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Abstract

The Lie algebra of Feynman graphs gives rise to two natural rep-
resentations, acting as derivations on the commutative Hopf algebra of
Feynman graphs, by creating or eliminating subgraphs. Insertions and
eliminations do not commute, but rather establish a larger Lie algebra of
derivations which we here determine.

Introduction

The algebraic structure of perturbative QFT , E, E, H] gives rise to commutative
Hopf algebras H and corresponding Lie-algebras £, with H being the dual of the
universal enveloping algebra of £. £ can be represented by derivations of H, and
two representations are most natural in this respect: elimination or insertion of
subgraphs.

Perturbation theory is indeed governed by a series over one-particle irre-
ducible graphs. It is then a straightforward question how the basic operations
of inserting or eliminating subgraphs act. These are the basic operations which
are needed to construct the formal series over graphs which solve the Dyson—
Schwinger equations. We give an account of these actions here as a further tool
in the mathematician’s toolkit for a comprehensible description of QFT. We
introduce these structures by first considering the case of undecorated rooted
trees. In that case one is lead naturally to the two basic operations of grafting
and trimming using the relation between the Hopf algebras H.,, and H,; ([ﬂ])
The Hopf algebra H,,, is neither commutative nor cocommutative but admits a
finite set of generators with simple relations. The basic relation ([E]) between a
commutative subalgebra Him of H., and the Hopf algebra H,.; was obtained us-
ing the "natural growth operation” on trees. By extending this "natural growth
operation” to the grafting of arbitrary trees we show how to enlarge H,; to a
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Hopf algebra H,.;; whose relation to H,; is the same as the relation of H,,, with
H!,,. In particular it is neither commutative nor cocommutative. We show that
it is obtained as a ”bicrossed product” construction from a doubly infinite Lie
algebra of rooted trees, similar to the Lie algebra of formal vector fields. Since
most of the information is then contained in that Lie algebra, which can be
concretely described from grafting and trimming operations, we then turn to
Feynman graphs, and only discuss the Lie algebra aspect in that case.

1 Undecorated rooted trees

The Hopf algebras H.,, and H,;

Let us first recall the constructions of the basic Hopf algebras involved in [ﬂ]
and [H], and compare their properties.

As an algebra H,,, is noncommutative but finitely generated.

It is generated by three elements Y, X, ;. To describe the relations between
these three generators, one lets d,,, n > 1 be defined by induction by,

[X,0n] = 0pt1 VR >1, (1)
then the presentation of the relations in H,,, is the following,
Y, X] = X,[Y,d,] =non, [0n,0m] =0Vn,m>1, (2)
The coproduct A in H,,, is defined by
AY =YR1+10Y , AX =XQ1+10X+6QY , Ao =6R1+1R4 (3)
and the equality,
A(hy he) = Ahy Ahgy Vh;€Hr. (4)

The Hopf algebra H.y, is neither commutative nor cocommutative but is ob-
tained in a simple manner from the commutative subalgebra H!,  generated by
the §,,.

Theorem. ([ﬂ]) Let Gy be the group of formal diffeomorphisms of the real line
of the form (x) = x+ o(x). For each n, let v, be the functional on Go defined
by,

'Yn(w_l) = (O log ' ()) =0 -

The equality ©(6,) = ~n determines a canonical isomorphism © of the Hopf
algebra ‘HL,, with the Hopf algebra of coordinates on the group Ga. The Hopf
algebra Hey, is the bicrossed product associated to the formal decomposition G =
G1 G4 associated to the decomposition Lie G = Lie G1+Lie Gy of formal vector
fields in their affine part (Lie G1) and nilpotent part (Lie Gz).

The Hopf algebra H,; of rooted trees is commutative but not finitely generated.



