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Abstract

The arbitrary mass scale in the spectral action is made dynamical by in-
troducing a scaling dilaton field. We evaluate all the low-energy terms in
the spectral action and determine the dilaton couplings. These results are
applied to the spectral action of the noncommutative space defined by the
standard model. We show that the effective action for all matter couplings is
scale invariant, except for the dilaton kinetic term and Einstein-Hilbert term.
The resulting action is almost identical to the one proposed for making the
standard model scale invariant as well as the model for extended inflation and
has the same low-energy limit as the Randall-Sundrum model. Remarkably,
all desirable features with correct signs for the relevant terms are obtained
uniquely and without any fine tuning.



1 Introduction

It is known that the standard model of strong and electroweak interactions is
classically almost scale invariant, and that the only terms that break the di-
latation symmetry are the mass terms in the Higgs sector. Scale invariance
of the classical Lagrangian can be achieved by introducing a compensat-
ing dilaton field [1], [2], [3]. Breaking of scale invariance occurs after the
electroweak symmetry is broken spontaneously through the generation of ra-
diative corrections to the scalar potential. The dilaton mass scale is much
larger than the weak scale and could be as large as the GUT scale or Planck
scale. This leads naturally to consider the coupling of the dilaton to gravity.
The dilaton is always part of the low energy spectrum in string theory. His-
torically it first appeared in the Jordan-Brans-Dicke theory of gravity which
corresponds to one particular coupling of the dilaton to the metric [2]. The
dilaton plays a fundamental role in models of inflation [4]. It also appears in
the gravitational couplings of the noncommutative Connes-Lott formulation
of the standard model [5], [6],[7], [8], where the dilaton is the scalar field that
couples the two sheets of space-time. The resulting matter interactions in
this case are also scale invariant, and the gravitational couplings are differ-
ent than the Jordan-Brans-Dicke theory. More recently, a scalar field, the
radion field, appeared in the Randall-Sundrum scenario (RS) of compactifi-
cation [9] which is related to the question of masses and scales in physics.
The RS scenario was shown to be equivalent to the results derived from non-
commutative geometry, [10], which is not too surprising, because both the
Connes-Lott model and the RS model, describe a system with two branes.

At present, and within the noncommutative geometric picture, the spec-
tral action gives the most elegant formulation of the standard model [11],
[12]. All details of the standard model as well as its unification with gravity
are achieved by postulating the action

Trace F
(
D2/m2

)
+ 〈Ψ |D|Ψ〉 ,

where D is the Dirac operator of a certain noncommutative space and Ψ is a
spinor in the Hilbert space of the observed quarks and leptons. However, the
dilaton field does not appear in the spectral action, which is to be contrasted
with the Connes-Lott formulation of the noncommutative action where the
dilaton field is part of the gravitational interactions. This suggests that
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the Dirac operator used in the construction of the spectral action should be
modified in order to take into account the presence of the dilaton.

The appearance of the dilaton field in physical models is related to the
question of mass and scales. It is therefore natural to consider replacing
the mass parameter in the ratio D2/m2 by a function of the dilaton, thus
introducing a sliding scale, as the Dirac operator have the dimension of mass.
This is also relevant when dealing with non-compact manifolds where D
no longer has discrete spectrum and the counting of eigenvalues requires a
localization. Let the dynamical scale factor ρ be written in the form

ρ = meφ,

where we assume that φ is dimensionless. The dilaton can be related to a
scalar field σ of dimension one by writing

φ =
1

f
σ,

where f is the dilaton decay constant. The mass scale m can be absorbed
by the redefinition

φ → φ − ln m,

and therefore we can assume, without any loss in generality, that ρ = eφ. One
can always recover the scale m by performing the opposite transformation
φ → φ + ln m. Now using ρ instead of the scalar m in the counting of
eigenvalues :

N(m) = Dim {D2 ≤ m2} → N(ρ) = Dim {D2 ≤ ρ2}

is equivalent to replacing the operator D2/m2 in [11] by

P = e−φD2e−φ .

If we insist that the metric gµν be dimensionless to insure that its flat limit
be the Minkowski metric, then the scale m will explicitly appear in the
action after rescaling eφ → meφ. Otherwise we can absorb this mass scale
by assuming that the metric has the dimension of mass.

The aim of this paper is to determine the interactions of the dilaton field φ
with all other fields present in the spectral action formulation of the standard
model. Because of the spectral character of the action, it is completely
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determined from the form of P and there is no room for fine tuning the
results. It is then very reassuring to find that the resulting interactions are
identical to those constructed in the literature by postulating a hidden scale
invariance of the matter interactions [3]. These are also equivalent to the
interactions of the radion field in the RS model [9]. All of these results now
support the conclusion that space-time at high-energies reveals its discrete
structure, and is governed by noncommutative geometry. The plan of this
paper is as follows. In section two we briefly review the derivation of the
spectral action and comment on the modifications needed to include the
dilaton. In section three we derive the Seeley-de Witt coefficients of the
spectral action in presence of the dilaton. In section four we give the full
low-energy spectral action including dilaton interactions specialized to the
noncommutative space of the standard model. In section five we compare
our results with those obtained by imposing scale invariance on the standard
model interactions, to the RS model and the model of extended inflation.
Section six is the conclusion. Appendices A and B contain proofs of some
identities used.

2 A summary of spectral action

We begin by summarizing the results of [11]. The square of the Dirac operator
appearing in the spectral triple of a noncommutative space is written in the
following form suitable to apply the standard local formulas for the heat
expansion (see [13] section 4.8).

