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Hecke Algebras, Type III Factors and Phase Transitions with Sponta-
neous Symmetry Breaking in Number Theory

J.-B. BosT AND A. CONNES

In this paper, we construct a natural C*-dynamical system whose partition function
is the Riemann ¢ function. Qur construction is general and associates to an inclusion
of rings (under a suitable finiteness assumption) an inclusion of discrete groups
(the associated az +b groups) and the corresponding Hecke algebras of bi-invariant
functions. The latter algebra is endowed with a canonical one parameter group
of automorphisms measuring the lack of normality of the subgroup. The inclusion
of rings Z C Q provides the desired C*-dynamical system, which admits the ¢
function as partition function and the Galois group Gal(Q¥! /Q) of the cyclotomic
extension Q%! of Q as symmetry group. Moreover, it exhibits a phase transition
with spontaneous symmetry breaking at inverse temperature 3 = 1 (cf. [Bos-C]).
The original motivation for these results comes from the work of B. Julia [J] (cf.
also [Spe]).

§1. Description of the system and its phase transition

Let us first recall the general discussion of quantum statistical mechanics and phase
transitions. A quantum statistical system is given by

(o) The C*-algebra of observables: A;

(8) The time evolution (o¢):er, which is a one-parameter group of automorphisms
of A. ‘

An equilibrium, or KMS state, at inverse temperature 3 on (A, 0;) is a state
¢ on A which fulfills the KMSg condition with respect to o;, namely for any z,y €
A, there exists a bounded holomorphic function, (continuous on the closed strip),
Fzy(2), 0 <Imz < @ such that |

F.,(t) = p(zoe(y)) VteR
Fpy(t+18) = p(ot(y)z) VEtER

In the simplest case where A = My(C) is the algebra of N X IN matrices, any one
parameter group of automorphisms (o¢):er of A is of the form

os(x) = etH g ¢71H Vxe A, teR



412 J.-B. BosT AND A. CONNES

for some selfadjoint element H = H* € A. Then for any 8 € [0, 0], one has a
unique KMSg state for oy, and it is given by

_ Trace (e PH )
#5(%) = race (e—FH)

Vz € A.

Note here that the additive normalization of H can be fixed by requiring that H > 0
and 0 € SpH. Then the normalization factor Trace(e ##) is called the partition
function of (4, ;). The following formula holds:

Log Trace (e™#H) =Sgp (S(p) — Be(H))

where ¢ varies over all states on A and S(y) is the entropy of the state
S(p) = —Trace(pLogp) for ¢ = Trace(p').

More generally, if (4, 0;) is any C*-dynamical system and ¢ is a KMSs such that
the weak closure of A is a factor of type I, then the above discussion applies and
the free energy S(¢) — B p(H) is well defined.

In a situation slightly more involved than that where A = My(C), namely for
systems without interaction, it is still true that for any 8 € [0, o[ there exists a
unique KMSg state. More precisely one has the following immediate:

PROPOSITION 1. Let A = ® A, be an infinite tensor product of matriz algebras
vel

A, = M,,(C), and oy = @ of a product time evolution. Then for any 8 > 0, there
vel

exists a unique KMSg state g for (A,o0:), and one has v =® g, where s,y
is the unique KMSg state for (A,,07).

For interesting systems with interaction, one expects in general that for large
temperature, i.e. small 3, the disorder will be predominant so that there will exist
only one KMSg state. For low enough temperatures, some order should set in and
allow for the existence of various thermodynamical phases, i.e., of various KMSg
states. It is a very important general fact of the C*-algebraic formulation of quantum
statistical mechanics that, for a given 3, every KMSg state decomposes uniquely as
a statistical superposition of extreme KMSg states:

PROPOSITION 2. ([Br-R] [H]) Let (A, o) be a C*-dynamical system and 8 € [0, co].
Then the space of KMSg states is a compact convexr Choquet simplex. The extreme
points are the KMSg factor states and, when they are of type I, yield a well defined
free energy.
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For a careful discussion of the link between extreme KMSg states and ther-
modynamical phases, we refer the reader to [H].

As a simple (classical) example illustrating the coexistence of phases at low
temperature one can think of the phase diagram for water and vapor or better
for the ferromagnet. In the latter example when the temperature T is greater than
the critical temperature T, of the order of 103K, the disorder dominates, while
for T < T. the individual magnets tend to align with each other, which in the
classical 3-dimensional set-up yields a set of thermodynamical homogeneous phases
parametrized by the 2-dimensional sphere of directions in 3 space.

This example serves to illustrate the phenomenon of spontaneous symmetry
breaking: The group SO(3) of rotations in R? is a symmetry group of the dynamical
system one starts with, and for large T', T > T, the equilibrium state is unique and
hence invariant under rotation. For small T' however, T' < T, the group SO(3) acts
non trivially on the set of thermodynamical phases and the choice of an equilibrium
state breaks the symmetry.

The C*-algebraic formulation of this is straightforward. One has a (compact)
group G of automorphisms of the C*-algebra A which commutes with the time
evolution

ag € Aut A, Vg € G, Qg0 = 00y vVt e R.

Such a group obviously acts on the compact convex space of KMSg states and hence
on its extreme points.

We shall now describe (the precise motivation will be explained below) a C*-
dynamical system intimately related to the distribution of prime numbers and ex-
hibiting the above behavior of spontaneous symmetry breaking.

The C*-algebra A is a Hecke algebra, which contains the algebra of usual
Hecke operators of number theory, i.e., those related to Hecke correspondences for
lattices in C ([Sh], [Ser;]). The latter algebra is commutative and is essentially the
algebra of composition of double cosets

v € GL(2,Z)\GL(2,Q) / GL(2,Z).

More generally, given a discrete group I" and a subgroup I'g which is almost normal,
namely which satisfies the condition

“The orbits of 'y acting on the left on I'/T'g are finite”,

one defines the Hecke algebra H(I',T'g) as the convolution algebra of (C-valued for
our purposes) functions with finite support on I'g\I'/Tg. More specifically, given
two such functions f, f’ € H(I',T¢), their convolution is

Fxfv)= D, fOa') fm) Vyel.

71 €T\
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In this formula f and f’ are viewed as I'g-bi-invariant functions on I" with finite
support in T'o\I'/T.

To complete H to a C*-algebra we just close it in norm in the following regular
representation of H in £2(To\I') (cf. [Bi]).

PROPOSITION 3. Let I’y C T' be an almost normal subgroup of the discrete group

I'. Then the following formula defines an (involutive) representation A of H(T',To)
in £2(To\I):

ADEM) =D fOY) &(n) Yy eTo\l, Vfe#.
Lo\l

One checks that A(f) is bounded for any f € (T, To). The involution on #
such that

A ) =M VfeH
is given by the following equality:

ff()=f(y1) Yy eTl\I'/T,.

Thus we let A be the C*-algebra norm closure of H(T',I'y) in £2(To\I'). A good
notation for it, compatible with the discrete group case is

H(T,To) = C} (T, To).

Let us now define the one parameter group of automorphisms o; € Aut A. We
first need to introduce notation. Since each I'y orbit on I' /To is finite we shall let,
fory el

L(v) = cardinality of the image of I'yy g in T /To

R(7) = cardinality of the image of I'gyI'g in I'o\T.

Thus by construction L(y) € N*, R(vy) € N*, R(y) = L(y~!), L and R are both
['o-bi-invariant functions.

PROPOSITION 4. Let 'y C T be an almost normal subgroup of the discrete group I
There exists a unique one parameter group of automorphisms o; € Aut(Cx(T,To))
such that

(0(7)(7) = (%%) () WyeTo\/Te.

In fact, as we shall see later, o_; is the restriction of the modular automorphism
group oy for the state on M = )\(’H) given by the unit vector corresponding to the
coset I'g € T'g\I'.
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Let us now consider the Hecke algebra H for the groups:
=P, To=Pf

1 b
0 a

+ indicates that we restrict to a > 0. One checks that PZ'" is almost normal in P(‘{
(cf. Lemma 13).

We shall now describe the phase transition with spontaneous symmetry break-
ing for the dynamical system corresponding to I' = P& , I'o = PZ"' . Let us denote
by ¥ the following function on the group Q/Z. Given n = ¢ € Q/Z, with a,b € Z,
with a relatively prime to b > 0, one lets

where P is the group of 2 x 2 matrices P = { [ ] y gt =g g = 1} and the

b= II p
PEPp

be the prime factor decomposition of b and one sets

— —kp0 1— B—1 1— -1 —1.
Yp(n) pepglcp#op 1-p"7")1-p7")

The inclusion of the unipotent subgroup

(s 2lmecfen

defines an imbedding Q/Z C T'¢\I'/T, and injective morphisms of involutive alge-
bras

ClQ/Z) c H(T',Ty)
and

C*(Q/z) c Cx(I',To).
The main result of this paper is

THEOREM 5. Let (A, ) be the C*-dynamical system associated to the almost nor-

mal subgroup PZ“" of P(af . Then

(a) For0 < B <1 there ezists a unique KMSg state g on (A,o:). Its restriction
to C*(Q/Z) c C¥(T,Ty) is given by the above function of positive type ¢
on Q/Z. Each pg is a factor state and the associated factor is the hyperfinite
factor of type 111, Ro.

(b) For B > 1 the KMSg states on (A,o:) form a simplex whose extreme points
a5 are parametrized by the complex imbeddings x : Qel — C of the subfield
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Qe of C generated by the roots of unity and whose restrictions to C*(Q/Z)
are given by the following formula:

0 (1) = CB)T Y n7B x(y)™

These states are type I, factor states.
(c) The partition function is the Riemann zeta function.

The normalization factor is the inverse of the Riemann ¢ function evaluated
at §. In other words the critical temperature here is T. =1 and at low temperature
(8 > 1) the phases of the system are parametrized by all possible embeddings of
K = Q% in the field of complex numbers.

As we shall see below the Galois group G = Gal(Q¥ /Q) does act naturally as
a group of automorphisms of C?*(T,I'y) commuting with the time evolution (0¢)teRr,
and the spontaneous symmetry breaking occurs for 8 > 1.

Before we begin the proof of Theorem 5, we shall explain how the above C*-
dynamical system is related to the distribution of prime numbers.

§2. Bosonic second quantization and prime numbers as a subset of R

It is a saying of E. Nelson that first quantization is a mystery while second quanti-
zation is a functor. In the bosonic case this functor S, from the category of Hilbert
spaces to itself, assigns to every Hilbert space H the new Hilbert space S H given
by

S H = GBZO:OS & H

where S™H is the n*® symmetric power of A endowed with the following inner
product:

(€ bnmoma) =Y [ [ m0@) V&,m € H
o 1

(see for instance [G]). Given an operator T in # (more generally T : H; — Ha),
the operator ST in S H is given by

(ST)(é1---&n) = (T&)(TE) -+ (T€,) V& € H.