Recall that a rooted tree T is, by definition, a finite, connected, simply con-
nected, one dimensional simplicial complex with a base point * € A%(T) =
{set of vertices of T'}. This base point is called the root. By the degreee of the
tree we mean

|T| = CardA"(T') = # of vertices of T'. (5)

By a simple cut of a rooted tree T" we mean a subset ¢ C AY(T) of the set of
edges of T such that,

for any = € A%(T) the path (,z) only contains at most one element of c¢. (6)

Thus what is excluded is to have two cuts of the same path or branch. Given a
cut ¢ the new simplicial complex T, with A%(T..) = A%(T) and

ANT.) = AY(T)\c, (7)

is no longer connected, unless ¢ = (). We let R.(T") be the connected component
of *x with the same base point and call it the trunk. We endow each other
connected component, called a cut branch, with the base point coming from the
cut. We obtain in this way a set (with multiplicity) of rooted trees, which we
denote by P.(T). We let ¥ be the set of rooted trees up to isomorphism, and
let H,: be the polynomial commutative algebra generated by the symbols,

or, T €X. (8)

One defines a coproduct on H,; by,

Abr=dr@1+1@dr+> | [] on | ®0rr), (9)
c P.(T)

where the last sum is over all non trivial simple cuts (¢ # () of T', while the
product H is over the cut branches.

Pe(T)
Equivalently, one can write (E) as,

A5T=5T®1+Z H or, | ®OR.(T) > (10)
P.(T)

c

where the last sum is over all simple cuts.
This defines A on generators and it extends uniquely as an algebra homomor-
phism,

A Hrt - Hrt ® Hrt . (11)

The first basic relation between the Hopf algebras H.,, and H,; is the Hopf
algebra homomorphism ([f]) obtained using the "natural growth” operator N
defined as the unique derivation of the commutative algebra H,; such that,

Nér = Z o (12)



where the trees T' are obtained by adding one vertex and one edge to T in all
possible ways without changing the base point. It is clear that the sum (B)
contains |T'| terms.

Theorem. ([f]) The equality A(5,) = N"™(8,) determines a canonical homo-
morphism A of the Hopf algebra H.,, into the Hopf algebra H,; .

This theorem suggests, as we did in ([J]) to enlarge the Hopf algebra H,; in the
same way as H.,, is naturally enlarged to Hc.,, by adjoining the elements Y, X
implementing both the grading and the natural growth operators. We shall now
show that it is indeed possible to do much more by extending the natural growth
operator N to the grafting of arbitrary trees.

The derivations Np of H,;

Let us first extend the construction of the natural growth operator N to get
operators Np labelled by arbitrary trees.

For a given rooted tree T' we consider the unique derivation Ny of H,; such
that, for any t € X,

Nr (0¢) = Z dtu, 1) (13)

where in the summation, v runs through the vertices v € A°(¢) and where the
rooted tree t' =t U, T is obtained as the union of ¢ and T', with the root x of
T identified with v. One has

Al(t U, T) = Al (t) U ANT), (14)

root(t U, T') = root(t), (15)

and the number of vertices of (¢t U, T) is,
'] = [t| + [T - 1. (16)

When T = % has one element we see that,
N.(0:) = [t] 6¢ (17)

thus we get the derivation Y.
When 7' = ] is the rooted tree with one edge, we just get the natural growth
operation: NI = N.

Since Nt is extended as a derivation one has,

Nr (H 5ti) :iétl...N(étk)...étn. (18)

Let us now prove,



Lemma.

A(Nr(a)) = | Nr@id+id®@ Ne+ Y [] 6, @ Nr.r) | Ala).
¢ P.(T)

Proof. Both sides of the equation are linear maps from H,; to Hy; ® H¢
which satisfy the derivation rule, p(ab) = p(a) A(b) + A(a) p(b). Indeed H,
is a commutative algebra so that the multiplication by a product of §;; ® 1
does not alter the derivation rule. Thus it is enough to check the lemma for
a= fét, tel.

Now, by definition of the coproduct,

AN7(8:) = Nr(6:) @ L+ 1@ Nr(8e) + Y [] 6, ® .

Vo ,C

where vy varies in A%(¢) and the ¢ varies through simple cuts of ¢/ =t U,, T .
Let us first consider the partial sum over pairs (vg,c) with vg ¢ R.(t') i.e.
vp € U t/i'

This means that the segment [, vg] is cut somewhere and hence that cNT = ()
since otherwise the cut would not be simple.