D2 = − (gµνI ∂µ∂ν + Aµ∂µ + B) , (1)

where gµν plays the role of the inverse metric, I is the unit matrix, Aµ and
B are matrix functions computed from the Dirac operator. The bosonic part
of the spectral action can be expanded in a power series as function of the
inverse scale m, and is given in dimension 4 by

Trace
(
F

(
D2/m2

))
≃

∑

n≥0

fn an

(
D2/m2

)
,
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where

f0 =

∞∫

0

F (u)udu, f2 =

∞∫

0

F (u) du, (2)

f2n+4 = (−1)n F (n) (0) , n ≥ 0 .

The first few Seeley-deWitt coefficients an (D2/m2) are given (see [13] The-
orem 4.8) by1

a0

(
D2/m2

)
=

m4

16π2

∫

M

d4x
√

g Tr(1), (3)

a2

(
D2/m2

)
=

m2

16π2

∫

M

d4x
√

g Tr

(
−R

6
+ E

)
, (4)

a4

(
D2/m2

)
=

1

16π2

1

360

∫

M

d4x
√

g Tr
(
−12R µ

;µ + 5R2 − 2RµνR
µν (5)

+ 2RµνρσRµνρσ − 60RE + 180E2 + 60E µ
;µ + 30 ΩµνΩ

µν
)

while the odd ones all vanish

a2n+1

(
D2/m2

)
= 0.

The notations are as follows, one lets Γρ
µν (g) be the Christoffel symbols

of the Levi-Civita connection of the metric g and lets

Γρ (g) = gµνΓρ
µν (g)

The connection form ω, its curvature Ω, and the endomorphism E are then
defined by (see [13] section 4.8)

ωµ =
1

2
gµν (Aν + Γν (g) I) , (6)

Ωµν = ∂µων − ∂νωµ + [ωµ, ων ] , (7)

E = B − gµν
(
∂µων + ωµων − Γρ

µν (g)ωρ

)
. (8)

1According to our notations the scalar curvature R is negative for spheres (see [13]
section 2.3) and the space is Euclidean.
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To understand algebraically the dependence in the operator D it is convenient
to express the above coefficients as residues and this is done as follows in the
generality that we need. One lets P be a second order elliptic operator with
positive scalar principal symbol and defines a zeta function as

ζP (s) = Trace (P−s/2)

One then gets in the required generality for our purpose the equality

Trace (F (P/m2)) ∼ m4

2
Ress=4 ζP (s)f0

+
m2

2
Ress=2 ζP (s)f2 + ζP (0) f4 + · · · .

which, using the Wodzicki residue which is given independently of D by
∫
− T = Ress=0 Trace (T (D2)−s/2), (9)

can be written as

Trace (F (P/m2)) ∼ m4

2
f0

∫
− P−2 (10)

+
m2

2
f2

∫
− P−1 + f4 ζP (0) + · · · .

We want to compute the spectral action associated with the operator P =
e−φD2e−φ i. e. to determine the dependence of the spectral action on the
dilaton field φ. The first term

∫
− P−2 is a Dixmier trace and one can permute

the functions with the operators without altering the result since the Dixmier
trace vanishes on operators of order < −4. One thus gets, for any test
function h, ∫

− h P−2 =

∫
− h e4φ D−4

which shows that we get an overall factor of e4φ multiplying a0 (x, D2). For
the second term

∫
− P−1 we have
∫
− h P−1 =

∫
− h eφD−2eφ =

∫
− h e2φD−2

using the trace property of the residue and again we get an overall factor of
e2φ multiplying a2 (x, D2). Note that the result remains valid when the test
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function h is taken with values in endomorphisms of the vector bundle on
which P is acting. This suggests that the invariance of the a2 term (up to
the e2φ scale factor) takes place before taking the fiberwise trace. The direct
computation below in equation (18) will confirm this point .

The term f4 ζP (0) is more tricky to analyze and we shall only give now
a heuristic argument explaining why it should be independent of φ. We
shall then check it by a direct calculation. The formal argument proceeds as
follows. First one lets

P (t) = e−tφ D2 e−tφ

so that P (0) = D2 and P (1) = P with the above notations. Let then

Y (t) = Log P (t) − Log P (0).

Using the equality ( a > 0 )

Log a =

∞∫

0

(
1

λ + 1
− 1

λ + a

)
dλ,

applied to P (t) one obtains the relation

d

dt
Y (t) = −

∞∫

0

(P (t) + λ)−1 (φ P (t) + P (t) φ) (P (t) + λ)−1 dλ. (11)

One then shows that

d

dt
Y (t) = −2 φ + [P (t), C(t)], (12)

where C(t) is a pseudodifferential operator (see appendix A). Thus one gets
a similar expression

Y = Y (1) = −2 φ +

1∫

0

[P (t), C(t)] dt. (13)

Next one uses the expansional formula

eA+B e−A =
∞∑

0

∫

0≤t1≤···≤tn≤1

B(t1) B(t2) . . . B(tn)
∏

dti
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where
B(t) = etA B e−tA .

One lets A = −s Log P (0) and B = −s Y . This gives an equality of the
form

P−s = D−2s − s

∫ 1

0

σ−st(Y ) dt D−2s

+
∞∑

2

(−s)n

∫

0≤t1≤···≤tn≤1

σ−st1(Y ) σ−st2(Y ) . . . σ−stn(Y )
∏

dti

where
σu(T ) = (D2)u T (D2)−u.