Even if T is bounded, ST is not bounded in general but if T is selfadjoint (un-
bounded) so is ST. Thus we shall work with such operators. One has the following

formula: ]

Trace(S T) = m

()
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which makes good sense if || T ||< 1 and T € L (H).

The problem we shall now consider is the following: to give a simple character-
ization of selfadjoint operators T’ in H whose spectrum is the subset P C R formed
of all prime numbers, each with multiplicity one:

P ={2,3,5,7,11,13,17,...} CR.

The corresponding problem for the set N = {0,1,2,3,...} of natural numbers, or
N* = N\{0}, is easier, and was solved by Dirac’s paper [Dir] which inaugurated
quantum field theory. In that case the solution is simply that there exists an operator
a such that

a* —a*a=1, a'a=T.

(For N* one requires that aa* be equal to T.) Let us now state the result for the
subset P C R:

LEMMA 6. Let T be a selfadjoint operator in a Hilbert space H; then (counting
multiplicities)
Spectrum T = P < Spectrum ST = N*.

Proof. Let us first assume that Spectrum ST = N*. Then, as quite generally
SpecT C SpecST, (using the inclusion H C SH) we see that ¥ = Spec(T’) C N,
Let us show that P C X. Indeed let p € P not be in . Then since ¥ C N*,
one has p ¢ X" for any n (with ™ = {kikz---kn;k; € X}). This shows that
p ¢ Spec(ST) = UZ", whence a contradiction. Thus P C X. If k € Y\P, then as
k € P™ for some n > 1, this would mean that k is not a simple eigenvalue for ST'.
Thus P = ¥. The converse is obvious from Euclid’s unique factorization theorem,
but we shall fix the corresponding notations: we let H; = £2(P) be the Hilbert space
with basis (g,)pep, and we identify it to the one particle subspace of S #; = 2(N),
the Hilbert space of square integrable sequences of complex numbers, with canonical
basis (€ )nen+. We shall denote by T' the operator:

T:0*(P)— £2(P); Tep,=pe, VPEP
and by ST the corresponding operator

ST :*(N*) = 2(N*); (ST)e, =nen,  Vn e N

We shall let H = log(ST). It is the generator of a one parameter unitary
group Uy = exp(itH) = T", whose role is made clear by the following special case
of formula (*) which is the Euler product formula for the Riemann ¢ function:

For Res > 1;((s) = Trace(ST)® = d—etzli——TT)'



418 J.-B. BosT AND A. CONNES

The meaning of Lemma 6 is that the subset P C R has a neat definition provided
one is ready to use the formalism of bosonic quantum field theory. That formalism
includes the algebra of creation and annihilation operators, respectively a*(¢) and
a(n), for £,n € H, given by

a*(f)glgn =810 &n VE, eH
a(n) = (a*(n))*.

It also includes the time evolution, in Heisenberg’s picture, given by
ot(z) =U; 2z Uf = g e~®H R

In our case the corresponding C*-algebra in SH = ¢?(N*) and time evolution are
given by the following:

PROPOSITION 7.

(a) For every p € P, let tp be the isometry in £2(N*) given by the polar decom- J
position of the creation operator associated to the unit vector ep € H. The .
C*-algebra C*(N*) generated by the uy’s is the same as that generated by the
isometries pn, n € N*, defined by

Ln €k = Ekn, Vk € N*.

(b) This C*-algebra is the infinite tensor product

C*"(N)=@®
¥)=g 7
where each T, is the C*-algebra generated by pp and is the Toeplitz C*-algebra.

(c) The equality oy(z) = e*H 3 e~itH vy ¢ C*(N*), t € R where H = log(ST),
defines a one parameter group of automorphisms of C*(N*) given as

0t =Q 0Otp; 0tp(tp) =" pp VteR.
pEP

Proof. (a) By construction Mp is the one-sided shift in the Hilbert space S C Ep
tensored by the identity in each of the Hilbert spaces S C 4, ¢ # p in the decom-
position

SH=(X) SCe,.

qEP

In terms of the basis (&,) of SH one thus has

Hp En = Epp VneN

B
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so that (a) follows.

(b) We recall that the Toeplitz C*-algebra 7 is the C*-algebra defined by a
unique generator u satisfying the relation v*u = 1. If u is any non-unitary isometry
in a (separable) Hilbert space, the smallest C*-algebra containing u is isomorphic

to 7. This C*-algebra is nuclear so that the finite tensor products ® 7, are unam-
p<n

biguously defined. The C*-algebra ®7> 7p is their inductive limit. Now for each p
pE

the isometry ju, generates 7, in S C €, and since the finite tensor products ® 7,
psn

are faithfully represented in H, we get (b).
(c) follows from a direct computation.

The C*-dynamical system thus obtained is not very interesting because it
is without interaction (see Proposition 8 (a)). Nevertheless the unique associated
KMS states will be useful later and are given by the following corollary of Propo-
sition 1 and of the Araki-Woods classification of ITPFI.

PROPOSITION 8.

(a) For every B > 0, there ezists a unique KMSg state on (C*(N*),0:). It is the
infinite tensor product

=Q
(p/B pEP Soﬁap

where @g.p is the uniqgue KMSg state, on (Tp,01,p) for otp. The eigenvalue

list of pp,p 18
{1-pP)p™ ; neN}.

(b) For B > 1, the state @g is of type I, and is given by
oa(z) = ¢(B)~ Trace(e P¥ z) Vz € C*(N*).
(c) For B =1, the state pg is a factor state of type I1I; given by
ps(z) = Trace,(e™ z) Vr € C*(N*)

where Trace, s the Dixmier trace.

(d) For0< B <1, ¢g is a factor state of type I1I; and the associated factor is
the factor Ro, of Araki-Woods.

Statement (d) for 3 = 1 is due to B. Blackadar ([Bl]). We refer to [Co] IV.2
for the definition of the Dixmier trace, whose general properties make it clear that
the equality (c) defines a KMS; state.
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Proof. (a) Let us first show that there exists a unique KMSg state on 7, for the
group oy p. We let 7, be the C*-algebra in £2(N) generated by the one-sided shift S ,
while oy ,(S) = p*S is the one parameter group of automorphisms. First let ©8,p
be the restriction to 7, of the state on L£(¢2(N)) given by

P(A) =Y Apn v(n)

neN

o -1
where v(n) = p~"# ( > p‘mﬂ) :
m=0

One checks that ¢g, is a KMSg state on 7,. Conversely, let ¢ be a KMSg
state on 7,. Then the KMSs condition shows that ¢ vanishes on any eigenvector
A€ p,

orp(A) = A" A Vt € R, provided ) # 1.

It also shows that p(SS*) = o(5* 0_i5(5)) = p~P ©(5*S) = p~# so that (1 -
SS*)=1—p=B. More generally, one has for any k,/ € N:
p(S*5*) =0 if k+#£¢
=p ¥ if k=4¢.

This shows the uniqueness of ¢ = ¢a,p on the ideal K of compact operators, X C Tis

Thus the difference 1) = ¢ — g, vanishes on K and is a continuous linear form
on the quotient C*-algebra 7, /K = C(S"). We saw that ©(S™) = ¢g,,(S™) = 0 for
any n > 0 and similarly for (§*)" so that ¢y = 0 and ¢ = ©B.p-

The uniqueness of ¢z then follows by a general argument for tensor products:
Let (4,07') and (B,of) be C*-dynamical systems and ¢ a KMSg state on (A ®
B,0{ ® o). Then for any b € B the functional on A

po(a) = p(a ®b)
is KMSg on A. Indeed for any z,y in A one has

¢ (0f(2) y©b) = (07'®P (2 @ 1)(y ® b))
¢ (yof(z)®b) =p ((y®b) 0f'®B(z®1)).

(b) One uses the finiteness of Trace(e=PH) for § > 1.

(c) By construction one has an infinite tensor product of type I factors with
eigenvalue list given by
/\p,n - p—n,B(l - p—ﬂ) )




HeEcKE ALGEBRAS, TYPE III FACTORS 421
thus the assertion follows from [A-W].

(d) One directly checks the KMS; condition, and the same argument used for
(c) shows that ¢; is of type III;.

§3. Products of trees and the non-commutative Hecke algebra

In this section we shall relate the C*-dynamical system (C*(N*),o;), of section 2
with basic number theory notions [We;] and get the Hecke dynamical system of
Theorem 5.

Let P be the ax + b group, i.e., the group of triangular 2 x 2 matrices of the

0
a functor A — P4 from commutative rings to groups. It plays an important role
in the elementary classification of locally compact (commutative and non discrete)
fields (cf. [Wey]). Indeed given such a field K, then the group G = Py is a locally
compact group, and as such, it has a module

form ll 2], with a invertible. We view it as an algebraic group over Z, i.e., as

0:G—-RY,

defined by the lack of invariance of a left Haar measure dg on G under right trans-
lations:

d(gk) = 6(k)dg VkeG 1)

(or equivalently d(g~?!) = 6(g)~'dg as measures on G).

This module § : Px — R’ is 1 on the additive group and its restriction
to the multiplicative group (extended by 0 on K\K*) yields a proper continuous
multiplicative map

modK K—)R+ (2)

In fact, if dz denotes the Haar measure on the (locally compact) additive group K,
we have

d(az) = modk (a)dz  Va € K*.

Moreover the open sets {k € K;modg(k) < ¢} form a basis of neighborhoods
of 0. The image of J is a closed subgroup of R% and except for the case of the
archimedian fields R or C, this closed subgroup is discrete equal to A% for some
A € ]0, 1] whose inverse ¢ = A~ is called the module of K. The function on K x K
d(z,y) := modg (z — y) is then a ultrametric distance giving back the topology of
K ([Wez]). In other words, we have:
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PROPOSITION 9. (cf. [Wes]) Let K be a non-discrete commutative locally compact
field, K # R or C. Then there exists a prime p such that modg(p) < 1. Call R,
R* and P the subsets of K respectively given by

R={z € K ; modg(z) < 1},
R*={z € K ; modg(z) =1},
J={r € K; modk(z) < 1}.

Then R is the unique mazimal compact subring of K; R* is the group of invertible
elements of R; J is the unique mazimal ideal of R, and there is © € J such that
J = mR = Rr. The topology on the topological group K is the unique (ultrametric)
topology such that the ideals ™" R form a basis of neighborhood of 0. Moreover, the
residue field k = R/J is a finite field of characteristic p; if q is the number of its
elements, the image of K* in RY under modg is the subgroup of RY generated

by q.

Given z € K the integer v(z) such that modg(z) = ¢~¥®) is called the
valuation of z.