We thus have ¢ C ¢ so that we can view ¢ as a cut of t. Thus R.(t') = R.(1).
Also vy € Ut, and the sum over vy decomposes as a sum over ¢ and yields for

each 7 the value
11 6 = Nr(se) [T 6. (19)
JF#i

Thus, since Nt is a derivation, the partial sum gives

> Nr| I 6| ®6m.- (20)

c(cutoft) P.(t)

Now this equals Np <Z 11 5t¢> ® g, (+) and we can group this sum with
¢ P.(t)

Nr(6:) ® 1, using Np(1) =0 to get,
(N7 ®id) A(8;) . (21)

which is the first term in the right hand side of the equation of the lemma.
We then consider the partial sum over pairs (vg, ¢) with vy € R.(t') and eNT = 0.
Then ¢ is a cut of ¢ as above, while vy now varies among the vertices of R.(t).
One has t; = t; and R.(t') = Rc(t) Uy, T. Thus the sum over vy replaces g4
by Nt (0g,(¢)) without touching the d;,. We can group this with 1® Nr(d;) and
get’

(id ® Np) A(de) - (22)

which is the second term in the right hand side of the equation of the lemma.



We are now left only with the partial sum over pairs (vg, ¢) such that ¢ N T # ()
(in which case vg € R.(t')). Let us then fix the nonempty simple cut of T,

d=cnAYT), (23)
and show that the corresponding partial sum is equal to,
I 6, ©Ne,a)(Ad). (24)
t;eP., (T)

Since Al(t') = A(t) U AL(T), one has ¢ = ¢; U ¢ where ¢; now varies among
(possibly empty) simple cuts of ¢. Moreover vy now varies in R, ().

To each € € ¢ = ¢; U ¢ there is a corresponding fallen branch t.. For € € ¢;
it is a fallen branch of ¢ for ¢; while for € € ¢’ it is a fallen branch of T for c'.
Thus the product of fallen branches is

IT o 1II o.- (25)

tiepcl(t) t; GPC/(T)
One has
As=601+> | T] 60| ®0r., ) (26)
c1 Py (t)

where c; varies among (possibly empty) simple cuts of t. Let P = [[ 4,
tj EPC/(T)
and let us look at the terms in,

(P® Nrg_,(1))(Ad) . (27)

The term §; ®1 does not contribute since N (1) = 0. When we apply P®Ngr_, (1)

to the term [[ 0y, ® Og, (1) in Ady, we get
Pcl (t)

Z P H Ot; ® OR, (1) Uug Res () - (28)

Vo P, (t)

where vy varies in R, (t).
With ¢ =t Uy, T, one has R, (t) Uy, Re'(T) = Re(t'), for ¢ = ¢c; Uc. Thus we
get the corresponding term of A(Nr(d;)), namely,

P H 5tj & 536(,5/) . (29)
tjePC1 (t)

Taking the sum over pairs (vg, c1) such that vg € R, (¢) yields the required
equality and completes the proof of the lemma. ||

It is then natural to enlarge the Hopf algebra H,; by introducing new generators
X7,T € ¥ such that,
[X7,0:] = Nr(6) (30)



and with coproduct rule given by,
AXp=Xr@1+10Xr+ > [] 6, @ Xn.r) (31)
¢ Pe(T)

This coproduct is superficially similar to @), but the right hand side now
involves both the ¢’s and the X’s. In order to complete the presentation of
the extended Hopf algebra H,::, we need to compute the Lie bracket of the
derivations Np. This is straightforward and given by

Lemma.

[NTUNT2] = Z NTzUu2T1 - Z NTluvlTZ . (32)
02 EA(Ty) 01 EAO(TY)

We are dealing with derivations of H,; and it is thus enough to consider the
action of both sides on d;. One has,

Nr, (NT2 (575)) = Z N, (5tUu0T2) = Z Z 5(tUU0T2)UU1 T

vo EAO(t) Vo EAL(t) v1 EAO(tUyy To)
= > > Swy i,y D OtUuy Ty Uy, T -
voEAO(t) v1EAQ(TS) vg,v1€A0(1)
vo#v1

The last term is symmetric in 77,75 and thus does not contribute to the com-
mutator which is thus given by the formula of the lemma.

