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Abstract

We prove a cyclic cohomological analogue of Haefliger’s van Est-
type theorem for the groupoid of germs of diffeomorphisms of a man-
ifold. The differentiable version of cyclic cohomology is associated to
the algebra of transverse differential operators on that groupoid, which
is shown to carry an intrinsic Hopf algebraic structure. We establish a
canonical isomorphism between the periodic Hopf cyclic cohomology
of this extended Hopf algebra and the Gelfand-Fuchs cohomology of
the Lie algebra of formal vector fields. We then show that this iso-
morphism can be explicitly implemented at the cochain level, by a
cochain map constructed out of a fixed torsion-free linear connection.
This allows the direct treatment of the index formula for the hypoel-
liptic signature operator — representing the diffeomorphism invariant
transverse fundamental K-homology class of an oriented manifold —
in the general case, when this operator is constructed by means of an
arbitrary coupling connection.
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Introduction

The local index formula for hypoelliptic differential operators in a dif-
feomorphism invariant setting [J] expresses the Chern character of such op-
erators in terms of a particular kind of cocycles of the cyclic bicomplex,
satisfying a property analogous to that involved in Haefliger’s definition of
differentiable cohomology for the groupoid of germs of diffeomorphisms on a
manifold [16]. Applying it to the transverse index problem on foliations, we
have shown in [[(] that, if the complete transversal is chosen to be an affine
flat manifold, the “differentiable” cocycle representing the Chern character
of such an operator is automatically in the range of a natural characteristic
map, originating from the cyclic cohomology of a Hopf algebra H,, canoni-
cally associated to Diff (R™). In turn, the periodic Hopf cyclic cohomology
of H,, and its SO(n)-relative version were shown to be canonically isomor-
phic to corresponding Gelfand-Fuchs cohomologies of formal vector fields.
The upshot was proving that, in cohomological form, the index formula for
transversely hypoelliptic operators on foliations can be expressed in terms of
Gelfand-Fuchs classes, transported via the characteristic map. In this paper
we incorporate ab initio the curvature into our approach and thus dispense
with the geometrically unsatisfactory flatness condition on the transversal.

The new device that allows the direct treatment of the curved case is a
“thickened” version Hpgy, of the Hopf algebra H,,. If one regards H,, as an
algebra of transverse differential operators with constant coefficients, H gy,
should be viewed as the algebra of transverse differential operators with vari-
able coefficients on F'M xI"); , the étale groupoid of germs of diffeomorphisms
of a given n-manifold M lifted to its frame bundle FF'M. The algebra Hpgy,
is naturally a bimodule over the coefficient ring Rpy = C°(FM) and it
affords a Hopf structure only in an extended sense, the coproduct taking
values in the tensor product over Rpy,. Like its precursor H,,, Hry too
gives rise to a natural cyclic module, consisting of (Rgps, R )-bimodules
of multidifferential operators.

The main result of this paper, which can be viewed as a cyclic coho-
mological analogue of Haefliger’s van Est-type theorem for the groupoid of
germs of diffeomorphisms of M [, Theorem IV.4], establishes a canonical
isomorphism between the periodic Hopf cyclic cohomology of Hpgy, and the
Gelfand-Fuchs cohomology of the Lie algebra of formal vector fields on R™,
as well as between their corresponding relative versions. This isomorphism
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is implemented at the cochain level by a cochain map manufactured out of
a given torsion-free connection. In this way we exhibit a purely geomet-
ric construction, tracking the displacement of the connection and curvature
forms under diffeomorphisms, for the cyclic cohomological counterparts of
the classical Chern and secondary classes of foliations ([, [L]).

Acknowledgment. We express our thanks to Georges Skandalis, for his critical
reading of the manuscript and for his insightful comments.

1 The algebra Hgy,

We begin by introducing Hgys, as an algebra of transverse differential
operators on the smooth étale groupoid associated to the diffeomorphisms of
the base manifold acting on its frame bundle.

Let M be a smooth n-manifold and let F'M denote the bundle of frames
on M. We denote by I'); the pseudogroup of all local diffeomorphisms of
M:; its elements are partial diffeomorphisms v : Domty) — Rant, with both
the domain Doms) and range Raniy) open subsets of M. The prolongation to
F'M of a partial diffeomorphism ¢ € I'); will be denoted by . The set of all
pairs (u, @) with ¢ € I'j; and u € Rang will be denoted F'M x I'y;. We next
form the associated smooth étale groupoid of germs of lifted diffeomorphisms

FMxTy:={[u,¢]; ¢€ly, uecRang},

where [u, @] stands for the class of (u,p) € FM x 'y, with respect to the
equivalence relation which identifies (u, ) and (v, {/;) if u=v and ¢! coin-
cides with lz_l on a neighborhood of u. The corresponding source and target
maps are

slu, p| = ¢ '(u) € Dom@, resp. t[u,P] =u,
and the composition rule is
[w, @ o [v,¢] = [u,@o¢], if veDomg and $(v)=u.

We let
A= Apy = CP(FMXTyy)



denote its convolution algebra. From a practical standpoint, it is convenient
to regard Ap); as being linearly spanned by monomials of the form

fU,, with feCX(Domy),
where the asterisk stands for the inverse, with the understanding that

flezl Ef?U;Zz iff fi=/; and $1|V:J2\v7

where V' is a neighborhood of Supp(f;), ¢ = 1 or 2. The multiplication rule
for such monomials is given by

S U;Zl 'fQU:Z2 - fl(fQO@’El) U:Z%h;

note that, by hypothesis, the support of fi(f; o {/;1) is a compact subset of

Domdy; N ¢y ! (Domi)y) C Dom(ts o ¢y).
The function algebra

R =Rpm :=C*(FM)
acts in two ways on A, by left multiplication operators
a®)(fU;)=0b-fU;, bER, (1.1)
and by right multiplication operators

BOU) = fU;-b=boy-fU;, beER. (1.2)

On the other hand, any vector field Z on F' can be extended to a linear
transformation, although no longer a derivation in general, Z € L (A), by
setting

Z(fUy)=2Z(f)U;, fU; €A (1.3)

The following definition can be easily adapted to cover the case of an
arbitrary base manifold. However, for the simplicity of the exposition, we
shall assume from now on that the manifold M admits a finite atlas.

Definition 1 A transverse differential operator on the groupoid F M XTIy is
an element of the subalgebra of linear operators on A

H=Hpy C E(AFM)



generated by the transformations ([.1), ([-3) and (I-3). A p-differential op-
erator on F'M XTIy, is a p-linear transformation H on Apy with values in
Apn, of the form

H(a',...,a") =Y hi(a")---BE(a"), a',...a" € Apyr, (14
=1

with hll,,hf € Hppm.

The adjective transverse is meant to emphasize the distinction between this
notion and that of longitudinal or invariant (pseudo)differential operator of
[ (cf. also [RQ] for a systematic treatment of the latter in the context of Lie
algebroids.)

There are two built-in algebra homomorphisms oo : R — H and §: R —
‘H, whose images commute

O[(bl) ﬁ(bg) = ﬁ(bg) O[(bl), i bl,bg € R, (15)

we shall view H as an (R, R)-bimodule with the left action of R given by
left multiplication via o and the right action given by left multiplication via
(. More generally, for any p > 1, the space of p-differential operators on
FMXT ),

HP = H oy P (1.6)

can be endowed with an (R, R)-bimodule structure in a similar fashion, via
left multiplication by means of «, respectively [3.

The remainder of this section will be devoted to the proof of two pivotal
results, clarifying the structure of these bimodules.

We fix a torsion-free connection on FM, with connection form w = (w}).
We denote by § = (6) the canonical form

0.(2) = u\(r.(Z)), VZeT,FM,

where m : FM — M is the projection and the frame v € FM is viewed as
an isomorphism of vector spaces u : R" — T5(,) M.

Let X1, ..., X,, be the standard horizontal vector fields corresponding to
the standard basis of R" and {Y;’} the fundamental vertical vector fields cor-
responding to the standard basis of gl(n,R), such that {Xj, Y/} and {6*, w'}
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are dual to each other. Since {Xp|,,Y7|,} form a basis of T, FM for every
u € FM, as an algebra, H is generated by «(R), #(R) and the endomor-
phisms of A associated to the vector fields X and Y7 (cf. ([)). The
usual commutation relations for the vector fields associated to a torsion-free
connection continue to hold in H:

MERHIERAGEE R ¢

[Xk’ Xf] = Z a(R;kZ)}/zj )

where the functions R, € R are related to the curvature form Q of the

j
given connection by
= ke ’ jke = 10k -
k<t

Also, for any b € R one has

Y7, a®)] = a7 (1),
(1.8)
[Xi, a(b)] = a(Xk(0)) .