As a basic example the field Q, of p-adic numbers is defined (given any prime
number p), as the completion of the field Q of rational numbers for the distance
function:

d(z,y) = |z - ylp (3)

where for z € Q, £ = p™ ¢ (with n, a, b integers and a, b relatively prime to p) one
sets

l&|p = p~™. (4)

The maximal subring R of K = @Q,, is the ring Z, of p-adic integers and the residual
field k = R/J is the finite field F,.

One obtains in this way, together with the inclusion Q C R, all the inclusions
Q C K of the field of rational numbers as a dense subfield of a local field X. Such
inclusions (or rather in general, equivalence classes of completions) are called places
and to distinguish the real place Q@ C R from the others, the latter ones are called
finite places.

Putting together the inclusions of Q in its completions Q, = K parametrized
by the places of Q, one gets a single inclusion of Q in the locally compact commuta-
tive ring of adeles which is the restricted product of the fields Q,. More specifically
this ring is the product R x .4 where the ring A of finite adeles is obtained as follows:

a) Elements x of A are arbitrary families (z p, with z, € Q,, such that
p)pe P P
Zp € Zy for all p but a finite number.

(b) (z+Y)p =2zp + yp; (zY)p = 7,Y, define the addition and product in A.
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(c) Finally A has the unique topology of a locally compact ring such that the
subring '

R= 1 Z,
pEP

is open and closed and inherits its compact product topology.

We shall now relate the C*-dynamical system (C*(N*),0:) of section 2 with
the locally compact ring A of finite adeles.

We just need to recall that, given any locally compact group G with modular
function § : G — R, one has a natural one parameter group of automorphisms o
of C*(G) given by the following formula valid on L*(G):

(1)) = 8(g) flg) Vg€G,teR (5)

This automorphism group defines also an automorphism group of the reduced C*-
algebra C}(G), and the group o_; is the modular automorphism group of the
Plancherel weight on C*(G).

PROPOSITION 10. Let A be the ring of finite adeles over Q, and R its mazimal

(open) compact subring. Let G be the locally compact group G = Py, and e € C*(G)

the characteristic function of the open and compact subgroup Pr C P4. Then:

(1) One hase =e* =€?, and the reduced C*-algebra C*(G). = {zx € C*(G) ; ex =
re = x} is canonically isomorphic to the C*-algebra C*(N*) of section 2.

(2) One has oi(e) = e Vt € R, and the restriction of o; to the reduced C*-algebra
C*(N*) is the time evolution of section 2.

We think of the characteristic function of Pg as an element of LY(G,dg) C
C*(G), with dg the unique left Haar measure which gives measure 1 to Pr. The
group G is solvable and hence amenable so that there is no distinction between

C*(G) and the reduced C*-algebra C*(G).

The proof of Proposition 10 reduces immediately to a local statement, namely,
if K =Q, and R C K is the mazimal compact subring, the C*-dynamical system
(C*(Pxk),0t) given by (5), reduced by the projection e, defined as the characteristic
function of Pg, is isomorphic to the Toeplitz C*-algebra T, with the time evolution
otp of Proposition 7 (c).

To check this one uses the isomorphisms
C*(Pg) 2 C*(K)><K* = Cy(K) > K"

given by the identification of the additive group K with its Pontrjagin dual (cf.
[Wes]; we use in the sequel the same normalizations for the Haar measure and
the Fourier transform on K as in loc.cit., namely the additive Haar measure of

R = Z, is 1, and the identification of K with its Pontrjagin dual is such that
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R = R). Then to e, corresponds the element of the crossed product given by
Jr- 1r Uy dg. The reduced C*-algebra C* (P )e, is then generated by the isometry
tps kp € C*(Py, )e,, given by the following L' function:

Lp ([(1) 2]) =1 if be R, val(a) =1, and is equal to 0 otherwise. (6)
Let us check that y, is an isometry, i.e., that Pp lp = €p. The left Haar measure
1
0
normalized so that | g+ @"a = 1. The module § of the locally compact group Py is

given by ¢ ( [é 2}) = |a|. The adjoint pp Of pp is given by the function

on Py is given by d [ ZJ = db d*a where d*a is the multiplicative Haar measure

1p(9) = pp(g=1) 6(g™). (7)

Thus the convolution Kp * Up is given by the integral

(5 1) (g) = / 1 (1) tpl19) das. ®)

Pg

This vanishes unless g € Pr as can be seen using g = g7 1 g, for pp(g:) = 1. With
o 1 b -1 _ |1 —al_lbl 1 b (1 b — azal_lbl
H= [0 ai] one gets 91 92 = I:O al_l 0 (45] - 0 al—lag -

Pr. Moreover the integral f Py Up(9) dg is equal to 1 so that one gets Kp * lhp = €p.

0
one has o+(up)(9) = 6(9)™" 1p(9) = lal™* py(9) = P pp(g). Thus oy (pp) = p* pyp.

We may also write the state ¢g, on C*(Pxk). , n terms of bi-invariant func-
tions. One obtains the following identity for any f € C*(Px)

One has 0¢(up)(g) = 0 unless g = [1 2], val(a) =1, b € R, and for such g’s

ep'

eosl$)= 1[4 ‘j])+<zpk<l-ﬁ>f E p;'“]) -2

k>0

(Observe that the elements of C* (Px) may be identified with some Pp-bi-invariant
functions in L2(PK), and therefore to some locally constant functions on Pg; in
particular they have well defined values on points of Px.) According to Proposition
8 (a) and its proof, to prove (9) we only need to check that the linear functional on
Ce(Pk )e,, defined by the right-hand side of (9), satisfies the KMS; condition; this
follows from a straightforward computation.

The C*-dynamical system (C*(P4),0:) of Proposition 10 is without interac-
tion, exactly as is (C*(N*),0;) (Proposition 8), and there is an exact analogue of

1
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Proposition 8, which states the existence and uniqueness (up to scale) of KMSg
weights on the above system. One needs to use weights because one is dealing
with non-unital C*-algebras. At the technical side such weights have to be semi-
continuous and semi-finite (for the norm topology) (cf. [Com]). It is however instruc-
tive to work out the explicit formula for those KMSsz weights. Using the natural
isomorphism of the Pontrjagin dual A of the additive group A with itself (cf. [We]),
one gets an isomorphism

C*(Pa) = Co(A) > A" (10)

where the multiplicative group A* of finite ideles acts by homotheties in the locally
compact space A. The KMSg weight on C*(P4), o is then the dual weight of the
following measure pug on A:

ualr) = <O [ 1P £ (1)

Here d*j is the Haar measure on the multiplicative group A*, j — || is the module,
and the formula makes sense as such for 8 > 1, and by analytic continuation for
0 < B <1 (cf [T], [Wei], [Wez]).

It is clear that to obtain a C*-dynamical system with interaction we need to
use not only the locally compact ring A but also the fundamental inclusion

QcC A (12)

We shall use the corresponding inclusion Pg C P = G and the action of P4 on the
C*-module £ = C*(G)e over C*(N*) given by the isomorphism of Proposition 10:
C*(G)e = C*(N*). Indeed, given any C*-algebra B and (self adjoint) projection
e € B, the space £ = Be = {z € B ; ze = z} is in a natural way a (right)
C*-module over the reduced C*-algebra B, = {z € B ; ex = xe = x}. Thus we let

(&,n)=¢&neB., V{ne&=Be (13)

o€, VE€&, ac€B..

This C*-module has moreover a natural left B-module structure, given by (b,£) —
béeE,Vbe B, €.

In our case £ = C*(G)e is a space of functions on G which are invariant by
right multiplications by elements of Prx C G, or in other words, it is a space of
functions on the homogeneous space

A = G/Pg. (14)
This space A is by construction the restricted product of the spaces

Ap =Py, /Py, (15)
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relative to the base point given by Pz,.

PROPOSITION 11. The homogeneous space By = Po, /Py, over the group Py, C
GL(2,Qp) is naturally isomorphic to the (set of vertices of the) tree of SL(2,Q,).
The group Pg, acts by isometries of Ap and preserves a point at co.

Let us recall (cf. [Sers]) that the tree of SL(2, K), where K is a local field, is
defined in terms of equivalence classes of lattices in a two-dimensional vector space
V over K. With the notations of Proposition 9, a lattice L C V is a sub R-module
of V' which is of finite type and generates V as a vector space. The multiplicative
group K™ operates on the set of lattices by (L,z) — zL for z € K *, and one lets T
be the set of orbits of this action of K*. Given a lattice L C V and a class A’ €T
there exists a unique representative L’ € A’ such that L' C L and L/ ¢ mL (with
™ given by Proposition 9). Then L/L’ = R/7™R and the integer n, which only
depends upon the classes of L and L', defines a distance d on T, by the equality

d(class of L , class of L') = n. (16)

Using the set of pairs with mutual distance equal to 1 to define a 1-dimensional
simplicial complex, one gets a tree, the tree of SL(2,K), and the above distance is
the length of the unique shortest injective path joining two elements of this tree (cf.
[Serz]). The group GL(V) of automorphisms of the vector space V acts on the set
of lattices by

(L,9) gL VgeGL(V), (17)

and since this action commutes with that of K* it gives an action, by isometries,
of GL(V) on the tree T. Let us identify V with K2, GL(V) with GL(2,K), and

consider Pk as a subgroup of GL(2, K) : Px = {[é 2] ; a € K* | bEK}. Let

Lo be the lattice R?> C K2. Then one checks that Py acts transitively on T and
that the stabilizer of the class of Lg is Pr. We thus get a canonical identification
T = Pk /Pg. Taking K = Q, yields the conclusion.

ProrosiTION 12.

(1) The homogeneous space G/Pr = A equipped with the base point Pr is canon-
ically isomorphic to the restricted product of the trees T, equipped with the
base points Pz, and the action of G on A is simplicial.

(2) The subgroup P& C P4 = G acts transitively on A, and the 1sotropy subgroup
of the base point * is PZ+ .

Proof. (1) Since both P4 and Pg are restricted products, the proof of (1) is straight-
forward.
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(2) First Q is dense in the additive group A of adeles (with the oo place
removed), (cf. [Seri]).

The subgroup Q% of A* is discrete and one has A* = QL R' where R* =
{(zp) ; val(zp) =0 Vp} is a compact subgroup of A* (cf. [Weg])

Consider the exact sequence of groups
05 Ao PgB A o1 (18)

The closure of Py in P, is given by p~*(Q%). Thus Eg = A>Q . Given g =

1 n
[O h] € P4 one can write h = rs with 7 € Q7 , s € R*, then

1 n| _[1 mns7t| |1 O
N T

=+
Thus g € Py Pr and since Pg is open in Py, we get g € P&' Pr. Thus Py = P&' Pr
and Pg acts transitively on A.