We can thus complete the presentation of the Hopf algebra H, by the rule,

[XTUXT2] = Z XTzUyQTl - Z XTIleTZ . (33)
v2 EAO(TY) v1 EAO(TY)

and define H,+ as the envelopping algebra of the Lie algebra which is the linear
span of the X, d;,T,t € ¥, with bracket given by (BJ), (B() and the commuta-
tivity of the &’s. We define a coproduct on H,; by () and (B1)). We thus get,

Theorem.  Endowed with the above structure H,i is a Hopf algebra. The
equalities A(6,) = N™(04), A(Y) = X, A(X) = (XI ) determine a canonical

homomorphism A of the Hopf algebra Hep, in the Hopf algebra H 4 -

The best way to comprehend the Hopf algebra structure of H, is to consider
the natural action of H,+ as an algebra on the dual of H,.;, obtained by trans-
position. The compatibility of the algebra structures dictates the Hopf algebra
structure, by transposing multiplication to comultiplication. Combining the ba-
sic Hopf algebra identity, m(S®Id)A = e with equation (31) yields the following
explicit formula for the antipode S(Xr), T € X%,

S(Xr)=—-Xr— Z H S(0t;) X R () » (34)
¢ P.(T)



using the known formula for S(d¢,) in the subalgebra H.;.
The reader should note that S2? # 1 for the antipode S in H,.+, as this algebra is
neither commutative nor cocommutative, comparable to the situation in H.,,.
Indeed, we now have a large supply of natural growth operators in generalization
of that situation.

Let A(X7) = A(X7) — X7 ® 1 —1® Xp. For the multiple application of
that subtracted coproduct, we can still uniquely write

Zn(XT) =Xp Q- QXprvy nt1ss.
It is obvious that the Hopf algebra endomorphism S? fulfills $%(6;) = ;, while
for the generators X1 we have

Proposition.

S%(X7) = X1 + Npw (67+) + S(87 )Ny (67).

Proof: In the above notation, S(Xr1) = —X7—S(d7/) X7, and also S(61/ ) X1 =
(ST/S(XT//). Thus

S*(X7) = S[-Xr— S(67)X7n]

X+ (7)) X — S( X )87

Xr + S(6r) X — 00 S(Xprr) — [S(X70), 077]
= Xr—[S(X7n),07/]

= Xrp+ Npo(67:) + S0 )Ny (07),

using A I
It is of course desirable to extend to the Hopf algebra H,;; the description of
Hem as a bicrossed product associated to the decomposition Lie G = Lie G1+Lie
G> of the Lie algebra of formal vector fields. Our next task will be to describe
the Lie algebra £ that will play the role of the Lie algebra of formal vector fields.
As a preliminary remark, let us relate the Lie algebra structure £; on the Xp
given by (BJ) to an operad P. This insertion operad [f] underlies the pre-
Lie structure, whose antisymmetrization is the Lie bracket (@) The operad
is obtained by considering as elements of P(n) a pair of rooted tree t and a
bijection,

o:{1,....,n} — A(t). (35)

We then define to;t" as t Uy, t', fori € {1,...,n} and where the new bijection
is obtained by shifting the labels of the vertices o(i+1)...0(n) toi+n’,...,n+
n’ —1 as well as the labels of the vertices o/(1)...0'(n’) to ¢,i+1,...,i4+n’—1.



1
7
5
One has a natural action of S, the group of permutations of {1,...,n} which

1 1

replaces o by o o w71, i.e. replaces the labelling o~ of the vertices by m o o~ 1.
One checks that,

tT Oﬂ_(i) tlp = (t O t/)a (36)

where « is obtained from the permutations 7 of {1,...,n}, pof {1,...,n'} and
i€ {l,...,m} by acting by pin {i,i+1,...,i+n'—1} and by 7 after collapsing
the above interval to {i}.

One also checks the following two equalities for A € P(¢), p € P(m), v € P(n)

(Aoj ) 0jpm—1v = (Aojv)o;p 1<i<j<t (37)

(Aoj ) oj—14j v =Xo; (Lo v) 1<i<t,1<j<m. (38)

The first is the independence of two graftings at two distinct vertices, and the
second is a kind of associativity of grafting.

The Lie algebra £

We shall now describe the Lie algebra £ = L£; + Lo playing the role of the
Lie algebra of formal vector fields, in the case of rooted trees, i.e. baring the
same relation with H,; as the Lie algebra of formal vector fields does with
Hem. We already know the Lie subalgebra £; of the X7’s. The Lie algebra
Lo is the Lie algebra of primitive elements in the dual of H,;. In order to
obtain £ we consider the natural actions of both £ and Lo as derivations of
the commutative algebra H,;. We already saw the action N of £;. The action
of L5 is the canonical action of the Lie algebra of primitive elements of the dual
of H,; on the commutative algebra H,;. It is given by the following derivations
MT of Hrt;

Mr(a) = (Zr ®id, A(a)) YVaeH, (39)

where, for 7" € 3, Zr is the primitive element of the dual H}, given by the
linear form on H,; which vanishes on any monomial §; ds ..... 0, except for dr,
with

(Zp,or) = 1. (40)

One has Zr(ab) = Zr(a)e(b) + (b) Zr(b) so that by construction Mr is a
derivation of H.