One infers from this equality and the absence of poles of order > 1 in the
zeta functions of the form Tr (Q D−2s) that the terms of order n > 1 in s will
not contribute to the value at s = 0. Thus the following should hold

ζP (0) − ζD2(0) = −1

2

∫
− Y

and using (13) one gets

ζP (0) − ζD2(0) =

∫
− φ = 0,

since the residue vanishes on differential operators. It would take a lot more
care to really justify the above manipulations. Instead, in the next section,
we shall show by a brute force calculation that a4 is independent of φ so that
the above identity is valid.

We thus see that in the first few terms of the spectral action, the only
modification we expect when the operator D2 is replaced by P is to get an
overall factor of e(4−n)φ multiplying an (x, D2) :

Trace(F (P )) ⋍

6∑

n=0

fn

∫
d4x

√
g e(4−n)φan(x, D2) + · · ·

Also as will be shown in appendix B, we have the identity

an(x, e−φD2e−φ) = an

(
x, D2e−2φ

)
= an(x, e−2φD2).

It is easy to check that by applying the inverse transformation φ → φ+ ln m
one recovers all the m scaling factors obtained in reference [11]. In the next
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section, we shall confirm this result by directly evaluating the spectral action
associated with the operator P and in particular the low-energy terms a0, a2

and a4. We will not attempt to evaluate higher order terms as these are not
needed in our analysis.

3 Dilaton and Seeley-deWitt coefficients

We compare quite generally the Seeley-deWitt coefficients of an operator
P0 = D2 given by (1) and those of the rescaled operator P = e−φD2e−φ. We
use the rescaled metric G in the Einstein frame, where the dilaton factor is
absorbed in the metric. First we write

P = e−φD2e−φ = − (Gµν∂µ∂ν + Aµ∂µ + B) , (14)

where

Gµν = e−2φgµν ,

Aµ = e−2φAµ − 2Gµν∂νφ,

B = e−2φB + Gµν (∂µφ∂νφ − ∂µ∂νφ) − e−2φAµ∂µφ.

The Seeley-deWitt coefficients for an (P ) are expressed in terms of E and Ωµν

defined by (6) so that,

E = B − Gµν
(
∂µω′

ν + ω′
µ ω′

ν − Γρ
µν (G)ω′

ρ

)
,

ω′
µ =

1

2
Gµν (Aν + Γν (G)) ,

Ωµν = ∂µω′
ν − ∂νω′

µ +
[
ω′

µ, ω′
ν

]
.

These relations imply that

ω′
µ =

1

2
gµνA

ν − ∂µφ +
1

2
GµνΓ

ν (G) .

The conformal transformations of the Christoffel connection give

Γµ
νρ (G) = Γµ

νρ (g) +
(
δµ
ν ∂ρφ + δµ

ρ ∂νφ − gνρg
µσ∂σφ

)
,

Γµ (G) = e−2φΓµ (g) − 2e−2φgµν∂νφ.
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Using these relations we finally get

ω′
µ = ωµ − 2∂µφ, (15)

E = e−2φ
(
E + gµν

(
∇g

µ∇g
νφ + ∂µφ∂νφ

))
, (16)

where the covariant derivative ∇g
µ is taken with respect to the metric g. It is

quite striking that the perturbation is only a scalar multiple of the identity
matrix and does not involve the endomorphisms Aµ at all.

The term a0 only involves
√

G Tr(1) which, when expressed in terms of
the metric g gives

√
ge4φ Tr(1).

The a2 term is proportional to
∫

d4x
√

GTr

(
E − 1

6
R (G)

)
,

where the curvature scalar is constructed as function of the metric G. We
now use (16) and the relation

R (G) = e−2φ
(
R (g) + 6gµν

(
∇g

µ∇g
νφ + ∂µφ∂νφ

))
(17)

to obtain at the level of endomorphisms (before taking the fiberwise trace)

E − 1

6
R (G) = e−2φ

(
E − 1

6
R (g)

)
. (18)

This of course implies the required rescaling of the a2 term in the required
generality, but it is more precise since it holds before taking the trace. We
shall use this more precise form in the proof of the invariance of the a4 term.

The term a4 (P ) is given by

1

16π2

1

360

∫
d4x

√
G Tr

[(
5R2 (G) − 2Rµν(G)Rµν (G) + 2Rµνρσ (G) Rµνρσ(G)

)

−60R (G) E + 180E2 + 30ΩµνΩρσGµρGνσ
]
,

where we have omitted the total derivative terms 12 (−R (G) + 5E) µ
;µ . Since

the modification from ωµ to ω′
µ is abelian (15) we get

Ωµν = Ωµν

and
ΩµνΩρσGµρGνσ = e−4φΩµνΩρσgµρgνσ.
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Next we group the terms

180 E2 − 60ER(G) + 5R2 (G) = 180

(
E − 1

6
R (G)

)2

,

which yields upon using equation( 18)

180 e−4φ

(
E − 1

6
R (g)

)2

.

We are left with the terms

30 ΩµνΩρσGµρGνσ − 2Rµν(G)Rµν (G) + 2Rµνρσ (G) Rµνρσ(G).

We now use

30 Tr (ΩµνΩρσGµρGνσ) = 30 e−4φTr (ΩµνΩρσgµρgνσ) .

−2Rµν(G)Rµν (G)+2Rµνρσ (G)Rµνρσ(G) = −R(G)∗R∗(G)+3 Cµνρσ (G) Cµνρσ (G) .