On the other hand, the commutators between the standard horizontal vector
fields and B(R) introduce new operators acting on A. Indeed, while the
fundamental vector fields are I'j/-invariant and therefore

Y7, 8(0)] = B(Y] (b)), (1.9)

for the standard horizontal vector fields one has, with the usual summation
convention,

Up X3, Ul — X = ply, Y7 (1.10)

the coefficients p;'.k, which are functions on FM xI'y; involving the second
order jet of the local diffeomorphism, can be alternatively expressed as

It then follows that

[Xx, B(0)] = B(Xi(b)) + B(Y] (b)) & (1.12)
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where 5;-,?_6 L (A) are the operators of multiplication by the functions 'y]i»k €
C®(FMxTyy), ‘ ‘ ‘
i (fUG) =5 fUZ = fUZ- Pl (1.13)

Lemma 2 The operators 5;‘19 are transverse differential operators on the étale
groupoid FMXT ;.

Proof. Due to the existence of a finite atlas on M and using a partition of
unity argument, it suffices to show that

Blxom) dj € H

for any function y € C°(M) with support in a coordinate chart U C M.
Equation ([.12) ensures that

B (Y7 (b)) B(xom)d,eH, VbeR. (1.14)

Choose b € M,(R) such that, in local coordinates u = (z*, y/) on 7= 1(U),

b(u) =1y.
Then ‘ '
YI(0) | vy = o 5y (W) =05 07 (1.15)
We now choose d € M,,(R) such that its restriction to 7=1(U) is
d(u) =yt

From ([.TF) it follows that

B(dy) B( Y7 (57)) Blxom) by, = Blxom)dy,
and by ([.I4) the left hand side belongs to the algebra H. 0
An equivalent form for the equation ([[.11)) is

P'w—w=ry-0; (1.16)

from this it easily follows that, as a vector valued function on the frame
bundle, v is tensorial with respect to the right action of the structure group
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GL"(n,R). At the infinitesimal level, this translates into the following ex-
pressions for the commutators between the Y} and dy,,:

Im

Y. 05,] = 0 85, + 5, 8 — o o (1.17)

The commutators with X however yield new operators, involving higher
order jets of diffeomorphisms:

ék,el...,zr = [Xe,, .. [Xe, ;k] s (1.18)

these operators, acting on A, have the form

ék,el...,zr (f U:;) = ’Y;k,zl...er : fU;a ’Y;k,zl...er = X, Xg (’Y;k) (1.19)

In particular, they form an abelian subalgebra and also commute with image
of R through both maps « and (.

We are now ready to prove the main results of this section. Recall that ‘H
is viewed as an (R, R)-bimodule under the left action of R via multiplication
by the image of «, resp. [.

Proposition 3 The (R, R)-bimodule H is free over R @ R. The choice of
a torsion-free connection on FM gives rise to a Poincaré-Birkhoff- Witt-type

basis of H over R @ R.

Proof. Once the connection w is fixed, we use the same notation as above
for the associated generators of the algebra H. In addition, we shall need to
employ two kinds of multi-indices, whose entries form an increasing sequence
with respect to the obvious lexicographic order. The first kind are of the

form ) )
. . J1 J
= fas s () << (1))

while the second kind of the form

(T S (Pl S
ikl <. <0 Jrkr 07 <o <

With this notation, we set

Y. ) J1 Ja i iy
Zr=Xy ... X, Y .qu and 6, =20" .. .@MMT_%T )

IRCHATRUN



Using the relations ([.7)-([.9), ([:I2), Lemma B, ([.I7) and ([.1§), it is

easy to check that the collection {d, - Zr}, where I and x are multi-indices
of the first and second kind respectively, forms a generating set of H over
R ® R. We thus only need to prove that

ST allr) Brin)0e-Zi=0 = (1.@r1.=0, Y(I,k). (1.20)

I,k

Evaluating the expression in ([.20) on an arbitrary element fU; € A one
gets for any u € FM

D W) rra(0) Ya(w, 8) (Z1 )(w) = 0, v =G(u). (1.21)

Let us fix, for the moment, ug, vy € F'M and set

T (ug,v9) = {p € Tar; P(uo) =vo} -

By varying ¢ € T'® (ug,vp) , we shall first prove that ([:21)) implies that,
for any fixed multi-index of the second kind x and for any function f &
C.>°(F M) supported around ug, one has

> lrw(uo) rrn(ve) (Zr ) (ug) = 0. (1.22)

exXp, .
Let ®,, : R =% T,, M —2 M be normal coordinates around zq = m(u)

and similarly around yo = 7(vo). Clearly, ¢ € ') (ug, vg) iff @, ' 0 po®,, €
Dif‘fgl) := the pseudogroup of all local diffeomorphisms v of R™ such that
their first order jet at 0 satisfies j}(v) = ji(Id)} .

In normal coordinates and using the customary notation (see [[L], also
[B3], for more detailed local calculations), one has:

Y/ =yl 5 =vy'0 1.23
¢ Yi ay;f Yi Ops ( )
X =yp (0 —Th, 95 9)), (1.24)
and
e,y 0) = (Thue) = T, @)) w5 ol (7 (1.25)
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where

Top(@) = (09() )5 T2 (¥(2)) Oa () Dt (x)¢

+ (00(@) )5 0 Oath(x)”
Since, by the very choice of local coordinates, I',,(0) = 0, it follows from

(L:2G) that
T4,,(0) = 6 T2(0) 67 65 + 63 (0, 00 ¥)(0) = (9, 00 v")(0).

(1.26)

Therefore, by ([.25), Vv € Diffél) , one has

V50,5, 0) = 0 Ba 0" (0) -y ' (v )5 (1.27)

just like in the affine flat case [I(] .

We can now prove ([.23) by induction on the “height” |x| of the multi-
index k, i.e. the number p of indices in 5}1@;@1...4,,7 counting the number of
commutators with X,.

From ([.24)-([.2G) it follows that the top degree component of the jet
of ¢ occuring in the expression

Xe, - Xe, (7i)(0,9,)
is of the form
(e, -+ 0, 07(0) - () -~ (v~

By first choosing 1) with jg_l(w) = jg_l(ld), we can reduce to the situation
|k| = p, when the equations look just like in the flat case. We can then vary
the p-th jet of ¥ to get the vanishing of its coefficient and thus drop the
height.

We are now reduced to proving that if Vu,v € FF'M,

Y Glw)ri(v) (Zr f)(w) =0, Y f € CZ(FM),

1

then, for all indices I of the first kind, one has
14 [ RXrr = 0.

This can be done by induction, in the same manner as before, using ([.23)
and ([.24). Alternatively, it also follows from the Poincaré-Birkhoff-Witt
theorem for Lie algebroids ([B3], [BU]), applied to TF M. O
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Proposition 4 There is a unique isomorphism of vector spaces

T . HORP EZ'(®R ®R7_£ = H[p}’

v
p-times

where HP (cf. ([T32), (I-8)) is the space of transverse p-differential operators,
such that Y hy,...,h, € H and Va',... a? € A,

T(hy ®r ...®r hy) (a*,...,a") = hi(a')--hy(a). (1.28)

Proof. The assignment given by ([[.2§) clearly extends by linearization to
a well-defined epimorphism 7' : H®®? — HPl. It remains to prove that
Ker T' = 0. Assume therefore that

> hif(a')---hyi(a?) = 0, Vd',....a"€A. (1.29)

After fixing a Poincaré-Birkhoff-Witt (R, R)-basis {B; =0,.-Z;;J = [Uk}
of H as above, we may express each h;" under the form

Wy=> " (") p(ri") By, with 67 1" eR.

g d
J
By the hypothesis ([.29), for any fi U} ,..., [, U; € A,
2,J1 * i,J1 pt,J2 * i, Jp—1 i, p * 1,Jp —
S G BL (AU G By (fUL,) oy O By (f, U ) =
Evaluating the left hand side at uy € F'M and setting
ur = p1(uo) , uz = @2(u1) , ..., up = Gp(up-1)

one gets:

S (o) T (wn) G572 (wn) <y () 67 () 1 ()
*Vr1 (9017 UO) Vo (9027 ul) tee fyﬁp (901” upfl)
Zn(fi)(wo) Zr(f2)(u1) ... Z1,(fp)(up—1) =0.