The Lie bracket of the Z7’s is given by the Lie algebra of rooted trees, i.e.
(Zr,, Z1,) =Y (n(T1, To; T) — n(T2, T1; T)) Zr - (41)

where n(Ty,T2; T) is the number of cuts ¢ of T' of cardinality one (|c¢| = 1) such
that Po(T) = Ty, Re(T) = Tb.
For a = §; we get,

Mr(é:) = Z Op.ty Ht#T (42)
et
and,
My (6r) =1. (43)

Thus M7(8;) = 0 unless t = T or t admits an edge ¢ € A'(¢) such that P.(t) =
T.

By construction M is a representation of the Lie algebra L5 in the Lie algebra
of derivations D of H,; which preserve the linear span D = {3 Ar dp + A1 1},

D (D) C D. (44)

Similarly the representation N of £; is given by derivations fulfilling (@) In
order to show that £ = £ + Lo is a Lie algebra, let us now compute the
commutator

Mz, Ny, — Ng, M, . (45)

Let us first consider the case where T7 and T are not comparable, i. e. we
assume that Ty # P.(T») for all cuts ¢, |¢| = 1 of T3 and that Ty # t; U, T» for
any tree t; and vertex v € A%(¢;) . Let us show that in that case My, and N,
actually commute. The nonzero terms in My, Nr,(t) are given by dp_ Ung T2) for
a vertex vp € AY(t) and an edge ¢ € Al(t U,, Ty) such that P.(t U,, Ts) = T1.
Now Al(t Uy, To) = Al(t) U AL(Ty), and if ¢ € AY(Ty) would yield a nonzero
term, then T} would appear as P.(Ty). Thus ¢ € Al(¢).

Next if vg ¢ Rc(t) then vy € P.(t) and P:(t Uy, T2) = P:(t) Uy, T2. But by
hypothesis this cannot be 7T so we get 0.

The only remaining case is vg € R.(t) so that P.(t U,, T2) = P:(t) while
Re(t Uy, T2) = Re(t) Uy, T, thus we get,

Mz, Nz, (t) = > OR. () Uyy T - (46)
voeAO(t),ecal(t)
voERe (t),Pe (t)=T1

But we have

Mr, (t) = Z OR.(1) (47)

c€AL(t), P, (t)=Ty
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and
N, (M, (t)) = > OR(t) Uyg Ts - (48)

ceAl(t),vg€Re:(t)
Pe (t)=T7

Thus we see that if 77 and T are not comparable we get
My, Ny, = Np, M7, . (49)

In general, given t, Ty, T» € ¥ we define the integers N (¢, To; T1) and M (Ty, Ts; t)
by,

N(t; T; Tl) = <NT2 (515)’ ZT1> (50)
and

M(Ty, To;t) = (M1, (61,), Zt)- (51)

By construction N (t,T2;T1) is the number of times T occurs as ¢t U, T while
M(Ty,Ts;t) is the number of times Ty occurs as P.(T3) with |¢] = 1 and
R.(T) = t. We then get,

Lemma.

[Mz,, Np,) =Y N (8, To; Ty) My + > M(Ty, To;t) Ny . (52)
t t

First assume |Th1| > |T2| so that T} cannot be a P.(T:), for |¢] = 1 and
M (Ty,Ta;t) = 0. Then the same computation of [Mr, , N1,](d;) as above gives
the sum of the dg_(y) such that 71 occurs as a P (t) Uy, Tz. Fixing thent; = P.(t)
we see that we obtain the sum of the My, with multiplicity given by the number

of solutions of
fl UU T2 = Tl . (53)

