f) and the required density of ker f in ker f?)
Let now n and m be arbitrary, and reduce to n = m by e.g. replacing f with f*f. Let
F(z,y) be the matrix with entries f;;(x,y) and,

F (?1 Z.2 oo ’Z/.k:)
JuJ2 0 Jk
the k x k minor of F' obtained by keeping the iy, ..., -th rows and jy, ..., ji-th columns of

F. Let Z (“ ;’“ ) be the zero set of F (“ ;’Z ) Since F (;1;’;) is a polynomial expression in the
entries of F it belongs to A ® A°.

Let t € |0, 1]2 be such that the minors F(J), ..., F(}77) are all non-zero, while the minors
FG:E), ce FGZ) are zero.
In this case, the equation F¢ = 0, £ = (&,...,&,) after performing Gaussian elimination

has the form
a6 +d9+++a%, = 0
a6 oot agle, = 0

a6+ a6 = 0

where
1o i
F(lffﬁ)

(see pp. 24-25 in [(Gan60]). Thus a basis for the null space of I’ consists of the vectors ),
k= .,m —r, with coordinates
n§’“" = 0, t>r,t#k+r
LD
n(k,r) — rk
' Y’
r—2 r—2) (k
(kr) fn11)f+av(~1q)~7h(")
Mr—1 - (r—2)
a
r—1r—1
0 0 0). (k
o _ay t iy et e
T = 0
O
11

If we set €77 to be the product of n*7) by a sufficiently high power of the (nonzero)

expression
1 1...
F . F " 7
1 1---7r
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we get that for each k, the fj(k’r) are polynomials in the entries of F, and the vectors &®*7)
span the kernel of F'.
The polynomial expressions f}k’r) in the entries of F' make sense without any assumptions

on F. If F(i:ﬁ), cey FGZ) are zero, the vectors £7) lie in the kernel of I (although

they will no longer span the kernel unless F G), oy F (

1eeep
1eeep

By construction fj(»k’r) € A® A° (as polynomial functions in F'). Since ¢*7) € ker F'(z) for

all z such that FGZE), e FGZ) are zero, using Lemma (.2 we therefore get that,

) are all nonzero).

1---r+1

(here x denotes the characteristic function of the given set).
Applying this result to the matrix F*° obtained from F by permuting rows via a permuta-
tion ¢ and columns via a permutation o', we obtain vectors

(lre — g (€N (F7)) e Fer f.

For each z, let r be the rank of F'(z), we can find o, 0’ so that the G), N (}::::)—minors of Foe’

are non-zero and the (i:ﬁ), e GZ) minors are zero. Thus {¢*"77)(2): 1 <k <n—r}
(and hence {¢*"%% ()} .00 Span the kernel of F' at z. It thus follows that ker f is dense

in ker ) which proves (i).

Finally the proof of (ii) follows verbatim the argument of Luck (Th. 5.1 [Liic98§]).

O
Corollary 5.4. Let A be an abelian von Neumann algebra. Then for all k > 1,
B(4) =0,
Proof. By definition,
() — dimyg a0 Tor 4% (A, AR A%),
which is zero by the main result of this section. O

6. APPENDIX II: DUAL SYSTEMS.

We recall in this appendix the construction of the dual system in the framework of section
4, and give the details of the proof of (ET).

Let M be the von Neumann algebra generated by Xi,..., X, and let Q € L*(M) be the
trace vector. We start by explicitly constructing the standard form of the von Neumann
algebra N obtained by adjoining the free semicircular variables Sy, ..., S,.

Consider the vector space V = L2 (M)Q L*(M)&®- - -® L* (M) L*(M) = (L*(M)® L*(M))™,
and let
H=LDMoVaeVeuV)e(VeuVeuyV)d:--
2

Note that V @y, V = (L*(M) ® L*(M) @ L*(M))™.
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Then M acts on H both on the right and on the left in the obvious way, acting on the
leftmost or rightmost tensor copy of V' each time. Denote by ¢; the inclusion map from
L*(M) ® L*(M) into V, which places L?*(M) ® L*(M) as the i-th direct summand.
Let w; be the i-th copy of 1 ® 1 in V. Denote by L; and R; the following operators on H:
Lim = ¢;(1®@m), Vm € L*(M)
Lv® - ®uv, = w;QuuQ---Quv,, Yy;eV
Rm = ¢(m®1), Vmec L*(M)
Rvi®---®v, = 1® - Q0v,Quw;, Yy €V.

Formally, these are the left and right tensor multiplications by w;.
It is not hard to check that if we denote by A the left action of M on H, then we have

(6.1) LiX(m)L; = 6;;7(m), Vm € M.
Similarly, if we denote by p the right action of M on H, then we have
pr(m)RJ = (5Z-j7'(m), Vm € M.

In particular, L7L; = R;R; = 1, and these operators have norm one.
Furthermore,

[Ri, \(m)] = [R\,A(m)] =0,  Vme M.

Consider on B(H) the vector state 1 = (Q,-Q), where Q € L*(M) is regarded as a vector
in H. By a result from [Shl] it follows that if we let

Si=L;+ L],

then Sy,..., 95, are a family of free semicircular variables, free in (B(H),v) from A(M).
Furthermore, the von Neumann algebra generated by M (which we identify with A(M)) and
S1, ..., 8, is in standard form, and the operator .J is given by

J @ Qu,) = vl ®- -,
Sy = Ju,

where s(zx ® y) = Jy ® Jx, and Jyis the Tomita conjugation associated to M.
Moreover, one has

which means that (); = R; is the desired conjugate system to Si,...,S, relative to
Xq,..., X, ie., it satisfies:

[RZ', XJ] = 0, [RZ, S]] - 5Z]PQ
[D;(e), Xi(e)] = di; Po

which thus gives the desired dual system.



38

Moreover, one sees that J(o(a)Q;o(b))*J1 = 0, since o(a)*J1 lies in L*(M) C H and

Q;L* (M

) = 0. On the other hand,

0(a)Qo(b) -1 = o0(a)Q;-b=o0(a)-(¢;(b®1))
= JAa")J - (¢;(b®1))

JA(a") - p;(1®b%)

= Joj(a” @)

= ¢;(b®a)

= (bS;a).

which gives ().
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