In deriving the last relation we made use of the two identities

R∗R∗ − R2 = R2
µνρσ − 4R2

µν ,

C2
µνρσ − 1

3
R2 = R2

µνρσ − 2R2
µν ,

where Cµνρσ is the conformal tensor and

R∗R∗ =
1

4
√

g
ǫµνρσǫαβγδR

αβ
µν R γδ

ρσ .

These imply

R2
µνρσ = 2C2

µνρσ − R∗R∗ +
1

3
R2,

R2
µν =

1

2
C2

µνρσ − 1

2
R∗R∗ +

1

3
R2.

The square of the conformal tensor is known to be conformal invariant

∫
d4x

√
GCµνρσ (G)Cµνρσ (G) =

∫
d4x

√
g Cµνρσ (g)Cµνρσ (g) .
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The topological Gauss-Bonnet term is metric independent and therefore con-
formal invariant

∫
d4x

√
G R (G)∗ R∗ (G) =

∫
d4x

√
g R (g)∗ R∗ (g) ,

and this can be rewritten as

1

4

∫
d4x

1√
g
ǫµνρσǫαβγδR

αβ
µν R γδ

ρσ .

This shows that the a4 term has the expected invariance under the rescaling
of the operator P0 → P = e−φ P0 e−φ.

4 Spectral action with dilaton

We now use the result of the previous section to compute the spectral action
with dilaton as a function of the rescaled metric G in the Einstein frame,
where the dilaton factor is absorbed in the metric.

The lowest term in the spectral action is given by:

45

4π2
f0

∫
d4x

√
ge4φ =

45

4π2
f0

∫
d4x

√
G.

(Note that the dimension of the bundle on which the operator is acting is
4×3×15 where the 4 is the dimension of spinors, 3 the number of generations
and 15 = 4 × 3 + 3 is the content of each generation).

The next term in the spectral action with dilaton of the standard model
is, in terms of the original metric g :

3

4π2
f2

∫
d4x

√
ge2φ

(
5

4
R (g) − 2y2H∗H

)
. (19)

We can transform this back to the Einstein frame with metric Gµν so that
the curvature scalar term has no scale factors in front of it. Using (17) with
g → G and φ → −φ the curvature R (g) is

R (g) = e2φ
(
R (G) + 6 Gµν

(
−∇G

µ∇G
ν φ + ∂µφ∂νφ

))
,
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and we obtain
∫

d4x
√

ge2φR (g) =

∫
d4x

√
G

(
R (G) + 6 Gµν

(
−∇G

µ∇G
ν φ + ∂µφ∂νφ

))

=

∫
d4x

√
G (R (G) + 6 Gµν∂µφ∂νφ)

after integrating by parts. The a2 term (19) thus becomes

3

4π2
f2

∫
d4x

√
G

(
5

4
R (G) +

15

2
Gµν∂µφ ∂νφ − 2y2H

′∗H
′

)
(20)

where we have defined
H = eφH ′,

so that the only appearance of the dilaton φ is through its kinetic energy.
Let us pause a bit and discuss signs at this point. For a positive test

function F the coefficients f0, f2, f4 are all positive. It is important that
the Einstein term

∫
d4x

√
G R (G) appears in (20) with the correct sign for

the Euclidean functional integral, and that the kinetic term for φ namely∫
d4x

√
G Gµν∂µφ∂νφ appears with a positive coefficient in (20).

The next term coming from a4 (x, P ) is unchanged for the spectral action
with dilaton, and thus given independently of φ by [11],

f4

4π2

∫
d4x

√
g

(
1

32

(
11R (g) ∗R∗ (g) − 18Cµνρσ (g)Cαβγδ (g) gµαgνβgργgσδ

)

+ 3y2

(
DµH∗DνHgµν − 1

6
R (g)H∗H

)

+

(
g2
3G

i
µνG

i
ρσ + g2

2F
α
µνF

α
ρσ +

5

3
g2
1BµνBρσ

)
gµρgνσ + 3z2 (H∗H)2

)
,

where we have omitted total derivatives as they only contribute to boundary
terms. Let us show that we can rewrite this term in the following way as a
function of the metric Gµν by making use of the conformal invariance of a4:

f4

4π2

∫
d4x

√
G

(
1

32

(
11R (G) ∗R∗ (G) − 18Cµνρσ (G)Cαβγδ (G)GµαGνβGργGσδ

)

+ 3y2

(
DµH

′∗DνH
′Gµν − 1

6
R (G)H ′∗H ′

)

+

(
g2
3G

i
µνG

i
ρσ + g2

2F
α
µνF

α
ρσ +

5

3
g2
1BµνBρσ

)
GµρGνσ + 3z2

(
H

′∗H ′
)2

)
.
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The terms which only involve the metric are conformal by construction.
The same holds for the terms which involve the gauge fields since the Yang-
Mills action is conformal. Thus we need only to take care of the terms that
involve the Higgs fields. We have to show that the following expression is
unchanged by g → G and H → H ′,

3 f4 y2

4π2

∫
d4x

√
g

(
gµνDµH∗DνH − 1

6
R (g)H∗H

)
.

To see this we first rescale the kinetic energy of the Higgs field

√
g gµνDµH∗DνH =

√
GGµνe−2φDµ

(
eφH ′∗

)
Dν

(
eφH ′

)

=
√

GGµν
(
DµH ′∗DνH

′

+ ∂µφH ′∗DνH
′

+DµH
′∗H ′∂νφ + H ′∗H ′∂µφ∂νφ) .