Following the same line of arguments as in the preceeding proof, we infer
that V Jy, ..., J, one has

i,J1 1,J1 i, J2 iJp-1 i, Jp 4, Jp _
> 07 (o) vy (wn) €572 (wn) oy () €57 () 777 (u,) = 0. (1.30)
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We now choose a basis {b)}\_, of the finite-dimensional subspace of R

. i J i J . .
generated by the functions £;”%,r;”* and express them as linear combina-

tions, with constant coefficients, of the basis elements:
i, Ji i,J1,A1
b = E,\l G bx,

i,J1 pi,J2 1,J1,J2, 2
Ty Ay —EAQ Cy bxs

i Jp—1 pisp i, Jp—1,Jp Ap
oot A —E,\p Cp bx,

ivJP — ivJZN)‘p-l»l
Tp © = ZAP+1 Cp+1 b)\p+1 .

From ([[.30) it then follows that VA1, ..., A\piq

i,JJi, 0 dJi 02 e bdpAprr
E cy - Cy “Cp =0. (1.31)
%

We can conclude that
> hi®r ... Qr b, =
S ol By, @ a(ry" 57 By, @ ... ®r a(ry i 607 B(ry ") By,

— EJ,)\ Ez Ci’Jh)\l e C;';:TAP-H Oé(b)\l) BJl ®'R Ce ®'R Oé(b)\p) ﬁ<b>‘p+1) BJP

Remark 5 The algebra Hpj); acts naturally on the frame bundle FG of
every smooth étale groupoid G over M. Moreover, if G is full , in the sense
that the natural map from G to the groupoid of jets of diffeomorphisms of
M has dense range (i.e. surjects on k-jets for every positive integer k), then
Hpar is completely determined by its action on G. Indeed, the proof of
Proposition B remains unchanged if in Definition 1 one replaces the algebra

Cx(FM%Ty) by C=(G).
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2 The Hopf algebraic structure of Hpgy,

We devote this section to the description of the intrinsic Hopf structure
carried by the algebra H = Hpgy,. It fits the pattern of the definition of a
Hopf algebroid, cf. [, Appendix 1] and [[[§], with H as the total algebra and
R as the base algebra. The source and target homomorphisms o : R — H,
resp. 3 : R — H, obey the commutation property ([[.) and confer to H its
(R, R)-bimodule structure.

In order to define the coproduct, we first note that the generators of ‘H
satisfy product rules when acting on A. Indeed, one easily checks that, for
any a',a? € A, one has

a(l) (a'a®) = a(f)(a')-a?, VIieH,

B(r)(a'a®) = a'-pB(r)(@®), VreH,

Vila) = Yia)a®+a Vi(e?), 2.)
Xu(@la?) = Xila)a® +at Xi(a?) + Sielad) Vi(a?)
;k(alaQ) = 5}k(a1) a® + a' 5§k(a2).

These identities are all of the form
= Y hay(a') hey(a®), with by, by €H, (2.2)

where the sum in the right hand side stands for the customary Sweedler sum-
mation convention. By multiplicativity, the rule (R.g) extends to all differ-
ential operators h € H. While the right hand side in (B.J) does not uniquely
determine an element ) hay ® hz) € H ® H, the ambiguity disappears in
the tensor product over R, > h) @z hp) € H @z H.

Proposition 6 The formula
Ahzz h(l) ®73h(2), VheH, (2.3)

with the right hand side given by the product rule (2.3), defines a coproduct
A:H—H®rH, ie. an (R, R)-bimodule map satisfying
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(a) A(1) =1®1;
(b) (ARr Id)o A=(IdR@r A)oA:H—->HIrHIRH;
(¢c) Ah)-(Bb)®1 — 1®a(b)=0, VYbeR,heH,

where we have used the right action of H @ H on H ®r H by right
multiplication;

(d) A(hy - ho) = A(h1) - Alhe),  Yhihe € H,

where the Tight hand side makes sense because of (c).

Proof. The fact that the coproduct (R.J) is well-defined is an immediate
consequence of Proposition [, which also ensures that A is a bimodule ho-
momorphism satisfying (a). By the same token, the coassociativity property
(b) is tantamount to

h ((ab)c) = h (a(bc)), VheH and Va,bceA,

while (¢) is equivalent to a special case of the above, corresponding to b € R.
In turn, (¢) ensures that the preimage of A (H) in H ® H is contained in the
normalizer

NI ={veHoH;v- T CT}, (2.4)

where J is the right ideal generated by {8(b) ® 1 — 1® «a(b); b € R} in
H ®r H, i.e. such that H® H /J = H &z H ; in particular,

AH)CN(T)/T,

which is an algebra. O

At this point let us note that the action of H on A leaves invariant
the subalgebra Ry = C.>° (F'M), pulled back from the space of units of the
groupoid. The restriction of H to End (Rg) coincides with the algebra of
differential operators on F'M, and therefore admits a tautological extension
to an action on R. With this clarified, we can proceed to define the counit.

Proposition 7 The map ¢ : H — R defined by
e(h) = h(1), VheH, (2.5)

s a bimodule map such that
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(a) e(1) =1;
(b) Kere is a left ideal of H ;

(C) (€®Rld)OA: (Id@RES)OA:IdH,
where we have made the identifications RRr H ~ H, H®zr R ~ H,
the first via the left action by o and the second via the left action by 3.

Proof. The fact that e : H — R is a bimodule map satisfying (a) and (b) is
obvious from the definition. In view of Proposition [, (¢) amounts to

h(l-a) = h(a-1) = h(a), YVheH and VaeA. O

The last ingredient we need is a twisted version of the antipode. To
define it, we recall that A carries a canonical (up to a scaling factor) faithful
trace T : A — C, defined as follows

foolpy, it w=1Id,
T(fU;) = FM (2.6)

0, otherwise ,

where volg); denotes a fixed I'y;-invariant volume form on the frame bundle,
e.g. determined by the choice of a torsion-free. connection

Proposition 8 The identity
7(h(a)-b) =7 (a-S(h) (b)), VYabe A, VYheH, (2.7)

is satisfied by all operators h € H; it uniquely defines an algebra anti-
1somorphism S : ' H — 'H, such that

S* = Idy,
goﬁ:a, .
myo(S@rld)oA=pFocoS:H—H, (2.10)

where my : H ® H — H denotes the multiplication and the left hand side of
last identity makes sense because of the preceding identity.
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Proof. Obviously, for any a',a? € A, one has

m(a(b) (a')-a®) = 7(a'-B(b) (a®), VbER,
(2.11)
7(B(b) (a')-a?) = 7(a*-a(b)(a?), YbeER.

Since the fundamental vector fields are I'j;-invariant, (2.1) and the Stokes
formula gives

r(V(d) @) = —7 (@Y (@) + S -ad).  (212)

On the other hand, for the basic horizontal vector fields, again using (R.])
and the Stokes formula, one gets

(X)) = =7 X@) - 7)Y (e?)
| (2.13)
= 7@ X)) + 7 (a5 (@)

Thus, the generators of H satisfy (.1). By multiplicativity, the “integration
by part” identity (R.7) extends to all transverse differential operators h € H
and, since the trace 7 is faithful, it uniquely determines the algebra anti-
homomorphism S : H — H satisfying (£.§) and (R.9). Finally, (2.10) follows
from the fact that, for any h € H and a',a® € A,

7(a'-a?S(h)(1)) = 7(h(a'a?)) =7 (hay(a') he(d?)) =
(2.14)

= 7 (a' - S(ha))he (a?)). =

Remark 9 S : 'H — H is a twisted version of the antipode required by Lu’s
definition [I§]. It already occurs in the flat case [[I], for the genuine Hopf
algebra H,,, and will play a similar role in the definition of the associated
cyclic module. In turn, the bimodule homomorphism é =co0 S:H — R is
the analogue of the modular character in [[I0], [LT)].