Finally the isotropy subgroup of the base point x = Pg is given by P, (—5 N Pr =

{[(1) ﬂ;neZ}=Pg.

We can thus identify A with P& /P;, and we shall now get the Hecke algebra
of Theorem 5 from the commutant of the action of P+ in the space of functions on
A. We need for that purpose to consider the Hllbert space £2(A) = ez(P sgjzagh
Let ' = PQ ; g = PZ+ C P@ . Let us check first

LEMMA 13. The action of Iy = P; on I'/Ty only has finite orbits-

1
Proof. Let g = [0 k} c PQ Then g I'g =

bl 3]me)= {3 727 e}

1 m 1 n| |1 n+ta+ni k
o 1|90 1] |o k ‘
When n; varies, the n, k only take finitely values modulo Z, their number depend-

ing upon the denominator of k. Thus we see that we get indeed a finite orbit of
cardinality the denominator of k.

One has
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LEMMA 14.

(a) Any element T of the commutant of T' acting in £2(T'/Ty) is characterized by
the To-bi-invariant function fr(g) = (T €.,g97! €.).

(b) Onehas Y. |fr(9)? < co.
g€ET\T

(c) One has fr-(9) = fr (g71).
(d) The Do-bi-invariant function fr,7, associated to the product of two elements i
Ty and Ty in this commutant is given by

fT1T2(g) = Z fT1 (ggl) sz(gl_l)'

/Ty

Proof. (a) Each element of I' acts by permutation of the basis €,, z € T'/T of H =
¢3(T'/To). Since T commutes with I it is characterized by Te, which is determined
by fr. One has fr(g) = (T'g €.,¢.) so that fr is [o-bi-invariant.

(b) Obvious.

(©) fre(g) = (Teerg™2ec) = (g €0, Te.) = (Teig 22)

(d) fT]_Tg(g) = <T1T2 Ee,.g_l€€> = <T2 ee,g—le€e>
= Y. (Trce,01 &)(01 e, 9 Tree)
91€T/To
= > In(ggr) frlarh).
91€T /Ty

One can write (d) as

frr(9) = Y. frger") fn(9).

91€T/To
Condition (b) shows that fr(g) = 0 unless there exists a finite set F C T' with
TogToC F T

i.e., if g Ty belongs to a finite orbit of I'y on I'/Ty. By Lemma 13 we can take
a basis of I'g-bi-invariant functions, ex, where X runs through the double classes

X €To\I'/To, ex(9) =0if g ¢ X, ex(g9) =1if g € X. For each such class one has
two associated finite integers:

L(X) = cardinality of the image of X in I"/T,
(19)
R(X) = cardinality of the image of X in T'o\T.
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In fact to each double class X corresponds the positive rational number given by

k for any [(1) Z] € X, and L(X) is the denominator of k, while R(X) is the
numerator of k.

PROPOSITION 15.

(a) Let f be a T'g-bi-invariant function on I’ with finite support in To\I'/T'g. Then
there exists a unique element r(f) of the commutant of T in £2(T'/To) such
that

flg)=(r(f)ee, g ) VgeT.

(b) The map r extends to an isomorphism of Cx(I',T'g) with the C*-algebra C =
Cq generated by the r(f) in £2(A).

Proof. (a) Let X be a double class, X € I'o\I'/T’y and ex the corresponding I'o-bi-
invariant function. Let 7" be the matrix given by

(Tgl €e sy g2 Ee) = €X(Qz_1 91)-

One has, by Lemma 13, the bounds

Sup 3 Tupl < LX), Sup 3 [Tl < BX)
o 3 .

which shows that T defines a bounded operator in £*(A) and in £>°(A), hence in
¢2(A). The uniqueness is clear.

(b) follows from Lemma 14 (d) and the definitions of #(T',T'g) and C}(T',T'o)
(cf. Proposition 3).

Next we let ¢ be the state on Cg defined by
o(T) = (Tee , €e)- (20)

LEMMA 16. ¢ is a KMS; state on C with respect to the one parameter group oy,

oy

- X
O't(ex)Zk‘Zt €x, k=—-(—)-

(X)

h

Proof. The product of I'g-bi-invariant functions is given by

(fixf2)(@)= D> flg) f2(91" 9)-

g1€T/Tq
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One has
o(fixf)=(fixfo)e)= Y fi(gr) f2(97")
91€T /T
plex*f)= Y ex(gr) flo")
g1€T /Ty
o(frex) = Z f(g2) ex(g5h).
91€T /T

Let g € I' with X =T g I'y a fixed double class; then as f is I'o-bi-invariant, the
two above expressions are multiples of f(g~1):

plex * f) = L(X) f(g7"), o(f *ex) = R(X) f(g72).

Thus p(ex * f) = ég—f(% @(f * ex). This shows that ex is an eigenvector for the
modular automorphism group of the faithful normal state

T — (Tee , €e)

on the weak closure C” of C acting in H = ¢%(T/Ty). It thus follows that ¢ is a
KMS; state for the group oy = o¥,. The vector e, € £2(A) is still separating for the
weak closure of Cg because it is cyclic for PQ by Proposition 12 (2). The subspace

H. of £2(A) given by
'Hr = CQ Ee

is in the bicommutant of the action of P& on A and we shall compute it.

LEMMA 17. Let £ € £2(A); then € € H, iff € is fired by Ty C Pg acting on the left
on A = P(‘{/I“o.

Proof. Let £ € H be fixed under I'g. Then the function f(g) = (£,¢,), g € T'/T is
I'o-bi-invariant. To show that £ € #, we can assume, using an orthogonal decom-
position, that f is the characteristic function of a double class, f = ex. We get as
above that e% €. =) g €. where X = FT) so that all the characteristic functions

geF
of double classes belong to #.,.. Conversely if £ € H,. and £ = T ¢, for some operator

T commuting with PJr then as T' commutes with I'g C P+ and ge. = e, Vg € I,
one gets that £ is ﬁxed by T'p.
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§4. Presentation of the C*-algebra Co = C;(Fg, P )

Let us first consider the Hecke algebra # = H(T',I'o) where T' = Py, To = P are
as above. It is an involutive algebra over C with a linear basis ex, indexed by the
double cosets X € I'g\I'/T"g. We shall use the following notations:

() For n € N*, p, = n"/2ex where X, is the double class of the element

1 0 4
lo n] ofPQ.

(B) For v € Q/Z, e(vy) = ex~ where X7 is the double class of the element l(l) ’”
of P§ /Py .

PROPOSITION 18. The elements i, e(y), n € N*, v € Q/Z generate the involutive
algebra H and the following relations give a presentation of H.

(a) pnpn=1 Vn

(b)  pnm = Pn Hm Vn, m

(C)  bn by = iy b if (n,m) =1

(d) e(y)* =e(—7), e(r1+72) =e(n)e(2) VY, 71,72
(e) e(Y)pn=pne(ny) Vn, Vy

(f) pne()ppn=x ME_7 e(d) Vn, V.

O

Proof. We first have to check that the relations (a)—(f) are fulfilled using the defini-
tions of the product and involution in H, namely:

Axf(9)= Y, fila) f2(91"9) (1)
g1€l' /Ty
f(9)=f(g™1). @)

For n € N*, the right class l(l)

that for any I'g-bi-invariant function f € H:

2] I'y is already a double class: X,,. This shows

00 =1 ([g oa]0)  veer ®)

Similarly, the right class {(1) ’H Ty, v € Q/Z is already a double class X7 so that

csn@=1(ly 7]s) veer (@
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and using the equality I'g [(1) ’17] =X,

(fxe(v)(9) = f (g [(1) ?D Vgerl. (5)

Using (3), (4), (5) one proves directly the relations (b), (d) and (e). The left multi-
plication by p; is given by

n*?(uy,  £)(g) = Zf([(l) ﬂ g) VgeT (6)

1
0

1 6] [1 k] _[1 k+nb
0 1| [0 n| ™ |0 n '
The equality (a) follows directly from (6). Let n, m be integers such that (n,m) = 1;

using (3) one gets that the bi-invariant function nl/ 2m/2 poxp is the characterlstlc

function of the I'y double coset: [(1) %j

where the bi-invariance of f shows that f <[ 7]2] g) only depends on k£ modulo

n, since

} Using (6) one gets that

m? i, pn(g) = Zun([o m] g)-

Let g = (1) g € I'. Then the (k+1)-st term on the right-hand side vanishes
unless L & € 1 Z ie., unless @ = n/m, B+ 2£ ¢ Z. Thus the left-hand
0 m g 0 n b ] - ? m ¥

side vanishes unless 8 € Z/m and is equal to n=/2 if 3 € Z/m since, as (n,m) = 1,
only one value of k will contribute to the sum. This proves the relation (c). To prove
(f) one combines (3) and (4) which gives

s s @ =1 (g T 9] ver

n

which one applies to f = p}. One has f(g) =n"'2ifg € [(1) ?;Z} and f(g) =

otherwise. This shows that (u, * e(7) * u)(g) vanishes unless g = [1 H ] with

0 1
o s A€l

S

i

0]
it
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i.e., n8 = v modulo n. Since this equation has n solutions 3 € Q/Z one gets (f).

We have thus proved the relations (a)—(f). Conversely let A be an involutive
algebra generated by elements (u.), (e,) satisfying (a)—(f). We shall show that the
monomials of the form

tn,m,'y:l"ne(ql)/‘l':n) n,meN*, (nvm):]-a ’YEQ/Z

form a set of generators of the vector space A. It is enough for this to express
the adjoint and the products of such monomials as elements of their linear span L.
First, if we continue to denote by t, m , the expression pn e(y) pk, when n,m are
not relatively prime but have (n,m) = ¢ > 1, we can write

tn,m,y = Hn/q Hq €(7) Kq Hm/q

and use (f) to express it as an element of £. It is clear that (tamy)T = bragm,—y 50
that £ = L£*. Let us now compute the product: tn; mi v tnz,maye- Lt @ = (m1,n2),

then uy,, pn, = /“;n/q ,u:; Kq Hny/q = /J'*ml/q Bng/q = Hna/q /‘l’:nl/q using (a), (b), (c).

ThUS try,my,vs tngmae = Bny €(71) By /q B, /g €(V2) Him, - Using (e) and its adjoint
one thus obtains

Na ma *
tny,mim tng,ma,y2 = Mning/q € _q—’Yl + 772 HFmima/q

which is a ¢ m With (n,7m) not necessarily 1 and can be expressed as above as
an element of L.

We have shown that the linear span £ of the ¢, m is an involutive algebra
and hence that £ = A. In the algebra H the t, m 4 are given by

tnmy = (nm)™?ex, X = double class of [(1) n7m] . (7)

Thus they are linearly independent in # and this is enough to conclude that (a)—(f)
is a presentation of H.