Next assume that |T7| < |T2| so that T} can occur as P.(Tz), |¢| = 1, but cannot
occur as t1 U, To, so that N(¢,72;71) = 0. Then in the above computation
of [Mr, , N1,](d:) the case vy € P-(t) above only gives 0 and the only nonzero
contribution comes when e € A'(T3). One then has R (t Uy, T) = t Uy, Re(Ts)
and P:(t Uy, T2) = P-(T3%) which must be T} to yield a non zero result. Thus we
obtain the sum of the dg_(;u,, 7,) Where P: (T) = T1. This equals the sum of the
0t U,, R.(T») and hence, letting to = R.(T>) the sum of the M (1, Tz;t2) Ni, ().
We need to take care of (@), i.e. to consider the case where My, is applied to
some ¢t Uy, T» = T7 which only occurs when |Ty| > |T»|. For each such term
one takes ¢ = ) so the above discussion does not apply, but one can check that
the additional contribution to both sides of (f3) do agree when evaluated on ¢
fulfilling (F3) for some v € A°(%).

We can now define the full Lie algebra £ of rooted trees by introducing new
generators of the form, Z_; where t is a rooted tree, and extending the Lie
bracket ([t1)) based on the above lemma. We associate Z_p with —Np and Zg
with My and work out the Lie brackets so that we get a representation. In
particular the elements Zy, Z_1 now become,

Zo=7 =2 1. (54)

11



We use the — sign, —Nr to get that the commutator with Z_, does give the
grading of the Lie algebra. Indeed if we apply (53) for b = * we get

[-N., M7] =|T| Mr, (55)

while one has,
[=N.,Nr] = (1 —|T|) Nz (56)

Theorem. L = L1+ Lo is a Lie algebra.

The Hopf algebra H,yt is the bicrossed product associated to the decomposition
L=L+ Ls.

As a final remark, note that the Lie subalgebra Lo generated by the Zr is
naturally isomorphic to a subalgebra of £; generated by the Z_r. Indeed one
lets *T" be the new rooted tree given by,

T
(57)
Then the following map is an inclusion Lo C L4,
1
Lp — — Z,(*T) . (58)

St

By (@) we see that this is a Lie algebra homomorphism since the grafting at =
gives a symmetric result, which drops out of the bracket:

2 Graphs

Formal Definitions

We only consider graphs without self-loops: no edge starts and ends in the same
vertex. We allow for multiple edges though: two vertices might be connected
by more than one edge.

First, we define n-particle irreducible (n-PI) graphs.

Definition. A n-particle irreducible graph I' is graph such that upon removal
of any set of n of its edges it is still connected. Its set of edges is denoted by '
and its set of vertices is denoted by T, edges and vertices can be of various
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different type.

The type of an edge is often indicated by the way we draw it: (un-)oriented
straight lines, curly lines, dashed lines and so on. These types of edges, often
called propagators in physicists parlance, are chosen in accordance to Lorentz
covariant wave equations: the propagator as the analytic expression assigned to
an edge is an inverse wave operator with boundary conditions typically chosen
in accordance with causality.

The types of vertices are determined by the types of edges to which they are
attached:

Definition. For any vertez v € T we call the set f, == {f e TN v f# 0}
its type.

Note that f, is a set of edges.

Of particular importance are the 1PI graphs. They decompose into disjoint
graphs upon removal of an edge. Note that any n-PI graphs is also (n — 1)-PI,
Vn > 1. A graph which is not 1-PI is called reducible. Also, any connected
graph is considered as 0-PI.

A further notion needed is the one of external and internal edges.

Definition. An edge f € T is internal, if {v;} := fNTO is a set of two
elements.

So, internal edges connect two vertices of the graph T'.
Definition. An edge f € T is external, if f NTO is a set of one element.

As we exclude self-loops, this means that an external edge has an open end.
Thus external edges are associated with a single vertex of the graph. These
edges correspond to external particles interacting in the way prescribed by the
graph. There are obvious gluing operations combining 1PI graphs into reducible
graphs, by identifying two open ends of edges of the same type originating from
different 1PI graphs. We will make no use of reducible graphs here but note
that the Hopf and Lie algebra structures could be set up in this context as well.
'Y obviously decomposes into the set of internal edges and the set of external
edges of a graph T,

i =gl url.
We now turn to the possibilities of inserting graphs into each other. Our first
requirement is to establish bijections between sets of edges so that we can define

gluing operations.

Definition. We call two sets of edges Iy, Is compatible, Iy ~ I, iff they contain
the same number of edges, of the same type.