3 Differentiable and Hopf cyclic cohomology

The general framework for cyclic cohomology is that of the category
of A-modules over the cyclic category A (cf. [f]). We recall that the cyclic
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category A is the small category obtained by adjoining cyclic morphisms to
the simplicial category A. The latter has one object [q] = {0 <1< ... < ¢}
for each integer ¢ > 0, and is generated by faces ¢; : [¢ — 1] — [g], with ¢; =
the injection that misses 7, and degeneracies o; : [¢ + 1] — [q], with o; = the
surjection which identifies 7 with j 4 1, satisfying the relations:

5j52‘ = 5@'53’—1 for i < j, 0;0; = 0041 1 S] (31)
5@'0']'717 ’l<]
0j0; = 1§ 1, ifi=jori=j5+1
52‘_10'j, Z>]+1

The category A is obtained by adjoining for each ¢ an extra morphism 7, :

l[q] — [g] such that
Tg0i = 0i—1Tq—1, 1 <1 <gq,

Tq0i = 0i—1Tq+1, 1 <1 <q, (3.2)

It =1,.
The cyclic cohomology groups of a A-module M = {M]q]},>0 in the
category of vector spaces (over C) are, by definition, the derived groups

HCIY(M) = Extl(C, M).

Using the canonical projective biresolution of the trivial cyclic object [f],
these groups can be computed as the cohomology of a bicomplex C'C**(M)
defined as follows

cCrr(M)=M[r—p|l, r>p,

(3.3)
cerr(M)=0, r<p,
with vertical boundary operators
q .
b= (-1)'6;: Mlg—1] — Mlq] ¢>0 (3.4)
i=0
and horizontal boundary operators
B=Ngoo_i0 (g1 —Ags1) : Mlg+1] = Mlq], (3.5)
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A = (D)7, o1=mg100,: Mlg+1] — Mlg] and
(3.6)
N, = 1,+X0+...+27
Then HC*(M) is the cohomology of the first quadrant total complex
q
TCIM) =) CCPIP(M), (3.7)
p=0
while the cohomology of the full direct sum total complex
PCY(M) => " CCP*P(M), (3.8)

PEZL

gives the Z/2-graded periodic cyclic cohomology groups HC* e (M).

In particular, the cyclic cohomology HC*(.A) of an associative (unital)
algebra A, which historically preceded the above definition (cf. [[]), corre-
sponds to the A-module Af, with A%[g] = C(A) denoting the linear space
of (¢ + 1)-linear forms ¢ on A and with A-operators defined as follows: the
face operators §; : C71(A) — C1(A), 0<i<g,are

Sio(a®,...,a%) =o¢(d,...,da", ... a%), 0<i<qg—1,
Sg (... a%) = ¢(aa’; a', ..., a%); (3.9)

the degeneracy operators o; : C71(A) — C1(A), 0<i<gq,are
oi0(a®,...,a%) =¢(d,...,a",1,a", ... a%) (3.10)
and for each ¢ > 0 the cyclic operator 7, : C4(A) — C?(A) is given by
T, 0’ ... a%) = ¢(a?, a, ... a?t). (3.11)

We now take A = Apg), and define its differentiable cyclic cohomology
HCy*(A) as follows.

Definition 10 A cochain ¢ € CU(A) is called differentiable if it is of the
form

¢, ...,a%) = 71 (H(ao,...,aq)) ,oad, .., a” € Apar, (3.12)
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where

H(d® ...a%) =Y h{(a°)---hi(a"),  h/ € Hpy,
=1

is a q + 1-differential operator on FMXT"y;. The space of such cochains will
be denoted Cq?(A).

Proposition 11 The subspace of all differentiable cochains
Ad* = {Ca?(A)} 420
forms a A-submodule of A%. Furthermore, for any q > 1, the map

X:CH)=HOr...0r H — C4(A)
o-times (3.13)
x(h' ®@r ... ®r hY) =7 (a®h'(a")---hi(a?)), d°, ..,a%7 €A,

s an isomorphism of vector spaces.

Proof. 1t is easy to check that the A-operators (B-9)—(B-1])) preserve the prop-
erty of a cochain of being differentiable, which proves the first claim. Thanks
to the integration by parts property (R.7), any differentiable g-cochain can
be normalized, i.e. put in the form

T

$(a’,...,a%) =Y 7(a®hi(a)---hi(a?)), hi € Hpu. (3.14)

i=1
The g-differential operator

T

H(d',...,a% = > hi(a")---hi(a?)

i=1

is uniquely determined, because of the faithfulness of the canonical trace.
Thus, the second assertion follows from Proposition f. O

Remark 12 By transport of structure, H* = {C9(H)},>0 , with

CH)=R and CUH)=H®r...0xH, q>1, (3.15)

~
g-times
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acquires the structure of a A-module. The expressions of the A-operators of
H® are virtually identical to those of the cyclic A-module associated to a Hopf
algebra in [[[J], with the obvious modifications required by the replacement
of the base ring C with R.

Thus, the face operators ¢; : Cq? '(A) — Cq4(A), 0<1i<gq, are given by

oMt ®@r...@r W) = 1@rh'®g...Q0r hI 1,
§i(h @r...@r 1) = Al ®7;...®RAhj QR ... Qg hit, (3.16)
V 1<j<q¢-1,
bW @r ... @r A1) = A'@r..0r M '@r1,
in particular, for ¢ =1
So(b) =10rb=p3(0b), 60) =b3r1l=ad) VbeR; (3.17)

the degeneracy operators o; : C47(A) — CI(A), 0 < i < n, have the
expression

O'Z‘(hl KRR ... AR hq+1) = (318)
hl RR ... R hl Rr E(hi+1) Rr hi+2 RR ... R hq+1

if 1<j<gqandforq=0
oo(h) = e(h), heH; (3.19)
finally, the cyclic operator 7, : C1(A) — Ci(A) is
T,(h' @ ... @ 1) = (ATIS(AY)) K2 @ .. @ hi®1, (3.20)

where in the right hand side H ® ... ® H acts on H ®g ... ®r ‘H by right
multiplication.

The cyclic cohomology of the A-module H* will be denoted HC*(H).
By its very definition, one has a tautological isomorphism

T* : HC*(H) — HC4*(A). (3.21)
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There is a simple way for defining the relative version of this cohomology
with respect to any compact subgroup of K C GL(n,R), which goes as
follows.

For ¢ € GL(n,R), let R(g) denote its right action on R = C*(FM).
Since the action of GL(n,R) on F'M commutes with that of I'y; , the represen-
tation R of GL(n,R) on R by right translations extends to a natural action
by algebra automorphisms of GL(n,R) on A = C*(FMxI). Given a
compact subgroup K, we denote by AX the subalgebra of K-invariant ele-
ments in A and by ¢x : AX — A the corresponding inclusion map. We note
that there is an obvious identification

AR~ C®(FM/KxTy).

By definition, the differentiable cochains relative to K are those obtained by
restricting to AX the differentiable cochains on A,

Ci(A K) = 1 (C5(A)) -

In view of Remark [, exactly as in the case of HC*(H), the complex of
relative differentiable cochains remains unchanged if ' is replaced by any
full subpseudogroup. Because of this, we shall denote the cyclic cohomology
of the corresponding A-module

ALF = {Ca"(A K)} g0 (3.22)

by HC*(H,K) and shall refer to it as the cyclic cohomology of H relative
to K.

As a simple example of an extended Hopf algebra which, without being
of the form Hpyy, gives rise to a cyclic module in a similar fashion, we shall
consider the “coarse” extended Hopf algebra over an arbitrary associative

unital algebra K (cf. [I§])
T=TK)=K®K?.
The source and target maps «,3: K — 7 are
alk)=k®1, Bk)=1®k, kel,
the coproduct A : 7 — 7T Q7T ~ K ® K ® K is given by
Alr)=()ec(ler)~ller, Y{rek

21



the counit € : 7 — K is
eler)y=~L0-1r, Lirek
and the antipode S=8:T —Tis
SUler)=rel, Yi{rek.

In this case

CT) = K, andfor ¢>1,
T exT~Ke.. . 0KK?.

-~

2
C
I

v .
g-times ¢-times

With the latter identification, the face operators ¢; : C91(T) — C¥(T),
0 <i<q, are given by

Sot®... k) =10k ®...0k, k... kek,
Gl .. @k =k®.. k1. @k, i=1,...,q—1
S ®. . @k =k®.. . 0kl
for ¢ > 1 while for ¢ = 0,
k) =1®k, nk)=k®1;
the degeneracy operators o; : C7"H(T) — C4(7T), 0<i<gq, become
oik'®.. k) =k®.. kM kP e .. . ® kT,
finally, the cyclic operator 7, : C%(7) — C9(T) is exactly the cyclic permu-

tator
e o) =Fe.. ok k.