It is crucial that the above presentation of # is defined over the field Q of
rational numbers, since this will allow for a natural action of the Galois group G of
the cyclotomic extension Q°¥°! of Q on certain representations of H which we shall
construct later in Section 6.

A result similar to Proposition 18 holds for the C*-algebra Cq = C}(T',To)
and due to the amenability of I = P(af , the nuance between C*(I',T'p), the universal
C*-algebra generated by the (in,ey) with the above relations, and Cy(T',T'o) does
not arise. One has C*(I',Ty) = C*(T', T'o).
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\

PROPOSITION 19. Let 7 be an involutive representation of H as operators in a 1
Hilbert space H. Then m extends uniquely by continuity to a representation of ;
Cr(I',Ty) = Cg.

Proof. The relations (a) and (d) show that m(u,) is an isometry and 7(e(7)) a
unitary. Thus one has

[7w(n (V) )l <1 VYn,m,y.

This shows that 7(f) is bounded for any f € %, with

[ (A < £l

where

_ ~1/2 _ L(y)
1 £1l2 —7§P05(V) PlE@l, o) = RO

It follows then that the following equality defines a norm on H whose completion is
a C*-algebra:
1/ llmax = Sup{||m(f)[| ; = € RepH} (8)

where Rep H is the class of all involutive representations of A in a fixed separable
Hilbert space.

Let us now show that

[fllmax = I fllczrrey  VfEH, (9)

which is a statement of amenability of the pair (I',To). Let us first prove (9) for
elements of the group ring f € C[Q/Z], i.e., linear combinations of the ey, Y € Q/Z.
Using the representation of # in £?(To\I") one has

[fllmax = I fllc; ~ VfeH. (10)

Thus we only need to prove the other inequality. The amenability of the group Q/Z
shows that

IO <1 fllez@zy  VF € ClQ/Z] (11)

for any unitary representation 7 of Q/Z.

Observe that in the representation of H in £2(I',\I") the restriction to ClQ/Z)]
defines a faithful representation of C;(Q/Z) = C*(Q/Z). Indeed the restriction of
the action of Q/Z to the orbit of ey = Iy, is isomorphic to the regular representation
of Q/Z, so the result follows. This proves (9) for elements of ClQ/Z] and allows
us to view C*(Q/Z) as a C*-subalgebra of the C* completion C* (I',To) of H for
the norm (8). Let us identify the dual of the group Q/Z with the additive group
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R C A using the equality Q/Z = A/R and the identification of the additive group
A with its Pontrjagin dual. Consider now the locally compact groupoid G defined
as follows. As a locally compact space G is the following subset of R x Qf,

G ={(ba) eRx Q" ; abe R} (12)

which may be identified with a countable union of open and closed subsets of R.
One has G(® = R x 1 =R and the range and source maps are

r(b,a) =ab, s(b,a)=" (13)
while the composition is given by
(bl,al) 0 (bz,az) = (bg,alag). (14)

By construction the fibers G% and G, € R of r and s are discrete countable sets
and the C*-algebras C*(G) and C;(G) of this locally compact groupoid make good
sense. They are the completions of the convolution algebra C.(G) of continuous
functions with compact support on G,

(ixfo)) = Y, filn)f2(r2) (15)
Y1072=Y
Fr=£(1) (16)
under the following respective norms:
| fllmax = Sup{[|w(f)|| ; = € RepG} (17)
I£ll» = Sup_[[A(f)l (18)
z€g(©)

where )\, is the left regular representation of f in £2(G®) given by:

KN = > Fm)eOTH)- (19)

r(m)=2

Now since the group Q% is amenable it follows that the locally compact
groupoid G is amenable in the sense of [Ren], so that the norms (17) and (18)
coincide.

Next, given a representation m of H, we get a representation 7 of C.(9) as
follows. We identify H with a subalgebra of C.(G) by checking that the following
elements €(7), fin, of C.(G) satisfy the presentation of Proposition 18,

e(v) (b,a) =0 unless a=1,

e(y) (b,1) = (b,7) (20)
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(where (b,~) is the pairing between R and Q/Z given by Pontrjagin duality of
abelian groups)

fin(b,a) =0 unless a=n"1; [,(b, n)=1 WheR. (21)

One checks directly the relations (a)—(f) of the presentation of A using in particular
the equality

(ny,b) = (y,nb) Yy € Q/Z, Vb€ R such that nbe R. (22)

Let then 7 be an involutive representation of . We have shown above that the
restriction of 7 to the group ring of Q/Z extends to a representation of C* (Q/zZ) =
Cy(Q/Z). 1t thus follows using the 7,, which together with C(R) generate C,(G),
that 7 extends to a representation 7 of the convolution algebra C.(G) of the locally
compact groupoid G. The amenability of G thus yields

Im(FIl < Sup [A(H  VfeH. (23)
zER

The homomorphism A : G — Q%, h(b,a) = a, yields for each z € R, an injection of
G” in Q% which allows us to consider the continuous field of Hilbert spaces éz(gw),
z € R as a subfield of the constant field with fiber £*(Q*.). For any f € H the

~

map = — A;(f) is then strongly continuous with values in L(2(Q*)). This can be
checked directly for the fi,, and the elements of C (R).
It follows that for any f € H the function on R given by z — H/\,c(f)]l, is

lower semicontinuous in the sense that {z ; IAs(f)]| > @} is an open set for any a.
Thus

~

Sup [[As(f)ll = Ess Sup [|A(f)) (24)
TER TER

and the right-hand side is equal to || fllex(r,ro) so that the equality (9) follows.

§5. Action of W x R on the C*-algebra Co

Let (0t)icr be the action of R on the C*-algebra Cp = C*(P(éfr , Pf) defined in
Proposition 4. In terms of double classes X in [o\I'/Ty, T = P& , g = PZ+ , one

has R(X)
— L.—it —
oilex) = k7" ex, k__L(X)

and for the double class of g = [é 2] € P{{ , one has
= g.




HeckKE ALGEBRAS, TYPE III FACTORS 437

In terms of the presentation (Proposition 18) of Cg one has

oi(pn) =1 pn YR EN" , ay(e(v)) = e(7) (2)

for any v € Q/Z and any t € R.

PRrRoPOSITION 20.

(a) The C*-subalgebra of Cq given by the fized points of o, C§={z € Cq ; o¢(z)=
z Vt € R} is the image of C*(Q/Z) by the isomorphism associated to the
homomorphism v € Q/Z — e(7y) € Cq.

(b) The centralizer of the state ¢ on Cq given by Lemma 16, is equal to C§ =
C*(Q/Z).

Proof. (a) By construction C*(Q/Z) C Cg. The action o of R on Cg is almost
periodic and diagonal in the linear basis (ex) of #. The projection P on the fixed
points of o, given by the almost periodic average of the oy, is the identity on the
double classes ex~, v € Q/Z, and vanishes, P(ex) = 0, on the double class of any

0
continuous.

= [1 2], a # 1. The conclusion follows since # is dense on Cg and P is norm

(b) follows from (a) and Lemma 16.

We shall now define a natural action by automorphisms of Cgq, of the idele
class group W = A*/Q . Recall first that we obtained Cgq in Proposition 15 from
the commutant of Pa' in ¢2(A) where A = P4/Pr = P& /P . Let us show that

W = A*/Q% acts in a natural manner on the commutant of Pg in £2(A). The
group P4 acts on A and on £2(A) and thus the commutant of P& is the same as the

commutant of its closure Fa in P4. One has (cf. Proposition 12), ﬁg = A>QY
which is a normal subgroup of P4. Thus the quotient group

* * Bt
W:A/Q+:PA/PQ (3)
acts naturally on the commutant P& " of P('{ in £2(A), by

0.(z) = uzu* ‘v’xGP@f/ . YREW . (4)

(The choice of the representative u € P4 of the class of u is irrelevant.) This defines
a strongly continuous action of the compact group W on the von Neumann algebra
Pt

Q .
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ProrosiTION 21.

(a) The action 6 of W on P&" " leaves the dense C*-subalgebra Cq globally invariant
and s pointwise norm continuous on Cg.

(b) The fized point subalgebra Cév is the C*-algebra C*(N*) generated by the
tn € Co.

(c) The action of W on Cg preserves the state ¢ and commutes with the action
(0t)ter-

Proof. Let us first show that u,, i.e. the right convolution r(f) in ¢2(I'/T;) by
f=n"Y%ex, , belongs not only to the commutant of Py (Proposition 15) but also
to the commutant of P4. By construction one has

<:u':z 5eagee> = f(g) =n~1/2 €X, (g) Vgel (5)
and since the ge., g € I'/T'y form a basis of £2(A), we get

) _ 1 0
phee=n"Y%g.e,, gn=[0 nJel“. (6)

Let us assume that n = p is a prime number and show that p!/2 Ly coincides
with the operator in £2(A) = ® (¢3(T,),*) given by t, = 1®t,®1®.. ., where t, is
g

the hyperbolic translation of one unit of length towards the point at oo in the tree
T, of Proposition 12.

Note that this hyperbolic translation is exactly p to one so that p~1/2 tp is
a coisometry on ¢2(T,). Now both Kp and t, commute with the action of P&' on

¢%2(A), and €, is cyclic for P& . Thus the equality
P2 e, =Tpe.
implies the equality of operators
* _ —1/2 't"’ (7)
:U’p - p P

Since %; belongs to the commutant of P4, by construction, we thus get that u, €
(P4)" and
Ou(tin) = pn Vue W , neN, (8)

To prove 21 (a) we just need to show that the action 6 of W leaves the C*-subalgebra
C*(Q/Z) = C(R) of Cq globally invariant and is pointwise norm continuous on
C*(Q/Z). This will follow from the following more precise statement:
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LEMMA 22. Let f € C(R) = C*(Q/Z) C Cy. Then

0.(f)(b) = fub) VbER,ueR* =W.

Proof. Let us consider (cf. [Wes] p. 257) the direct product decomposition:
¥ (H Z;‘,) =Q} xR*
P
where the morphism r : A* — @} is given by

() =T Iy = I] 7

p

By construction, r is the identity on Q% and its kernel is [[ Z; = R*; thus r is the

P
projection on the first term of this decomposition as a product. We use the second
projection to identify W with R*.