The conformal coupling of the Higgs field to the scalar curvature transforms
as

−1

6

√
g R(g)H∗H = −1

6

√
G H ′∗H ′

(
R(G) − 6Gµν

(
(∇µ∇ν)

G φ − ∂µφ∂νφ
))

.

After integrating by parts the term

∫
d4x

√
GH ′∗H ′ (∇µ∇ν)

G φ Gµν ,

we find that all cross terms cancel, thus obtaining

∫
d4x

√
g

(
gµνDµH∗DνH − 1

6
R (g)H∗H

)

=

∫
d4x

√
G

(
GµνDµH ′∗DνH

′ − 1

6
R (G) H ′∗H ′

)
.

The quartic Higgs interactions are evidently scale invariant

∫
d4x

√
g (H∗H)2 =

∫
d4x

√
G (H ′∗H ′)

2
.

Collecting all terms, the low-energy bosonic part of the spectral action with
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dilaton is given by

Ib =
45

4π2
f0

∫
d4x

√
G (21)

+
3

4π2
f2

∫
d4x

√
G

(
5

4
R (G) +

15

2
Gµν∂µφ∂νφ − 2y2H

′∗H
′

)

+
f4

4π2

∫
d4x

√
G

(
1

32
(11R (G) ∗R∗ (G) − 18 Cµνρσ (G)Cµνρσ (G))

+ 3y2

(
DµH

′∗DνH
′Gµν − 1

6
R (G) H ′∗H ′

)

+

(
g2
3G

i
µνG

i
ρσ + g2

2F
α
µνF

α
ρσ +

5

3
g2
1BµνBρσ

)
GµρGνσ + 3z2

(
H

′∗H ′

)2
)

.

For higher order terms one expects a scaling factor of the form e(4−n)φ to
be present, but derivatives of the dilaton field φ may also occur. Therefore
in the Einstein frame, one does no expect the dilaton field φ to acquire a
potential. As will be discussed later, this will change when quantum cor-
rections are taken into account and the dilaton acquires a potential of the
Coleman-Weinberg type [14].

Fermionic interactions take the simple form

〈Ψ |D|Ψ〉 =

∫
d4x

√
g ΨDΨ,

where the metric gµν is used to insure hermiticity of D. We will now show
that the fermions will not feel the dilaton. To see this we first redefine the
spinors by

Ψ = e
3

2
φΨ′,

then we have, for the parts not involving the Higgs or gauge fields,

〈Ψ |D|Ψ〉 =

∫
d4x

√
Ge−4φe

3

2
φΨ

′
γceφEµ

c

(
∂µ +

1

4
ω ab

µ (e) γab

) (
e

3

2
φΨ′

)
,

where the rescaled vierbein is Ea
µ = eφea

µ . We have to express the spin-
connection ω ab

µ (e) in terms of the spin-connection of the rescaled vierbein
Ωab

µ (E) . To do this we use the equations

∂µea
ν − ∂νe

a
µ − ω ab

µ (e) eνb + ω ab
ν (e) eµb = 0,

∂µEa
ν − ∂νE

a
µ − Ω ab

µ (E) Eνb + Ω ab
ν (E) Eµb = 0,

14



and these imply that

ω ab
µ (e) = Ω ab

µ (E) +
(
ea

µeνb − ea
µeνb

)
∂νφ.

Therefore

γceµ
c

(
3

2
∂µφ +

1

4
ω ab

µ (e) γab

)
= γceφEµ

c

(
1

4
Ω ab

µ (E) γab

)
,

and the fermionic action reduces to the nice form
∫

d4x
√

G Ψ
′
γcEµ

c

(
∂µ +

1

4
Ω ab

µ (E) γab

)
Ψ′

which is independent of the dilaton. Finally the parts involving interactions
between the fermions and the Higgs or gauge fields could be written in the
form

∫
d4x

√
g Ψγ5HΨ =

∫
d4x

√
G Ψ′γ5H

′Ψ
′

,
∫

d4x
√

g Ψγaeµ
aAµΨ =

∫
d4x

√
G Ψ′γaEµ

a AµΨ
′

.

The fermionic interactions are

If = 〈Q |Dq|Q〉 + 〈L |Dl|L〉

where

Q =




uL

dL

dR

uR


 ,




νL

eL

eR




and these take exactly the same form as those without dilaton when expressed
in terms of the metric Gµν . Rewriting this in terms of the fermionic fields

Q′ = e−
3

2
φQ, L′ = e−

3

2
φL,

and the Higgs field H ′ we obtain

If =

∫
d4x

√
G

(
L

′

D
′

lL
′ + Q

′
D

′

qQ
′

)

15



where [11]

D
′

l =

(
γµ ⊗

(
Dµ ⊗ 12 − i

2
g2A

α
µσα + i

2
g1Bµ ⊗ 12

)
⊗ 13 γ5 ⊗ ke ⊗ H

′

γ5 ⊗ k∗e ⊗ H∗′ γµ ⊗ (Dµ + ig1Bµ) ⊗ 13

)

D′
q =




γµ ⊗∇(1,2)
µ ⊗ 13 γ5 ⊗ kd ⊗ H

′

γ5 ⊗ ku ⊗ H̃ ′

γ5 ⊗ k∗d ⊗ H∗′ γµ ⊗
(
Dµ + i

3
g1Bµ

)
⊗ 13 0

γ5 ⊗ k∗u ⊗ H̃ ′∗ 0 γµ ⊗
(
Dµ − 2i

3
g1Bµ

)
⊗ 13




+ γµ ⊗ 14 ⊗ 13 ⊗
(
− i

2
g3V

i
µλi

)
,

and

γµ = γaEµ
a ,

Dµ = ∂µ +
1

4
Ω ab

µ (E) γab,

∇(1,2)
µ = Dµ ⊗ 12 −

i

2
g2A

α
µσα − i

6
g1Bµ ⊗ 12.