Lemma 13 For any associative unital algebra KC, one has
HC*(T(K)) ~HC*(T(C)) = HC*(C),

the isomorphism being induced by the unit map n: C =T (C) — T(K).

22



Proof. Fix a linear functional v € A* with v(1) =1 and define the operator
s:CYT) — C17Y(T) by setting

s'®@ ... @k =vkHYk®.. @kt kLK. kT e,
It can be easily checked that
852‘:52‘_18, 221,,(]

Thus, the A-module map n® : C* — T, associated to the unit map, induces an
isomorphism for Hochschild and therefore for cyclic cohomology too. 4

This lemma will be used to show that, in the case of a flat n-manifold,
the cyclic cohomology of the extended Hopf algebra coincides with that of
the Hopf algebra H,, introduced in [I0]. We preface the statement with the
remark that H, can be defined as the subalgebra of Hgr» generated over C
by the operators {X},Y:?, 0,1’} corresponding to the trivial flat connection
of R™.

Proposition 14 If N" is a flat affine manifold, then the canonical inclusion
k 1 H, — Hpn associated to the flat connection, induces isomorphism in
cyclic cohomology

kK HC*(H,, K) — HC*(Hpy, K) ,
for any compact subgroup K C GL(n,R)
Proof. As before, we shall use the abbreviated notation
H=Hrn, A=Apy and R =TRpn.

Also, we shall identify H,, with its image via the homomorphism of extended
Hopf algebras x : H,, — H induced by the Hopf action of H, on A.

Applying Proposition [, one gets a canonical isomorphism of (R, R)-
bimodules

H~a(R)QB(R)®H, ~T @ H,, where T =RQR?®. (3.23)
Furthermore, one can easily check that

AH:A’T@AHn and E'H:€T®€Hna
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that is, as coalgebroid, H is actually isomorphic to the external tensor prod-
uct between the coarse coalgebroid 7 over R and the coalgebra H,, over C.
This implies that

6t =067 @6 and ajH = ajT & ajH” .
Thus, in the category of cosimplicial modules, one has
HY~ T% x HY .
Applying the Eilenberg-Zilber theorem it follows that
HH*(H)~HH*(T)® HH*(H,) ~ HH*(H,), (3.24)

with the second isomorphism being a consequence of Lemma [[J. By the
functoriality of Eilenberg-Zilber isomorphism, the composition of the two
isomorphisms in (B.24) is induced by the canonical homomorphism & : H,, —
‘H, that is

ket HH*(H,) — HH*(H). (3.25)

But k : H,, — H is a homomorphism of extended Hopf algebras and therefore
gives rise to a morphism of cyclic modules * : Hf — HA.

The stated isomorphism for the absolute case now follows from (B.25))
and the exact sequence relating Hochschild and cyclic cohomology. The
relative case is proved by restriction to K-invariants. ]

We are now in a position to prove the first main result of this paper,
asserting that HC*(Hpgys) and its relative variants depend only on the di-
mension n of the manifold. In view of with [[0, §7, Theorem 11], which
identifies HC*(H,,) to the Gelfand-Fuchs cohomology, this result provides a
cyclic analogue to Haefliger’s Theorem IV.4 in [[Lq].

Theorem 15 For any n-dimensional manifold M and for any compact sub-
group K C GL(n,R), one has a canonical isomorphism

Proof. To construct the stated isomorphism, we shall have to specify cer-
tain Morita equivalence data. The resulting isomorphism however will be
independent of the choices made.
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Concretely, we fix an open cover of M by domains of local charts U =
{Vihi<i<r together with a partition of unity subordinate to the cover U ,

S @) =1, e T,

We begin by forming the smooth étale groupoid
Gu={(z,i,j); z€VinV;, 1<i,j<r},

whose space of units is the flat manifold N = [[;_; V; x {i} . One has a nat-
ural Morita equivalence between the algebras C°(M) and C°(Gy), and a
similar construction continues to function in the presence of the pseudogroup
I'ys, as well as at the level of the frame bundle.

More precisely, there is a full pseudogroup I'yy on N such that the cor-
responding smooth étale groupoid NIy contains Gy and such that the
algebra A = C°(FMxI')) can be identified with the reduction by a canon-
ical idempotent of the groupoid algebra B = C°(FNxIy,),

A~ ceBe, e*=ccB; (3.26)
at the same time, one also has a canonical identification
C®(FM) ~ eC™(FN)e.

Indeed, the elements of B = C°(F N xI'y) can be represented as finite
sums of the form

b = Z Z f%ij U;J , f%ij - CEO(DOIHQOU), (327)

pely  4,J

where, for any ¢ € I'y,
2 ¢ (9 (Domy N Vi) NV;) x {i} — ¢ (Dome N Vi) NV x {7}

stands for the obvious identification given by the restriction of ¢. The defi-
nition of the multiplication is as follows:

Yk o pi; = (Y o)y or equivalently UL - Ug.o = Ulpor)an 5 (3.28)
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When ¢ = Id, instead of U = we shall simply write U;. The canonical trace
: B — C is related to the trace 7: A— C by the formula

7 ( > D e U;ﬂ) =7 ( > D e U:;“) - (3:29)

IS YN wellyy 2

With the above notation, the idempotent stipulated by (B.2€) has the
expression

e = Z)ZiU;;S{j, with Y; =x;om
and the claimed identification is given by the map
(fUD) =Y XS U, Xin feCX(FM), ¢ €Tu. (3.30)
i,J

The corresponding pair of bimodules which implements the Morita equiva-
lence between A and B consists of

P=eB and Q=DBe, with PzQ~A and Q4P ~B.
Setting for any ¢ = 1,...,7,
wi=> XUt Xi €P, vi=Xi-2  Ujxr €Q, respectively

/

! __ =~ * !, !/ __ * 7 / .
ui_EkaUkiv e-u;=u; and vi_EkUikaa Uy =€ =17,

one has
E uv; = e, and E viu;, = E U,

The constructive proof of the Morita invariance for the Hochschild and cyclic
cohomology of algebras (cf. [[J]) associates to these data canonical cochain
equivalences U* = {V?} and ©* = {©?}, which are homotopic inverses
to each other. We shall only have to check that these cochain maps, as
well as the cochain homotopies, preserve the corresponding subcomplexes of
differentiable cochains.

The cochain map ¥* : C*(A) — C*(B) is given by

vi(¢) (Zi,j 3 U*O aZm‘ zlj U* ---aZm‘ ZU* ) -
Zig,h,...,iq (b ( 10%1 U*O ) Z1Z2 U*l LA quo U* ) :
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Assuming ¢ € Ci(A), of the form
¢(a’,...,a?) = 7 (h°(a®) - h'(a')---h%(a?)) , with K" € Hpy, (3.31)
one has
Wi(9) (S £ Uy Cuy £y Uy oo Ty £ UL ) =
it T (RS0 U WL Uz o (S, US) )

using (B.29) it is easily seen that the latter expression is of the form
~ ~0 077+ . ~1 177% q q *
LI OCTTERES SUITENES S TN
S (2%) 2¥)

with EQ s ,TL‘SI transverse differential operators on F'N xI',.
The cochain map ©* : C*(B) — C*(A) has the expression

OUd) (f'Uy, f1Upr ..., [1U.) =

¢ (Zm i1,ei %iofOU*O ) %in%ilfl U*l ) %iga cee aquf U: q Xzo) .
[ lpzozl lpzl'LQ

90“1 0

When ¢ € C4(B) is of the form

p(b°, ... b1) = ?@0(50)}21(871) .. ,ﬁq(gﬂ)) with 7' € Hpy (3.32)
one gets
OUd) (f'Uy, f1Up ..., [1Um) =

Zio P1yeensd T (ho(%iofoU*Q ) 211) ’ hl(%hflU*l ) %22) e hq(%iqqu*‘? ) 220)> ;
yt1yee5lq 5010 i1 S011 i9 lplq 0
again, one can recognize the last expression to be of the form

ST (RO UL) B UL) - hA(f1UL))

s

with hY, Al ,hg € Hrum.