The equality of abelian groups A/R = Q/Z shows that the multiplication by
an element u € R* defines an automorphism m,, of Q/Z and to prove Lemma 22,
one just has to show that for any v € Q/Z one has

Ou(e(7)) = e(mu-17)  VueR" (9)

Since €, is separating for P& " it is enough to check that 6, (e(7)) € = e(My-17) €e,
i.e. that

ue(y)u* ee = e(my-17) €e. (10)
Since ¢, is fixed by Pr C Py, it is fixed by the action of u* € R* C Pr. Moreover

for any 6 € Q/Z, the action of e(d) on €, gives simply l(l) (15] ge. Thus (10) follows

1 011 671 o] J1 éut
0 u 0 1 0 wt{ |0 1 '
This completes the proof of Lemma 22 and Proposition 21 (a). To prove Propo-
sition 21 (c) note that the action of R* in ¢2(A) fixes the vector €, which proves
that the action of W on Cg preserves the state ¢. It obviously commutes with o

anyway. Let us prove Proposition 21 (b). As W is a compact group, we can consider
the natural projection E of Cg on C’(S’ given by

= / 0. (z) du. (11)
W

from the equality
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By construction E is norm continuous and satisfies
E(azb) =aE(z)b VzeCy, abe Cg. (12)

Since by (8) one has C*(N*) C CY , it suffices using the linear basis p, e(y) ur, of
‘H, to show that

E(e(7)) eC*(N)  VyeQ/z (13)
to conclude that C*(N*) = C/'.

Finally to prove (13) note that E(e(y)) € C*(Q/Z) = C(R) is given by a
function f € C(R) such that

f(ub) = f(b) Vu e R*, VbeR. (14)

This equality defines a C*-subalgebra of C(R) = @ C(R,), which is identical
peP
with C*(N*) N C*(Q/Z). This can be seen locally by showing that

f€C(Rp), f(ub) = f(b) Vue R, , beR, (15)

implies that f is a function of | |,.

§6. Classification of KMSg states for 3 > 1

We shall first construct involutive representations 7, of the Hecke algebra H, la-
belled by the Galois group G = Gal(Q¥'/Q) of the subfield Q¥<! of C generated
by all roots of unity.

Let H be the Hilbert space ¢2(N*), with its canonical orthonormal basis
(e )ken- -

PROPOSITION 23. The following equalities define an involutive representation i
of the Hecke algebra H = H(T',Ty) in £2(N*),

(@) mi(pn)er =€nk VYn,k e N*
(8) mi(e(v))er = exp(2miky)er VkeN* |, v € Q/Z.

Proof. We just need to check that the relations (a)—(f) are fulfilled by the operators
pn, = T1(n) and €'(y) = m;(e(7)) defined by (a), (B). Since the map k — nk from
N* to N* is injective the relation (a) follows and moreover the adjoint u,* is given
by

u;* €k = €k/n ifn |k and 0 otherwise. (1)
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The relation (b) is obvious. To check (c) note that if (n,m) = 1, thenm | k < m | nk
and when applied to €, both u!, . and p.% pr, vanish or are equal to €nk/m- The
relation (d) is clear as well as (e),

e () p ex = € () Enk = exp 2mi(nky) enk = pin € (nY) €k -

Let us check (f). First both sides applied to ; vanish unless n | k. This is clear for
the left side by (1), and it is true for the right side because it is of the form

)= Yo ), nd=

né=0

and ¥ € (8)ex = 0 unless n | k. Next, when n | k so that k = gn, one has:
né=0

uh €' (7) iy €k = exp(2migy) ek
e/ (80) ex, = exp(2mikdo) ex = exp(27igY) ek

for any g € Q/Z such that ndo = 7.

PROPOSITION 24.

(1) Forae€G= Gal(Q¥ /Q), the following equalities define an tnvolutive rep-
resentation T of H in £2(N*) :
(a) mo(pin) ek =Enk  Vn,k € N*
(8) 7ale(y))er = alexp2miky)er, VkeN*, y€Q/Z.

(2) For any element x € H(Q) of the Q algebra generated by the yun and the e(7),
the matriz elements of mo(x) satisfy

(Ta(T) €y s Eky) = UM1(T) Ry ERy)  VEj

Proof. (1) The above proof of Proposition 23 works with no change. The only
important point is to check (d) namely that 7 (e(7))* = Ta(e(—7)). This follows
because the complex conjugation z — Z commutes with any o € G.

(2) By construction the matrix elements of the 7, of the generators satisfy the
required relation which is stable under the algebraic operations of matrices involving
only finite sums of products.

Let then H be the positive operator in £2(N*) corresponding to the time evo-
lution described in Section 2, namely

He, = (logn)ey Vn € N*. (3)
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We already saw in Section 2 that

e ge ™ =g (z)  VeeC*(N'), WVteR (4)

Since it is obvious that H commutes with 74(y) for any y € C*(Q/Z) C Cg, we
thus obtain

—itH

e m,(x)e = 7o (0¢(z)) VzeCq, VtER (5)

We can now state:

THEOREM 25. Let %, be the canonical extension of the representation m, of H to
the C*-algebra Cq, and let B > 1.

(a) The following equality defines a KMSg state on (Cg,01):

©8,a(z) = C(B)™" Trace(Fo(z)ePH)  Vz € Cy.

(b) The map @ — @g 4 is a homeomorphism of the Galois group G of Q¥ with
the space of extreme points of the Choguet simplex of KMSg states on (Cq, o).

Proof. (a) First by Proposition 19 we know that the representation T €xtends to
- a representation of Cq and the equality (5) together with the finiteness of Trace

(e7PH) = {(B) gives (a).

(b) Let us fix 3 > 1 and show first that the map o — g is injective.
To show this note that each of the representations =, of Cg is irreducible and
by construction each ¢g, is a type I, factor state. Thus its GNS construction
canonically determines the positive operator H, 0 € Sp H, as an unbounded operator
affiliated to the weak closure of Cq- In particular ¢z, determines canonically the
O-temperature state,

Poo,a(T) = (ma(z) €1, €1). (6)

When we restrict this state o0, to the group ring Q[Q/Z] of Q/Z with rational
coefficients, we find the corresponding imbedding of the field Q%! of roots of unity
in C:

Poo,a(Z A 7;) = e A exp(2miv;)) (7)

.

which of course determines o € G uniquely.

Next each ¢, is a factor state and thus is an extreme point of the weakly
compact convex set Kz of KMSg states. Let £(Kj3) be the space of extreme points
of Kg. We have shown that the map a — ¥p,a is an injection of G in £(Kjg).
This map is weakly continuous since, as 8 > 1, the series Y a(exp 2miky) k=P is
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uniformly convergent. It remains to show that this map is surjective. Note first that
for any element u of W, there exists a corresponding element a(u) of G such that

©8,1 0 0u = 93, a(u) (8)

and the map u — a(u) is an isomorphism of W with G. Next there exists on Cq a
unique KMSg state which is W-invariant. This holds for any value 8 €]0,00[ and
follows from Proposition 21 (b) and Proposition 8 (a). Indeed, given such a state
¢, one has ¢ = ¢ o E where E is the projection E = fW 6., du of Cg on C«SV and

the restriction of ¢ to C = C*(N*) is unique. Thus let ¢ be any KMSg state; one
Q B

has
/ Y ob,du= / 08, a(u) du (9)
%% %%

since both sides are W-invariant KMSg states. Now if ¢ € £(Kp) is an extreme
point, this equality (9) gives two decompositions of the same state as a barycenter
of measures over £(Kg), which is a Choquet simplex (Proposition 2), so that

P00y € {ppaw) ; v €W} for almost all w.

Finally this implies that 1 = @3 4(v) © 05 1 for some u,v € W and ¥ is in the
image of the map o — @p,q. Since the map a — ¢, is continuous and bijective
and G is compact, it is homeomorphism with its range £(Kj) and this proves
Theorem 25.

REMARKS 26.

(1) We shall give in the next section the general formula (for all values of 3) for
the W-invariant KMSg state g on Cg, but we can already find the formula
for B > 1 at this stage using the equality (9). First, using the linear basis
(tn,m,) of H C Cq described in Section 4, one has

O(tnm~) =0 if n/m#1 Vo€ Kg. (11)

Thus it is enough to determine the restriction of g to Cq. For this one can
for instance use the right-hand side of (9) and the formula in Theorem 25 (a)
for pg o Let v € Q/Z, n € N*. Then one has

/Ga(exp 2miny) da = %E%% (12)

where v = £, (a,b) = 1 and (n,b) = d is the g.c.d of n and b. Also p is the
Moebius function and ¢ the Euler function. Let then pg be the multiplicative

function such that _
> n7P = pg(b) ((B). (13)
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Omne has pg(b) = [ (1-p7P).

p|b,p prime
The unique W-invariant KMSg state, given by (9) satisfies

oale() = 3 %jj—j; po(b/d) d~" (14)

dlb

where b is the denominator of the irreducible fraction y = 7+ The right-hand
side of (14) is a multiplicative function of b and it is also given by

psle(m)=v" [ (-pHa-p) (15)
p|b,p prime

as can be seen by computing the right-hand side of (14) when b is a prime
power. We shall give another proof of (15) in the next section.

(2) The statement of Theorem 25 (b) also applies to the O-temperature states Pos e -
For extreme such states the map (oo o restricted to QQ/Z] C C*(Q/Z) gives
the associated embedding of the field QY! of roots of unity in C, as we have
seen above.

(8) Theorem 25 shows that the partition function of the C*-dynamical system
(Cq,0:) is the Riemann zeta function.

§7. Uniqueness of KMSg states for 5 €10, 1]

In this section we shall show that for 8 €]0,1] there exists a unique KMSg state
on the C*-algebra Cq. We have seen in Section 5, Proposition 21, that the C*-
subalgebra C*(N*) C Cp generated by the u, is the fixed point algebra of the
action of W on Cg:

cr(N) =Y. (1)

Since W is a compact abelian group, its action on Cq has discrete spectrum, and
we can consider for each character x of W the corresponding spectral subspace (cf.
[Ped]),

Cox = {z€Co; bu(x) =x(w)z  Vuec W} (2)

To prove the uniqueness of KMSj states on Cq for 0 < B < 1, we shall analyze the
partial automorphisms of the type III; factor associated to (C*(N*),¢p) and to a
fixed non trivial character x of W.




HECKE ALGEBRAS, TYPE IIl FACTORS 445

We shall show that these partial automorphisms are outer. Given an element
V of C*(Q/Z) = C(R) (resp. a character x of W), we shall say that V' (resp. x) is
localized in a subset F' of P, the set of finite places of Q, iff

Ve(® CR,))®1CC(R) (3)
pEF

resp. if , seen as a character of A*, factorizes through the projection W — I1 Q}).
peF P

Let us now state the main lemma.

LEMMA 27. Let 8 € ]0,1] and ¢ be a KMSg state on the C*-dynamical system
(Cq,0t). Then:

(a) The restriction of 1 to C*(N*) is equal to pg.

(b) Let x be a non trivial character of W and V € C*(Q/Z) be a partial isometry
both localized in a finite set F' C P, such that

0;(V)=x(9) V VgeW.