From the above considerations we deduce that the only effect of the dilaton
on the low-energy terms of the spectral action is that the dilaton gets a kinetic
term with no other interactions. This confirms that all matter interactions
in the above Lagrangian are scale invariant when expressed in the rescaled
fields Gµν , H ′ and Ψ′. Only the Einstein term and the dilaton kinetic energy
are not scale invariant.

Note that the invariance of the action for the Fermions, that is the equality

〈Ψ |D|Ψ〉 = 〈Ψ′ |D′|Ψ′〉′ (22)

where D′ corresponds to the metric G and the fields H ′, does not mean that
the operators D and D′ are the same. Indeed the transformation Ψ → Ψ′ is
not unitary and one has

〈Ψ′|Ψ′〉′ =
〈
Ψ

∣∣eφ
∣∣Ψ

〉
(23)

which gives the unitary equivalence

D′ ∼ e−φ/2 D e−φ/2 (24)
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One might then be tempted to conclude that the square of e−φ/2 D e−φ/2

should be unitarily equivalent to P = e−φ D2 e−φ but this does not hold
precisely because of the additional kinetic term in the spectral action with
dilaton. Indeed one can prove (Appendix C) in the general framework of
spectral triples, with a minimum amount of hypothesis, the identity

∫
− e2φ D−2 =

∫
− (e−φ/2 D e−φ/2)−2 +

1

2

∫
− [D, eφ][D, eφ]∗ D−4 (25)

with D′ = e−φ/2 D e−φ/2 the last term gives the canonical kinetic energy of
the dilaton

1

2

∫
− [D′, φ][D′, φ]∗ D

′ −4

with the correct sign.

5 Applications

We have shown that the dilaton interactions of the spectral action are almost
the same as the ones proposed in the literature [2], [3], the difference lies in the
derivative couplings of the dilaton field. These were obtained by requiring
the standard model matter sector to be scale invariant by introducing a
compensating dilaton field. The origin of the dilatational symmetry breaking
are the mass terms of the Higgs potential, and these are scaled with the
dilaton field to make them scale invariant. In a curved space-time all fields
couple to gravity, and the dilaton. The proposed action for the gravity-
dilaton-Higgs sectors, in our notation, was derived to be2 [3], [4]

I =

∫
d4x

√
G

(
− 1

2κ2
R +

1

2

(
1 +

6

κ2f 2

)
Gµν∂µφ∂νφ

+GµνDµH
′∗DνH

′ − V0

(
H

′∗H
′

)
.
)

There it was shown that in curved space-time this corresponds to the Jordan-
Brans-Dicke theory of gravity. The only difference between this action and
the spectral action is that the later has the conformal coupling

1

6
R(G)

(
H

′∗H
′

)2

,

2This expression is in the conventions of [4] and is in Minkowski space.
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which is necessary to make the matter couplings scale invariant. A slight
modification was also proposed in the study of models of extended inflation,
by also considering the possibility of modifying the Higgs sector by taking
[4]

e
2

f
φGµνDµH∗DνH − e

4

f
φV0 (H∗H)

This differs from the spectral action by the appearance of derivative couplings
of the form

GµνDµH
′∗H

′

∂νφ.

It is amusing to note that this alternative proposed action is exactly the same
action as the one derived for the Connes-Lott gravitational interactions [6],
[10]. Therefore the two models proposed in the literature for making the
Higgs sector scale invariant are the same as the interactions obtained for the
noncommutative standard model, either for the spectral action formulation,
or the Connes-Lott formulation. We also note that scale invariance of the
action is broken by the Einstein term and by the kinetic term for the dilaton.
This is remarkable because it was shown that if the full action is scale in-
variant, then the couplings will not lead to a model with extended inflation.
Quantum corrections and renormalization conditions break scale invariance
in the matter sector of the standard model and lead to an exponentially large
hierarchy between the mass scale f where φ = 1

f
σ and the electroweak scale

without fine tuning. The scale f is normally of the order of the Planck
scale. The dilaton mass obtained depends on the Higgs mass, but should be
constrained to be smaller than 10−6ev.

The noncommutative space of the standard model is obtained by taking
the product of a four-dimensional Riemannian manifold times a discrete space
dictated by the symmetries of the Hilbert space spanned by the quarks and
leptons. The presence of left and right handed fermions provides the intuitive
picture where these fermions are placed on two different sheets. The gauge
fields in the discrete dimensions are the Higgs fields, with the inverse of the
distance between the two sheets interpreted as the electroweak energy scale.
This picture is similar to the Randall-Sundrum (RS) scenario where the four-
dimensional space is embedded into a five-dimensional space as a 3-brane
positioned at the points x5 = 0 and x5 = πrc where rc is the compactification
radius. The action for the Higgs sector in the RS model [9] was obtained to
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be
∫

d4x
√

g
(
gµνDµH

∗DνH − λ
(
|H|2 − v2

0

))

=

∫
d4x

√
g

(
gµνDµH

′∗DνH
′ − λ

(∣∣∣H ′

∣∣∣
2

− e−2krcπv2
0

))

where

gµν = e−2krcπgµν ,

H
′

= e2krcφH,

in the visible sector located at x5 = πrc. The physical mass scales are set by
the symmetry breaking scale v = e−krcπv0 so that m = m0e

−krcπ. The bare
symmetry breaking scale v0 is taken to be of the order of the Planck scale
at 1019 Gev and the scaling factor ekrcπ tuned to be of the order of 1015 so
that the low-energy masses are of the order of Tev. The hierarchy problem
is only partially solved in a technical sense because the tuning could not be
maintained at the quantum level. A choice of krc = 10 can generate the large
scale 1015 Gev. Comparing the Higgs sectors in the RS action with that in
the spectral action we immediately see that they are identical provided we
identify the expectation value of the dilaton field 〈φ〉 with krcπ.