S R

27



Similar arguments apply to the canonical cochain homotopies used in
showing that ¥* and ©* are homotopic inverses to each other in Hochschild
cohomology. Since both ¥* and ©* are actually cochain maps for the cyclic
bicomplex, it follows that they induce the stated isomorphism. All these con-
structions are clearly equivariant with respect to O(n) and therefore apply,
by restriction to K-invariants, to the relative cohomology as well. O

We conclude this section with the observation that the ordinary (de
Rham) homology of the manifold M can also be construed as differentiable
(or Hopf) cyclic cohomology. The extended Hopf algebra responsible for this
interpretation is the algebra of the differential operators on F'M,

D = DFM;

viewed as the algebra of linear transformation of Ry = C°(F M) generated
by the vector fields on F'M, acting as derivations, and by the functions in R =
C>®(FM), acting as multiplication operators via o = 3. Like its extension
‘H, D also carries an intrinsic Hopf-algebraic structure in the sense of §2. The
coproduct A : D — D ®g D is given by the analogue of (£.3), determined
by the Leibniz rule (.]) corresponding to its action on R. Similarly, the
twisted antipode S : D — D is determined by the analogue of integration
by parts formula (R.7), with respect to 7|Rg which is given by the integral
against the canonical volume form on FM. In other words, D inherits the
quotient Hopf structure corresponding to the restricted action of H on R.
The differentiable cyclic cochains on Ry are defined by specializing Def-
inition to the algebra Ry, acted upon by D. By obvious analogues of
Proposition [[1] and Remark [[3, the corresponding A-module can also be
described purely in terms of the Hopf structure of D. The ensuing cyclic
complex, unlike that of D viewed solely as an algebra (cf. [g], [B4], for the
cyclic homology of the latter), is quasi-isomorphic to the full cyclic complex
of the algebra Ry. In a sense made more precise by the proof below, the dif-
ferentiable cyclic cochains are in the same relation to the continuous cyclic
cochains as the smooth currents are in relation to arbitray currents on F'M.

Proposition 16 The tautological action of Dpy on CX(FM) or, equiv-
alently, the inclusion of the differentiable cyclic subcomplexr into the usual
cyclic complex of C°(F M), induces isomorphism in cyclic cohomology, resp.
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relative cyclic cohomology,

HC . .(Dpar) ~ HC! (CX(FM)), resp.

per per

HC:.(Dpy,O(n)) ~ HC:, (C®(PM)),  PM:=FM/O(n).
Proof. Since the map that sends © € QUMM =4 (M) to the cyclic cochain
on C°(FM)

Yo (f f15. 0 f9) = FOdfYA NI A
FM

induces isomorphism between Y, H""*V=(FM) and HC3,, (C(FM)),
it suffices to show that any such cochain v, is differentiable. To check this,
we fix a torsion-free connection w on FM and let {X, Y/} (resp. {6, wi})
stand for the corresponding basis of the tangent (resp. cotagent) space to

FM at any point. Then, for each £ =1,...,q, one has
dfe = Y7 (fo) wj + Xi(fe) 0"

On the other hand, @ can be expressed as a linear combination over R of
monomials formed from the basis {6*,w}}. Thus,

Yo (fO5 1o f) = PO (f1) - hA(f*) volpar,  with  hg € D.

S JFM

The relative case can be proved in a similar fashion. O

4 Geometric realization of the cyclic van Est isomorphism

As mentioned before, in conjunction with [0, §7, Theorem 11}, Theo-
rem [[J implies that, for any n-dimensional smooth manifold M, HC*(H )
is canonically isomorphic to the Gelfand-Fuchs cohomology groups H*(a,).
The purpose of this section is to give a geometric construction of an explicit
cochain map, from the Lie algebra cohomology complex to the cyclic bicom-
plex, which implements this cyclic analogue of the van Est isomorphism. As
in the flat case [[[0], §7], the cochain map will be assembled in two stages. The
first consists in mapping the Gelfand-Fuchs cohomology of the Lie algebra
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a, of formal vector fields on R™ to the Gy;-equivariant cohomology of F M,
where Gy, := Diff(M). The second involves the canonical map ® relating the
equivariant cohomology to the cyclic cohomology [§, Theorem 14, p.220].

In order to construct the first map, we shall fix a torsion-free linear
connection V on M, with connection form w = (w}). We denote by F*>M
the bundle of frames of infinite order on M, formed of jets of infinite order
J§° () of local diffeomorphisms 1, with source 0, from R™ to M, and by
m : F*°M — F'M its projection to 1-jets. The connection V determines a

cross-section
c=oy:FM — F*M, moo=1d,

by the formula
o(u) = j5°(expy ou) , ue F,M. (4.1)

This cross-section is clearly GL(n, R)-equivariant
ovoR,=R,00v, a € GL(n,R), (4.2)

as well as Diff-equivariant,

ove =P looo, VoeGu; (4.3)

here V¥ corresponds to ¢*w, where by ¢ we denote the action of ¢ on both
FM®> and FM.
For each simplex (o, ..., ®,) X AP, we define the map

ov(@os ... pp) t AP X FM — F*M

by the formula
UV(QO(M sy Qop)(tv u) = OV (00, pp;it) (u) (4'4>

where

Note that ov(y,,....,:) depends only on the class [y, . . ., @y t] € EGy, where

.....

EG) is the geometric realization of the simplicial set NG, with

NGulpl = Gu X -+ x Gy .

~~

p+1-times
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Also, in view of ([[.3), one has

05 (0@, .- p ) (t,u) = F ov (o, ., ) (L, B(u)) - (4.5)

At this point, let us recall that the Gy;-equivariant cohomology of F'M,
twisted by the orientation sheaf, can be computed by means of the bicomplex

(C*"(Gn; M), 6,0)

defined as follows: CP"™(Gy; FM) = 0 unless p > 0 and —dim FM < m <0,
when CP"™ (G FM) = CP(Gay, Q- (FM)) is the space of totally antisym-
metric maps o : G — Q_,, (FM)), from G2 to the currents of dimension
—m on F'M, such that

10 @5 - 0p ) = (@) o, -, @) s (4.6)

with @, denoting the transpose of ©* acting on the forms Q(FM); the op-
erator ¢ is the simplicial coboundary and 0 is the de Rham boundary for
currents.

We denote by C*(a,,) the Lie algebra cohomology complex of the an-
tisymmetric multilinear functionals on the Lie algebra a, of formal vector
fields on R", which are continuous with respect to the Z-adic topology, i.e.
depend only on finite jets at 0 € R™ of vector fields. The canonical flat con-
nection of F*°M determines an isomorphism between C*(a,,) and the space
QO (F>M))'™ of all I'j-invariant forms on F>°M; we shall denote by @ the
['j/-invariant form corresponding to @ € C*(a,,).

With this notation in place, we now define for any w € C%a,) and
for any pair of integers (p,m) such that p > 0, —n(n + 1) < m < 0 and
p+m =q—n(n+1), acurrent of dimension —m on F'M by the following
formula, where n € Q.7 (FM),

(Com(@) (o, -5 0p),m) =

m(m+1) . _
(—1)™5 / 09(90r - s 09"t () A )
AP FM

m(m+1)

-y | pXFMnmv«oO,...,sop>*<z>7.)
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Lemma 17 For any w € C(a,), one has C,,,(w) € CP(Gur, Qy, (FM))

and the assignment

C(w) = Z Cpm(@),

pt+m=q—n(n+1)
defines a map of (total) complexes
C:(C*(a,),d) — (TC*(Gy; FM), 5 +0) .
Proof. We first check the identity

Com(@) (00, - 0p0) = 5" Cpm(@) (0, - - -, 0p) -
Indeed, using ([L.F), one has Vn € Q™ (FM))

/A asleneg)” B ) A5 ()

_ / o (o, pp) (M (F L) A ) .
APXFM
To prove the second claim, we use the Stokes formula:
(=)™ Jarxrar 09005 -5 0p)* (1 (n) A do)
+ prXpM UV(‘POa cey %)"(ﬂ(dﬁ) A w)

_ / d (05 (0, -, 0p)* () A )
APXFM

_ / oo (or - 0p) (i () A )
OAPXFM

- Z (_l)i/ ov(®0; -+ i) (M1 () N w)

AP=1x FM

Adjusting for the sign factors, one obtains the stated cochain property

Cldw)=(0+0)C(w). O

(4.9)

32



To simplify the assembling of the second ingredient of our construction,
we shall take advantage of the fact that all the cohomological information of
the complex C*(a,,) is carried by the image of the truncated Weil complex of
gl(n,R) via the canonical inclusion (cf. [IJ], see also [f], [[H]). Thus, it suf-
fices to work with the restriction of C': C*(a,,) — T'C*(Gar; FM) to the sub-
complex CW*(a,,) of C*(a,), generated as a graded subalgebra by {6}, R}},
where (6%), resp. (R}), is the image of the “universal connection” matrix,
resp. the “universal curvature” matrix, of the Weil complex of gl(n,R).