Then (Vz) =0 Vz € C*(N¥).
(c) The restriction of 1 to the spectral subspaces Coyx, X # 1 is equal to 0.

Proof. (a) Since the restriction of oz to C*(N*) is the one parameter group of
automorphisms of Proposition 8, the restriction of ¥ to C*(N*) is a KMSg state
and the conclusion follows from Proposition 8 (a).

(b) Let E = V*V. As C*(Q/Z) is commutative, one has E = VV*; also £
belongs to the algebra C' = C*(N*). Let a be the automorphism of the reduced
algebra C*(N*)g determined by the equality

alz)=VzV* Vz € C*(N*)Eg. (4)

Let M be the factor (of type III;) which is the weak closure of C*(N*) in the G.N.S.
representation of (g. Let us identify C*(N*) with a weakly dense subalgebra of M
and extend the state @3 to a normal state 3 on M. As V belongs to the fixed point
algebra of oy, it belongs to the centralizer of 1. It follows that the automorphism
o of C*(N*)g preserves $g and extends to an automorphism of Mg. Let us show
that for 3 €]0, 1] this automorphism is outer. For any ¢ € P\F one has

Epg € Mg, a(E /~Lq) = X(Qq) E p, (5)

where g, € R* = I1Z; is given by its components

(gq)pZQEZﬂZ; if g#p, (94)g =1 (6)
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To prove (5) note that for any f € C(R) = C*(Q/Z) and n € N* one has (cf.
Proposition 18 (e))

f tn= pin fr, where fr(b) = f(nb) VbeR. (7)

Thus if f is localized in F' C P and q ¢ F one gets 6y (f) = f,,

f g = pqbg,(f) (8)

Applying this to f =V one gets V g = x(gq) pq V, i.e. one gets (5). Let us view x
as a character of (Z/mZ)* where the prime factors of m all belong to F. Then we
can simply write x(g) instead of x(g,), for ¢ ¢ F'. It follows from (5) that, modulo
inner automorphisms, the automorphism « is the infinite tensor product

a=Q p, in Mpe=Q (My,pg, 9
o F 2,x(q) ng( ¢ PB,q) (9)

where for any complex number A, |A| = 1, we let pp » be the automorphism of 7,
such that

oA (Hp) = A . (10)
This automorphism is a special case of oy, and preserves the state ©g,p by con-
struction.

For any x € W localized on F we let 5X be the element of Out M = Aut(M)/
Inn(M) determined by the class of

® id|® ® . 11
<qu ) air F9X@ (1)

LEMMA 28. §X s inner relative to g iff the following infinite product converges
absolutely in absolute value

I[ @-p") @ =x(p) p~?)~%

peP

Proof. One has in the type I factor M, associated to (Tp, ¥8,p) @ unitary im-
plementing the automorphism Pp,x(p); 1t is given by the diagonal operator with
eigenvalues x(p)’, j € N. Evaluating the state ©a,p on this unitary gives

oo

1-p")Y x®)" p ™™ =(1-p?)1 - x(p) p?)""
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and the result follows from general criterions (cf. [Co]). This shows using Dirichlet’s
theorem [Ser;] that 6, is outer (x non trivial) when 8 < 1 and is inner (since ¢g is
a type I factor state) for g > 1.

This lemma shows that, for 8 €10, 1], the automorphism a of Mg given by (4)

is outer:
{yeMg; yoalz)=zy VzeMg}={0}. (12)

Now let L be the linear form on Mg given by
L(z) = y(Vz) Vz € C*(N")g. (13)

The Schwartz inequality |L(z)|? < ¥(E) ¥(z*z) shows that it is a normal
linear functional on Mg. Let u be the partial isometry u € Mg of its polar de-
composition L = u |L|. The KMSg condition for 1 applied to the pair Vz, y;
¢ € C*(N*), y € C*(N*), shows that L satisfies the a-twisted KMSg condition,
where L(oy(y) z) is replaced by L(o:(y) a(z)). Now as both V and ¢ are o; in-
variant so is L and hence so are u and |L|. It follows that the Radon-Nikodym
derivative (D|L| : D @g); belongs to the centralizer of $z and is of the form H#
with

|L| (z) = @g(hz)  Vz € ME. (14)

From the twisted KMSg condition we then get
zhu=hua(z) VzeMg (15)

which implies by (12) that hu = 0 and that L = 0.

This proves Lemma 27 (b). Let us prove 27 (c). It is enough for that purpose,

given a character x € W localized in F C P, to find a sequence V,, of partial
isometries V,, € C*(Q/Z) = C(R), localized in F' and such that

og(vn) = X(g) Vn Vge W ; cpﬁ(Vn V;) — L (16)

n—oo

Then, given a € Cg,y, one has:

¥(a) = lim $(VaVia) =0

because V,* a € Cg1 = C*(N*) and Lemma 27 (b) applies. Finally the construction
of the V,, is reduced by Lemma 22 to the construction of continuous functions

Vo € C(]I] Z,) such that
pEF

Va(gb) = x(9) Vad) V€] %, 9€[] Z (17)
F F
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and such that the |V, | are uniformly bounded and converge pointwise to 1; this is
immediate and the existence of the partial isometries V,, follows.

COROLLARY 29. For any (3 € 10,1] there exists at most one KMSg state on Cg.

Proof. The group W is a compact group so that the direct sum of the spectral
subspaces Cq,, is dense in Cq and this determines ) uniquely by Lemma 27.

We shall now construct this unique KMSg state 93 on Cq in a geometric
manner using the action on the product of trees of Section 3. The construction will
follow from the following general lemma applied to the C*-module £ — C*(G)e over
C*(N*) and the time evolution o; of C*(N*).

LEMMA 30. Let C be a unital C*-algebra, £ a C*-module over C, (0t)ter a one-
parameter group of automorphisms of C, B € 10, oo], vg a KMSg state on C, and
Hy, the Hilbert space of the GNS construction, for pg.

(a) Let Hg be the completion of € for the inner product given by

(& ms =ws((€&m)  VEMeE.

Then the action of the endomorphisms, Endg(€), on £ extends by continuity
to Hp.

(b) There exists a unique representation p of C° (the opposite algebra of C) in
Hp such that for any € € Hg and a € C in the domain of oig/2 one has

p(a)€ = £oig/2(a).

This representation commutes with the left action of End¢(€).

Proof. The Hilbert space Hp is the tensor product of C* modules
Hp =€ ®c Hy, (18)

so that the first assertion follows. The second assertion also follows, using #,, as
a left Hilbert algebra and the stabilization theorem of Kasparov [Ka].

We apply this lemma with C = C*(N*), £ = C*(G)e, and o; € Aut C given
by the time evolution (Proposition 7 (c)) of C* (N*). As £ is a space of functions
on A, so is each of the Hg, and for each a € A we let Eqa be the characteristic
function of {a} C A. The vectors e,, a € A, are of unit length in each #s and
always span a dense subspace of Hp. For B = 1 they give an orthonormal basis
so that H; = ¢2(A). In order to compute the inner product (e4,€q/)g in Hg, we
shall first work locally, i.e., we fix the local field K — Qp and apply Lemma 30 to
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C = C*(Pg). the reduced C*-algebra of Pk relative to the projection e = 1pg,
while the C* module is £ = C*(Pxk) e. We use on C the state ¢g ;.

Then Lemma 30 yields an inner product on the space of functions with finite
support on the tree T, = Pk /Pkg.

Let us now compute explicitly this inner product on the tree T' associated to
any value 8. Thus K is a local field, K = Qp, and we first note that transporting
©s,p by the canonical isomorphism of 7, with the reduced C*-algebra C* (Px )e, its
value on a Pg-bi-invariant function f(s), s € Pk is given by (cf. formula (9) of
Section 3),

vp.o(f <Zp"’(1 "’f([ plk]>>(1—p"‘1)+f([é QD (19)

k>0

1 No
0 ho
to the base point, is equal to @g,(f), where the function f is associated by formula
(13) of Section 3 to the right cosets Pr and g Pgr in Pk /Pr:

f(s)=m(g PRNPr s ') VsePxk (20)
where m is the left Haar measure on Px. We just need to evaluate f(s) for s =

—k
[1 pl ] One has

Let g € Px, g = [ ] The inner product (g €0 , €0)g, With ¢ corresponding

0

—k
:{[ 7 ] ;val(n)ZO,val(h)zo}
(21)
= { [ ; val(n) >0, val(h) = 0}
All its elements 7:] satisfy val(a) = 0. This implies that Pgr sT'NgPr #0
only if val(hg) = O Thus
(geo,e0) =0 if wval(hg) #0 (for g= [(1) ZO] € PK) (22)

Assume now that val(hg) = 0; replacing g by g [(1) h(_)l] we can assume that
0
ho = 1 without changing g €. One has

(1 n 1 n
ng:{_O 10H0 hi] ;val(nl)ZO,val(hl):O}

] | (23)
1 ni+hin
== {~0 1 hll 0} : val(nl)ZO, V&l(hl)ZO}
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One has g Pr N Prs™" # 0 only if val(ng) = —k. Let us assume that val(ng) = —k.
Then we need to compute the multiplicative Haar measure of the set of h; € R* such
that hing = p~* mod R. This holds iff h; € p~* ng 4+ n3* R = p~*n;' + p* R.
The additive and multiplicative Haar measures coincide on R* up to an overall

-1
coefficient d*h = (1 — ;—)) dh. Thus we get the equality, with g = [(1) 7110]

f ([(1) pﬂ) = (L—p i lg if k= —val(no)

(24)
1 pk ;
f =0 if k# —val(ng).
0 1
This together with formula (19) gives the equality
0pp(f) =p A= )1 -p™)!, k= —val(no) (25)
ie.
(ge0,€0)p =p~* (1 ") (1 —p )", (26)
where g = [(1) nio] , k= —val(ng).

The next step is to understand the geometric meaning of the orbit of

{[ (1) ?J LO} in the tree T, and of the value ¥ = —val(n). Since the action of

Pk on the tree T), fixes a point at oo, it preserves the horocycles corresponding to
this point. These horocycles are the equivalence classes of the relation R, : L ~ L'
iff 3¢ ¢4 L = t? L' where t is the hyperbolic translation of one unit towards the
point at oo.