6 Conclusions

The Dirac operator being a differential operator has the dimensions of mass.
The spectral action in noncommutative geometry is defined as a function of
a dimensionless operator which is taken to be the Dirac operator divided by
some arbitrary large mass scale. The arbitrariness of the mass scale nat-
urally suggests to make this scale dynamical by introducing a dilaton field
in the Dirac operator of the noncommutative space defined by the standard
model. To understand the appearance of the mass scales of the spectral ac-
tion, we evaluated all interactions of the dilaton with the matter sector in
the standard model. We found the remarkable result that the low-energy
action, when evaluated in the Einstein frame, is scale invariant except for
the Einstein-Hilbert term and the dilaton kinetic term. The resulting model
is almost identical to the one proposed in the literature [3],[2],[4]. The main
motivation in these works is the observation that the standard model is classi-
cally almost scale invariant, with the symmetry only broken by the mass term
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in the Higgs potential. The symmetry is restored by the use of a dilaton field.
When coupled to gravity, neither the dilaton kinetic energy nor the scalar
curvature are scale invariant, leading to a Jordan-Brans-Dicke theory of grav-
ity. The vacuum expectation value of the Higgs field is then dependent on
the dilaton and is classically undetermined. Quantum corrections break the
scale invariance of the scalar potential and change the vacuum expectation
value of the Higgs field. The dilaton acquires a large negative expectation
value given by −m and a small mass. The hierarchy in mass scales is due to
the large Yukawa coupling of the top quark. The dilaton expectation value
can range between the GUT scale of 1015 Gev to the Planck scale of 2.4 ·1018

Gev. The hierarchy in mass scales is not possible if the dilaton kinetic energy
and the gravitational action were scale invariant. It is remarkable that all the
essential features of building a scale invariant standard model interactions to
generate a mass hierarchy and predict the Higgs mass are naturally included
in the spectral action without any fine tuning. It is worth mentioning that
the scalar potential of exactly the same model considered here was shown to
admit extended inflation and a metastable ground state. It also evades the
problems of the original version of extended inflation.

The vacuum expectation value of the dilaton field is determined by getting
contributions from classical and radiative corrections to the vacuum energy
density. One does not obtain naturally a vanishing cosmological constant.
It is possible, however, to cure this problem by fixing the total invariant vol-
ume. This restricts general relativity to the form considered in [15] where
the volume form is held fixed. There it was shown that this picture is con-
sistent both at the classical and quantum levels [16], [17] . This fixes the
total invariant volume and eliminates the scalar mode of the metric tensor
gµν . This is done at the expense of introducing the dilaton mode φ [3]. In
noncommutative geometry the volume is fixed by a Hochschild cycle c whose
compatibility with the Dirac operator D is a basic constraint on the Hilbert
space representation giving the metric [18]. One applies the representation
to monomials

π (f0, f1, f2, f3, f4) = f0 [D, f1] [D, f2] [D, f3] [D, f4] ,

and requires that when applied to the Hochschild cycle c it gives

π (c) = γ5.

The cosmological constant becomes determined by the initial conditions of
the theory.
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To summarize, we have shown that the spectral action includes naturally
a dilaton field which guarantees the scale invariance of the standard model
interactions, and provides a mechanism to generate mass hierarchies. This is
in addition to the advantages obtained previously in [11] which are now well
known [12]. There it was shown that all the correct features of the standard
model are obtained without any fine tuning, such as unification with gravity,
unification of the three gauge coupling constants and relating the Higgs to
the gauge couplings. These results should be taken to support the idea that
all the geometric information about the physical space is captured by the
knowledge of the Dirac operator of an appropriate noncommutative space.

7 Appendix A

In this appendix we shall prove formula (12). Given an elliptic positive
invertible second order operator Q and a differential operator T we use the
notation ∇(T ) = [Q, T ] and the following identity (for n ≥ 0) :

Q−1 T =

n∑

0

(−1)k ∇k(T ) Q−k−1 + (−1)n+1 Q−1 ∇n+1(T ) Q−n−1 . (26)

We apply this to Q = P (t)+λ, T = φ P (t)+ P (t) φ. The operator ∇k(T ) is
independent of λ and is a differential operator of order ≤ 2 + k since ∇k(φ)
is at most of order k. Thus the operator ∇k(T ) Q−k−1 is pseudodifferential
of order at most 2 + k − 2(k + 1) = −k and the remainder in (26) is of order
at most −n − 1. This shows that when working modulo operators of order
less than −n we have

(P (t) + λ)−1 T ∼ T (P (t) + λ)−1 +
n∑

1

(−1)k ∇k(T ) (P (t) + λ)−k−1

so that
(P (t) + λ)−1 T (P (t) + λ)−1 ∼ T (P (t) + λ)−2

+

n∑

1

(−1)k ∇k(T ) (P (t) + λ)−k−2 .