Lemma 18 For any torsion-free linear connection V on M , with connection

form wy = (W) and curvature form Qv = (Q}), one has

J

U*V(Q;) = w;» : O'*V(R;) = Q; . (4.10)
Proof. Since

the second identity is a consequence of the first. To prove the first, we
note that by (f3) the operator wy — o0& (f), acting on the (affine) space
of torsion-free connections on F'M, is natural, i.e. Gp-equivariant. The
uniqueness result for natural operators on torsion-free connections [[7, 25.3]
ensures that the only such operator is the identity. O

Corollary 19 For anyw € CW(a,) and anyn € Q. ™ (F M) the integrand

in formula ({{1), defining the group cochain (Cpm(@)(@o,- .-, ¢p)s n), S a
form that depends polynomially on the functions ~}(u, @,) and i ,(u, Ps),
where 1 < 1,7,k 0 <n,0<rs<p.

Proof. By the preceding lemma applied to the connection ([.4) together with
the identity ([.I), one has

V4 P
ov(o, - 0) (0 =D L Frwl = wh + Yt Y Ah(u, ) 6"
r=0 r=0 k

Taking the total exterior derivative and using (.11]), one obtains the corre-
sponding expression for oy (o, . .., @,)*(R:), which in addition will involve
Rj as well as the differentials dt, , dw]i. and d, 7; p(u, @) .
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Since, by the very definition CW*(a,), the form @ is a polynomial in
0 and R!, the claim follows. O

By composing the restriction to CW*(a,) of the chain map C' of Lemma
[7, (E.§) with the canonical map

O : (TC*(Gr; FM), 6+ 0) — (PC*(A), b+ B)

where A := C°(FM xGyy) is the crossed product algebra, we obtain a new
chain map

C:=d0C : (CW*(a,),d) — (PC*(A), b+ B) . (4.12)

Our next task will be to prove that the image of C actually lands inside the
differentiable periodic cyclic complex PCq*(A).

In preparation for that, let us recall the definition of ® [§, I11.2.5]. It
involves the crossed product algebra C = B x G, , where

B = QUFM)® A" C[G)] .

is the graded tensor product of the algebra of compactly supported differen-
tial forms on F'M by the graded algebra over C generated by the degree 1
anticommuting symbols d,, with ¢ € Gar, o # 1 and 6; = 0. The crossed
product is taken with respect to the tensor product action of Gy, so that the
following multiplication rules hold:

UsnU, = ¢™n, VneQ(FM),
(4.13)
U;(;chp:(Swow_dpa Y, € G .

The graded algebra B is endowed with the differential
d(n @0y, - 04,) = dn @6y, -+ 0y, , Ve (FM),
and the crossed product algebra C acquires the differential

dbUs) = (db) U — (-1)*°b6,Us, beB, o €Gy.

Y T

Any cochain v € CP™(Gy; FM)) gives rise to a linear functional 7 on C,

defined as follows, Vn € Q_™ (F M),
(v(1,01,...,0p),m) if =1,

v(n® Oy - -5%7 U:,) = (4.14)
0 otherwise.
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With this notation in place, the cochain map (f.I3) is given by the
formula, Yow € CW9(a,),

Coam(@)(fO U, .. [PUL) =

G ST (<1 Cpn(@) (AU ) - O (PTG
(4.15)

Lemma 20 The cochain homomorphism C = ® o C' maps CW*(a,) to
PC*(Hru) -

Proof. We have to show that the cochain (f:17) is differentiable, i.e. of the
form (BIJ). Since {6*, wi} forms a basis of the cotangent space at each
point of FM, we can express the differential of a function f € C.*°(FM) as

df = Y7 (f)wj+ Xi(f) 0"
and therefore
d(fUL) =Y (fwiUs + Xu(f) 05U — £0,U5. (4.16)
Furthermore, for the canonical form one has
Ut u, = 6*, (4.17)
while for the connection form, by ([.1I4),
Ujwi Uy = wi + 75 (u, ) 0" . (4.18)

Using the identities ([E16)), (EI17), (EI1§) and Corollary [[9, one can now
achieve the proof by following the same reasoning as in [I0, pp. 232-234],

where the similar result was established for the flat case. O

The definition of the above cochain map involves the choice of a torsion-
free connection V. To emphasize this dependence, we shall use the more
suggestive notation

Cy = ®oCy : CW*(a,) — PC*(Hpur)-

However, the choice of the connection is cohomologically immaterial.

35



Lemma 21 Let V°, V! be torsion-free connections on F-M. The correspond-
ing cochain homomorphisms Cy, and Cy, are cochain homotopic.

Proof. With og (o, ..., ¢p) 1 I x AP x FM — F>M given by

05 (0, -, 0p) (8,1, 1) = 015000, ppit) +5V1 (00, imit) (1)
for any n € Q. (FM)) we define

m(m+1)

(Co@)nn- o) = (D5 [ paoglpn ) @),
IXAPXFM
Applying Stokes, one obtains
fIXAPXFM nA U%(@Oa SRR wp)*(dw)

+ (_1)7” / d??/\ 0@(@0,---,%))*(@)
IXAPXFM
- / d(nAog(go, - pp) (@)
IXAPXFM
= / nAog(po, .-, ep) (@)
OIxXAPXFM

+ / nAog(@o, ..., o) (@) .
IXOAPXFM
After adjusting for the sign factors, this gives the desired homotopy formula

Cvl—CV0:C§Od—(a+5)OC§. O

Let K C GL(n,R) be a compact subgroup. By restricting the map
Cy to the subcomplex CW*(a,, K) of K-basic elements in CW*(a,), one
obtains a chain map C& : C*(a,, K) — C*(Gy; FM/K) . Similarly, the map
P restricts to ®F : TC*(Gyr; FM/K) — PC*(AX), where we identify
AR ~ Apyyi = CX(FM/K % Gy) -
By composition, one gets the relative chain map

CE = %oy : CW*(a,, K) — PC*(Hpy, K) . (4.19)

We are now ready to conclude the proof of our main result, which is a
refinement of Theorem [[J and provides a geometric realization of the Gelfand-
Fuchs characteristic classes in the framework of cyclic cohomology.
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Theorem 22 Let M be a smooth n-dimensional manifold endowed with a
torsion-free linear connection V and let K C O(n) be a compact subgroup.
The cochain homomorphism (-19) induces isomorphism in cohomology,

Yie: > H'(a,, K) > HCpo (Hpu, K) . (4.20)

i=%mod 2

Proof. Returning to the setting of the proof of Theorem [[§, we choose an
open cover of M by domains of local charts U = {V;}1<;<,, together with
a partition of unity {x?}i<i<, subordinate to the cover & . We then form
the flat manifold N = [[,_, Vi x {i} and the corresponding smooth étale
groupoid Gy, such that the algebras A = C°(FM xGyr) and B = CP(FN %
Gy) are Morita equivalent.

It suffices to show that by composing év with the cochain equivalence
U*: C%(A) — C5(B) one gets a quasi-isomorphism. In turn, the composite

map VU* o 'y can be seen to be homotopic to the map

Cg: CW*(a,) — PC*(Hrn),

corresponding to the connection V on N obtained by restricting V to each
Vi, 1 <4 < r. We are thus reduced to proving the statement on N, where
one can apply Lemma PI] and replace V by the trivial flat connection V.
In that case the statement follows from [[[(, §7, Theorem 11], after noticing
that the cochain map of [0, Lemma 8] and its variant 5% employed here
are obviously homotopic.