We first check that two lattices L,L’ are R, equivalent iff they are on the
same orbit of the subgroup [(1) Tll] , n € K of Pg. This subgroup is a normal

subgroup and hence defines an equivalence relation which is stable under the left
action of Px. The map ¢ is given by

. 1 0
t(g Lo)=9gp Lo Vg€ Pk Wlthgp={0 p}- (27)

More generally t%(g Lo) = g 98 Lo Vg € Px. Thus g1 Lo ~ g2 Lo (R,) iff
91 93 Lo = g2 g Lo, ie.
92" 91 €92 Pr gy (28)

This holds iff g; *g; is of the form [(1) T;:], val(h) = 0, val(m) > —q. Thus g, Lo ~

92 Lo (Reo) iff ;1 g1 € K >1R*. Two lattices g Lo and [(1) 711] g Lo obviously
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satisfy this relation and conversely, if g1 Lo ~ g2 Lo(Re) We may write go as

0 1
Let us then understand the value of —val(m) as a function of the distance

(1) T] Lo. Let k = —val(m). We know that t*(Lo) = t*(L)

and that this fails for k¥ — 1. Hence d(Lo, L) = 2k. We get

[1 n} g1 without affecting g; Lo.

between Lo and L =

LEMMA 31. Let L, L' € T be two lattices.
(a) If they belong to different horocycle equivalence classes, they are orthogonal

for ( )g-
(b) If they belong to the same horocycle class with distance d(L,L") = 2k > 0 one
has

(e , €1)B =p % (1 —Pﬂ_l)(l —-p )7

(c) IfL=L then (er,er)p = 1.

REMARKS.

(a) For B — o0 the above inner product converges to a non zero value only if
L=1Lorif L # L but L ~ L'(R;) in which case it goes to —p~*(1—p~1)~L.

(b) For B — 0 the inner product converges to 1 on each horocycle equivalence
class, which are then reduced to a single point in Hg, 8 = 0.

Let us now compute the corresponding inner product on A = II(Tp, Lo) =
P&/P{. We again call Ly the base point. Given [(1) Z] =g,ne€Q, heQ,
to get a non zero inner product, (g Lo, Lo), we need that for each place p, g, Lo ~

Lo(Roo) and hence that val(gp) = 0. Thus h = 1. Let then N = { [(1) 711] i = Q}

and let us understand the inner product on the orbit N Lo,. We have a basis ¢,
parametrized by z € Q/Z,
1 z
Egx = [0 1] Lo 3

The inner product (e;,€0)g is then given, using Lemma 31, by

(esse0)p = [[ 71 -1 -p )" (29)

where z = a/b, (a,b) = 1 and b = II p*» is the decomposition of b as a product
P

of prime powers. More generally, it is invariant by translations, i.e. (€z,ey)p =
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(€z—y,€0)p; thus the positivity involved is the fact that the function given by (29)
is of positive type on the group of roots of unity Q/Z. This function is the function
1 of Theorem 5.

One has (g1 Lo, g2 Lo)g =0if g;'g1 ¢ N.

Let us then take an arbitrary orbit N g Lg, g € P& . We need to compute
((1,z) g Lo,(1,y) g Lo)g where z,y € Q and (1,z), (1,y) are the corresponding
elements of N. One has ((1,z) g Lo, (1,y) 9 Lo) = (g €2 , g €y) = (Exr—y , €0)
where (1,2") = ¢7'(1,z)g and (1,y') = g~'(1,y)g. Thus we see that the orbits

N [(1) 2 €0, k € QY are pairwise orthogonal for ( )5 and the inner product is,

up to a relabelling, given by (29) on each of them.

We are now ready to describe the Hilbert spaces H associated by Lemma 30
to the C* module £ = Be over C*(N*) and the KMS state @3, and then get the
commutant of P& in Hp as a unitary representation of the C*-algebra Co.

PRroOPOSITION 32.

(a) Let Hp be the Hilbert space completion of the C* module C*(Py)e, over
eC*(Pa)e = C*(N*), with state 5. Then Mg has a natural basis indezed
by P(S /Pé|r , and its inner product is invariant under left translations by P&
and given by

<[é 2] ee,ee>:0 unless a=1
(3 8=

where lwﬁ 18 the function of positive type defined in Theorem 5.

(b) The C*-algebra C’& admits a representation in Hg given by the right convolu-
tion with 6°/2 f for any Py -bi-invariant function f on Py

(c) The vector ey = class of PZ+ is cyclic for Py, separating for Co, Cq €o is the
fized points of Py C Py and (Cq)" is the commutant of Py in Hg.

(d) The vector o defines a KMSg state on Cy. '

Proof. The proof of (a) follows from (29). We let Hs; be the subspace of Hs gen-
erated by the orbit N e of £y under the normal subgroup N of P(‘{ . More generally,
for k € Q% we let

1 0
Hpp = [0 k] Ha,1 - (30)

The subspaces Hp ), are pairwise orthogonal and g is their direct sum.
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Let us prove (b). We know that the action by right convolution of the Hecke
algebra H of Pg -bi-invariant function on P& yields a representation of H° on the
linear span of the natural basis ¢;, € PE /P55 of Hg. This is still true if we twist
this action by the (non involutive) automorphism of H given by multiplication
by 6°/2. Thus we just need to show that the new representation of HO in Hg
is involutive. When we restrict this representation to the group ring of Q/Z, we
obtain (as § = 1 on double classes in Q/Z) that the corresponding representation

of Q/Z is given by
1 0 1 b+
[y 2e=]o *17] . 1)

Thus p(7) is diagonal in the decomposition Hg = @ Hp, and its restriction to Hpg,k
is unitary since the left action of N on Hg y is unitary.

When we restrict the representation p of H° to the involutive subalgebra gen-
erated by the i, its unitarity follows from Lemma 30 (b). The explicit computation
of the isometry U, = p(us) in Hp associated to uy, p a prime, is the following. We
let as above t, be the hyperbolic translation of one unit of length towards the point
at oo in the tree Tj,. We let it act trivially on the other trees. One then obtains

Us € =pﬁ/2'1 Z Eqf - (32)

tp(a’)=a

One can check directly using Lemma 31 that U, is indeed an isometry.

We have thus shown that p is an involutive representation of H° in Hg and
by Proposition 19, it extends to a representation of C& in Hg. This proves (b). By

construction ¢ is cyclic for P& . Since the above action of #° (and C(%) commutes

with Py the vector € is separating for Cg- The proof of the last statement of (c)
is the same as in the case 8 = 1 (cf. Lemma 17). The proof of (d) is the same as
that of Lemma 16.

Combining Corollary 29 with Proposition 32 (d) we obtain that for § €]0, 1]
the state on Cg given by

o(z) = (p(z)€0,€0)  Vr€Clqg (33)

is the unique KMSj state. This together with 32 (a) completes the proof of Theo-
rem 9.

REMARKS 33.

(a) Let on Hg, A be the operator of multiplication by kP on Hg k. There exists
a unique weight 15 (up to a multiplicative constant) on (Pg )" with modular
automorphism group given by

ol8() = AT . AT, (34)
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(1) mo_l] €. is separating for Cg but not
cyclic. Its cyclic span Cge, defines a projection E,, € (Pg)” which belongs
to the centralizer of 93 and on which 93 is finite. On the subspace E,, the
modular operator of the pair (Py/Ey,, Cg and vector ep,) is the restriction of

For each m € N*, the vector ¢,,, = [

A. The subspace E,, is the space of fixed points of the subgroup {(1) le] of

P& . These subspaces form a nested family (i.e. E,, C E,,/ if m divides m’)
which is total in Hg.

We used throughout this paper the pairs of groups P73, PZ"' C P& instead of
the pair Pg, Pz C Pg. The relation between the corresponding C*-dynamical
systems C*(P@ ,P;), oy and C*(Py, Pyz), 0 is quite simple. Indeed the latter
is just the fixed point C*-algebra of the involution « of the former given by
the complex conjugation z — Z viewed as an element of W = Gal(Q¥<),

This is easy to check because the double class X modulo Py of an element

g€ Py, 9= [(1) Z} is the same as the double class modulo Pz of g [(1) (5)]’

¢ = Sign(a) which allows us to assume a > 0. This shows that Pz-bi-invariant
functions on Py yield all the PZ+ invariant functions on P& , which are invariant
under the involution

1 0 1 0 n
g—)[o —1]9[0 _1} g€ Fy. (35)
One thus obtains the o; equivariant equality
C*(Pq, Pz) = C*(P§, Pf )™ (36)

and one can rewrite the main theorem of this paper in terms of C*(Pyp, Pz).

In this paper we have ignored the place at infinity in our treatment of KMSg
states or weights and in the construction of Cg from the action on the product
of trees (Section 2). We obtained, for the finite places, the action of Px on the
tree of SL(2, K') as well as the relevant inner product on functions on the tree
(Section 5) from the understanding of KMSg weights on C*(Pgk) and of the
reduction by the projection e € C*(Pk), e = 1p,.

At the infinite place the C*-dynamical system at hand is C*(Pg), oy where Pr

is the group of matrices

1 b "
[0 a} ; beER,a€eR (37)

and where o; is given by the module § of Pg,

or(f)(9) =6(9) ™ fl9) VfeL'(Pa),teR (38)
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The C*-algebra of P is, using the identification of R with its Pontrjagin dual group,
given by
C*(Pr) = Co(R) < R* (39)

where the action of R* is by homotheties. This action has two orbits, R\ {0} and
{0} and to the equivariant exact sequence of C*-algebras

0— Co(R\ {0}) = Co(R) = C—0 (40)
corresponds the exact sequence of crossed products:
0K —=C*"(R)—>C'R")—0 (41)

similar to the exact sequence of the Toeplitz C*-algebra. Here the two-sided ideal
K is the elementary C*-algebra of compact operators. The representation theory of
C*(Pr) immediately follows from (7) and besides the characters of C*(R*) which
yield one-dimensional representations of C*(Pg), one has a unique infinite dimen-
sional irreducible representation 7. This representation can be described as follows.
One lets H = L*(R) with

(1(9)6)(t) = la|'*&(at —b)  VteR, € L*(R) (42)

where g = [1 2] as above, belongs to Pg.

0

For each B €]0, 00[ there exists up to normalization a unique KMSg weight
on C*(PR), given by

0s(f) = Trace(n(f)A™P/?)  VfeC*(P)* (43)

where A = —% is the Laplacian, an unbounded selfadjoint operator in L?(R).

By construction ¢g is a type I, factor weight which is a dominant weight ([C],
[C-T]) on the corresponding type I factor. It follows that for any factor M with
weight 1 the centralizer of ¢ ® g is the associated semifinite von Neumann algebra
of the continuous decomposition of M, i.e. the crossed product by the modular
automorphism group oy,

(M ® I )ypops = M>f R. (44)

In our case, with 8 €]0, 1], it is natural to take for M the commutant of P@' acting
in the Hilbert space Hg (cf. Proposition 32). To obtain the crossed product (44),
it is then natural to use at the infinite place the Hilbert space #3° of the GNS
construction of the weight ¢g on C*(Pr). In the tensor product Hz ® H3® one has
a natural product action of the group P4 over the adeles A = A x R. The crossed
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product (44) is then contained in the commutant of Pg which is a discrete subgroup

of PA.
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