But one has
n∑

1

(−1)k ∇k(T ) (P (t) + λ)−k−2 = [P (t), A(t, λ)]
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where

A(t, λ) =
n∑

1

(−1)k ∇k−1(T ) (P (t) + λ)−k−2

Thus integrating from λ = 0 to ∞ and using (11) we get that, modulo
operators of order less than −n,

d

dt
Y (t) ∼ −

∞∫

0

(φ P (t) + P (t) φ) (P (t) + λ)−2 dλ + [P (t), A(t)]

where

A(t) = −
∞∫

0

A(t, λ) dλ .

This thus gives

d

dt
Y (t) ∼ − (φ P (t) + P (t) φ) P (t)−1 + [P (t), A(t)]

= −2 φ + [P (t), C(t)] , C(t) = A(t) − φ P (t)−1 .

It is important to note that all of the above manipulations hold in the general
context of spectral triples with simple dimension spectrum. Moreover one can
prove fairly strong properties of the spectral action in this general context.

8 Appendix B

In this appendix we shall prove the identity

an (x, P ) = an (x, P1) = an (x, P2)

where P = e−φD2e−φ and P1 = D2e−2φ, P2 = e−2φD2. It can then be used
to simplify some of the computations of section 3.

One simply writes
P = e−φP1e

φ

so that
Trace

(
P−s

)
= Trace

(
P−s

1

)
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From this the identity an (x, P ) = an (x, P1) immediately follows.
One can also do a direct check as follows, one first writes

P = − (GµνI ∂µ∂ν + Aµ∂µ + B)

P1 = − (GµνI ∂µ∂ν + Aµ
1∂µ + B1) ,

where

Gµν = e−2φgµν

B = e−2φB + Gµν (∂µφ∂νφ − ∂µ∂νφ) − e−2φAµ∂µφ

Aµ = e−2φAµ − 2Gµν∂νφ,

Aµ
1 = e−2φAµ − 4Gµν∂νφ

B1 = e−2φB + 2Gµν (2∂µφ∂νφ − ∂µ∂νφ) − 2e−2φAµ∂µφ

These relations imply

Aµ
1 = Aµ − 2Gµν∂νφ,

B1 = B+Gµν (∂µφ∂νφ − ∂µ∂νφ) −Aµ∂µφ

We also have

ω′
1µ =

1

2
Gµν (Aν

1 + Γν (G))

= ω′
µ − ∂µφ

so that

E1 = B1 − Gµν
(
∂µω′

1ν + ω′
1µω′

1ν − Γρ
µν (G) ω′

1ρ

)

= E

Similarly
Ω1µν = Ωµν

and the equality of the Seely-de Witt coefficients follow from the fact that
these depend only on E , Ωµν and the curvature tensors are functions of the
same metric Gµν .
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9 Appendix C

In this appendix we shall show (25) and the appearance of the kinetic term in
the general framework of spectral triples using the following manipulations.
One has ∫

− (e−φ/2 D e−φ/2)−2 =

∫
− eφ D−1 eφ D−1 (27)

Also
D−1 eφ = eφ D−1 − D−1 [D, eφ] D−1 (28)

which allows to write (27) as
∫
− (e−φ/2 D e−φ/2)−2 =

∫
− e2φ D−2 −

∫
− eφ D−1 [D, eφ] D−2 (29)

and using (28) again,

−
∫
− eφ D−1 [D, eφ] D−2 = −

∫
− eφ [D, eφ] D−3

−
∫
− D−1 [D, eφ] D−1 [D, eφ] D−2

The first of the two terms vanishes since the residue is a trace. The second
is given by

−
∫
− D−1 [D, eφ] D−1 [D, eφ] D−2 =

∫
− [D, eφ]2 D−4 + R (30)

where

R = −
∫
− D−2 [D2, eφ] D−1 [D, eφ] D−2

Let us show that

R = −1

2

∫
− [D2, eφ]2 D−6 (31)

To see this write

R = −
∫
− D−2 [D2, eφ] D D−2 [D, eφ] D−2 (32)

and note that the commutator of D with [D2, eφ] is equal to [D2, [D, eφ]]
and has order 1 so that

∫
− D−2 [D, [D2, eφ]] D−2 [D, eφ] D−2 = 0
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Thus moving D to the left and using the trace property of the residue one
gets

R = −1

2

∫
− [D2, eφ] D−2 (D [D, eφ] + [D, eφ] D) D−4

and one obtains (31). Summarizing, we have shown the equality
∫
− (e−φ/2 D e−φ/2)−2 =

∫
− e2φ D−2 +

∫
− [D, eφ]2 D−4 − 1

2

∫
− [D2, eφ]2 D−6

Thus to obtain (27) one just needs to prove the equality
∫
− [D, a]2 D−4 =

∫
− [D2, a]2 D−6 (33)

and apply it to a = eφ. One can check (33) directly in the Riemannian
case by computing the residue as the integral of the principal symbols on
the unit sphere bundle. The factor 22 from the Poisson brackets [D2, a] is
compensated by the integral of ξ2

µ on the sphere which gives 1
4
. In the general

framework of spectral triples one gets (33) from the general hypothesis
∫
− a [D, b] D−3 = 0 , ∀a, b ∈ A

Note that the commutator [D, eφ] is skew adjoint and in particular [D, eφ]∗ =
− [D, eφ]. Thus we get the correct sign in

∫
− e2φ D−2 =

∫
− (e−φ/2 D e−φ/2)−2 +

1

2

∫
− [D, eφ][D, eφ]∗ D−4 (34)
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