The relative case can be proven by restriction to K-invariants. a

By composing the isomorphism (.20) with the natural forgetful homo-
morphism, one obtains a characteristic homomorphism

V0 (n)

X*O(n) : H*<an7 O(n>> - HC;er<HFM7 O(”)) - HC;er<APM>(1) ) (421>
where PM = FM/O(n); it lands in the cyclic cohomology component
HC} . (Apar)y corresponding to the localization at the identity. One can
further compose X*O(n) with the restriction homomorphism

Lyt HC;er(APM)(l) — HC (C;)O(PM)),

per
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corresponding to the natural inclusion ¢y, : C°(PM) — Apy . After identi-
fying the target to the twisted cohomology (by the orientation sheaf)

H:(PM) = Hi(M),
one gets a natural homomorphism

Xar : H(an, O(n)) — HI(M).

Proposition 23 The homomorphism x%, : H*(a,,O(n)) — H(M) is
the classical characteristic homomorphism, expressing the Pontryagin classes

(piy -+ pip,) (M) of M as images of the universal Chern classes ¢y, - - - €, €
H*(a,,0(n)), 2i;+ ...+ 2ix <n.

Proof. Let V be a torsion-free connection. For any w € CW(a,,O(n)) and
any fo, f1,.- -, fm € C(FM/O(n)), one has (up to sign)

(Comm(@) (1), fodfi Ao o Ndfi) = fodfi Ao Ndf Ao (@) .

PM

Thus, the statement is an immediate consequence of Lemma [[§. O

5 Application to the transverse index formula

We shall now indicate how the preceding results apply to the cohomo-
logical index formula for the transverse fundamental class in K-homology
(cf. [], [I0], [12]), in the setting of diffeomorphism invariant geometry.

With the manifold M assumed to be oriented, we first recall the defi-
nition of the spectral triple that encodes its diffeomorphism invariant fun-
damental class. One starts by forming the bundle of local metrics (cf. [[),
m: PM = FTM/SO(n) — M, where F*M is bundle of oriented frames
on M. The vertical subbundle V C TP, V = Ker,, carries natural inner
products on each of its fibers, determined solely by the choice of a GL*(n, R)—-
invariant Riemannian metric on the symmetric space GL"(n,R)/SO(n). At
the same time, the quotient bundle N' = (T'P)/V comes equipped with
its own, tautologically defined, Riemannian structure: every p € P is an
Euclidean structure on Ty, (M) which is identified to N, via m,. By the
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naturality of the above construction, the pseudogroup of orientation preserv-
ing local diffeomorphisms I'},, acting by prolongation on PM, preserves the
“para-Riemannian” structure thus defined. The algebra of “coordinates” of
the spectral triple is the convolution algebra of the smooth étale groupoid
PMxT7,,

Apyr = CX(PMxTY)).

The Hilbert space of the spectral triple is
L*(NV* @ NN*, volp),

where volp denotes the canonical FL—invariant volume form on P. The
algebra Ap,; acts on this space by multiplication operators

(fU) D) = f(p)E(b(p)) VpePM, (€ LX(P), fU, € Apy .

To complete the description of the spectral triple, we need to define the
operator D, representing the K-homology orientation class of M in a diffeo-
morphism invariant fashion. It is given by the identity @ = D|D|, where
the hypoelliptic signature operator () is defined as a graded sum

Q= (dydy —dvdy) ©v(du +dy); (5.1)

dy denotes the vertical exterior derivative and dg stands for the horizontal
exterior differentiation with respect to a fixed torsion-free connection V.
When n = 1or2(mod4), in order for the vertical component to make sense,
one has to replace PM by PM x S* so that the dimension of the vertical fiber
stays even. As shown in [{], all the commutators [D,a], with a € Apyy;,
are bounded. Furthermore, for any f € C.>°(P) and any A ¢ R, the local
resolvent f(D — \)~! is p-summable, for every p that exceeds the Hausdorff
dimension d = @ +2n of PM viewed as a Cartan-Carathéodory metric
space.

As a K-homology class, the operator D determines an additive map
from the K-theory group K,(Apy) to Z, via the familiar index pairing:

(0) in the graded (or even) case,

Indexp([e]) = Index (eDte), e*=e € Apuy;
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(1) in the ungraded (or odd) case,
Indexp([u]) = Index (PTuP*), we€ GLi(Apy),
where Pt = £ with F = Sign D .

In cohomological terms, the index pairing can be expressed as as a pairing
between cyclic (co)homological classes :

Indexp (k) = (chi(D), ch*(k)) Vk e K.(Apy). (5.2)

While ch*(k) € HCP(Apys) is easy to express in terms of the “difference
idempotent” determined by the K-theory class «, the Chern character class
in K-homology ch.(D) € HC} (Apy) has a more involved definition (cf.

[F]). In the odd case it is given by the cyclic cocycle
mr(a’, ..., aP) = Trace (a’[F,a']...[F,d"]), a’ € Apur, (5.3)

where p is any odd integer exceeding the dimension d = @ + 2n of the
spectral triple; in the even case the trace gets replaced by the graded trace
Traces; and p is even. As such, the cocycle (F3) is inherently difficult to
compute, because it involves the operator trace.

In [f, Part I] we used the hypoelliptic calculus on Heisenberg manifolds
adapted to the para-Riemannian structure of the manifold PM to prove that
the spectral triple constructed above fulfills the hypotheses of the operator
theoretic local index theorem of [[, Part II]. In particular, a pseudodifferen-
tial operator T in the aforementioned calculus admits a locally computable
residue of Wodzicki-Guillemin-Manin-type

][T - ﬁ /P xesy(w) volpu (1) (5.4)

where resr(u) is the function obtained by integrating the symbol of T of
critical order —d, o ,(u,€), against the Liouville measure of the sphere
1€|]|" = 1 corresponding to the intrinsic quartic metric of PM. Specializing
the local index formula of [J, Part II] to the above spectral triple, assumed
for definiteness to be odd-dimensional, one obtains that the Chern character
ch.(D) € HC} (Apy) can be represented by the cocycle ®q = {¢4}4-1,3
defined as follows:

By(a®, ... a?) =
(5.5)

S (=D V/Bi(ky - k) MRy 4 1) (R o+ Ry + ) TR+ D)

gooe
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FlQual Qa1 QI 0l € Apyy,
where we used the abbreviations |k| = k1 + ... + k, and
TO =V{(T) and  V(T)=D?T-TD?.

Only finitely many terms in the above sum may not vanish and only finitely
many components of &g are nonzero.

While the expression (b.7) is algorithmically computable in principle, its
actual computation is prohibitively difficult to perform in practice. However,
as we showed in [[L(] for the case of the flat connection, from the cohomological
standpoint the answer is as reasonable as it could possibly be. (See also [2]]|
for a relevant illustration.)

We are now in a position to remove the flatness assumption from the
statement of our transverse index theorem [[[(, §9, Theorem 5] and formulate
it in full generality, for a hypoelliptic signature operator formed with an
arbitrary torsion-free coupling connection.

Theorem 24 Let Q = D|D| be the hypoelliptic signature operator on PM
associated to a torsion-free connection V. The identity component of its
Chern character, ch.(D)qy € HC} . (Apn)qy , is the image under the char-

acteristic homomorphism ([{-21) of a universal class L, € H*(a,,SO(n)),

ch.(D)qy = X*SO(n) (Ln) -

In particular, the class ch,(D)@y can be represented by a cocycle built out

of the connection form wy = (W}), its curvature form Qv = () and the
corresponding displacement functions on the jet groupoid of FM Ty, fy;ﬁk
and Vi, = Xeviy , 1< 0,5,k 0<n.

Proof. In view of the formula (B.5) for ch,(D), it suffices to show that any
cochain on Apy; of the form,

o(d,... a7 = ][ao[Q’al](kl) (@, a?) k) | Q| atIZED

with o/ = ij;;j € Apy, j=1,...,q,such that ¢Yyo---0pyopy =1,
belongs to the range of the characteristic map Xso(n)- Using the results in
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[T, §9], specifically Lemma 1 and its corollary, one can write such a cochain
as a sum of cochains of the form

][aohl(al).-.hq(aq)R, B R € Hp

with R a pseudodifferential operator in the hypoelliptic calculus. By (5-4),
each such expression is indeed of the desired form

T <a0 h'(at)-- -?Lq(aq)> )

once the local residue function resp is absorbed into h¢ = 3 (resg) hi.

|

Finally, the second assertion follows from Corrolary [[J and Theorem P3.
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