Compatibility is an equivalence relation. We will utilize it to glue graphs into
each other. To compare vertices, we look at the adjacent edges:

Definition. Two vertices v1,va are of the same type, if fo, is compatible with

fos-
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Quite often, we will shrink a graph to a point. The only useful information still
available after that process is about its set of external edges:

Definition. We define res(I') to be the result of identifying T U Fl[:l]t with a
point in .

An example is

- u\m\/\r<
Note that res(I')[) = res(I")[l ~ !

ot ot By construction all graphs which have
compatible sets of external edges have the same residue.

If the set I‘le]t is empty, we call I' a vacuumgraph, if it contains a single element
we call the graph a tadpole graph. Vacuum graphs and tadpole graphs will
be discarded in most of what follows. If this set contains two elements, we
call T' a self-energy graph, if it contains more than two elements, we call it an
interaction graph. Further we restrict ourselves to graphs which have vertices
such that the cardinality of their types is > 2. If needed, for example in the
presence of external fields, this can be relaxed.

A further important notion is the gluing of graphs into each other. It is the
opposite of the shrinking of a graph to its residue. While in that process, a
graph is reduced to a vertex of a specified type, we can replace any vertex
v € Tl of type f, by a graph v, as long as f, ~ vgt - a vertex will be replaced
by a graph which has external edges compatible with its type.

To specify such a gluing of « into I we first have to choose an internal vertex v
where we wish to glue. If the type of v is incompatible with ylj}t, we define the
result to vanish. If the two sets of edges are compatible, we will have in general
to choose a bijection between the two sets of edges. Summing over all places
and bijections defines an operation I' xy which sums over all ways of inserting
into I'. We impose a normalization such that topologically different graphs are

generated with unit multiplicity. The following picture illustrates this process.

q
.
w
-"O" " :“ ) “-
)
>

P4 I 0
a. % oae '2" = e ae g = -
s
g
3
* -"“+ "-"
- -~

Proposition. This gluing operation is pre-Lie.
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Proof: It suffices to show that for 1PI graphs I';, ¢ = 1,2, 3, we have
Fl *(FQ*Fg) — (Fl *1—‘2) *F3 = Fl * (1"3*1"2) — (Fl *F3) *1—‘2.

This is elementary using that both sides reduce to the sum over all ways of
gluing 'y and T's simultaneously into I’y at disjoint places. ||

Note that this pre-Lie operation can be extended to the insertion at internal
edges (self-energies). Furthermore, external structures [E] can be incorporated
easily, using coloured types of vertices.

Choices of types of lines and vertices are typically dictated by a chosen QFT,
where, in particular, one often only consider superficially divergent graphs. Ex-
ternal structures reflect their powercounting degree of divergence.

We let L be any such chosen Lie-algebra generated from this pre-Lie product,
and Hrg be the commutative Hopf algebra which we obtain as the dual of the
universal enveloping algebra of Lrq.

Derivations on the Hopf algebra

We have the decomposition of Hrg by the bidegree Hrpg = @ZO:OHEE]GW reduced
to scalars € H[g]c by the counit. The linear basis of Hr¢ is denoted by Hra, 1.
It is spanned by generators ér, where I' is a 1PI graph. Elements of Hrg are
polynomials in these commutative variables.

We write Zr for the dual basis of the universal enveloping algebra with pairing

<ZF; 6F’> = 6{‘(71"’

where on the rhs we have the Kronecker 6%, and extend the pairing by means
of the coproduct

<ZF1ZF2a X> = <ZF1 ® Zry, A(X»
For X =3, ¢;T;, we extend by linearity so that dx = ), ¢;dr,, and similarly
for Zx.
Quite often, we want to refer to the graph(s) which index an element in Hpg
or Lrg. For that purpose, for each element in Hpa and each element in Lpg
we introduce a map to graphs:

Zx =X,0x = X.

Further, we write A(X) =", X{i) ® X{;) for the coproduct in the Hopf algebra
Hra.

The Lie algebra Lr¢ gives rise to two representations acting as derivations on
the Hopf algebra Hpg:

ZE x §x = 6xar

and
7 = Y2 X)Xy

%

15



Furthermore, any term in the coproduct of a 1PI graph I' determines gluing
data G; such that

I'= F’(’i) *G, F’(i),Vi.
Here, G; specifies vertices in F’('i) and bijections of their types with the elements
of F’(i) such that I" is regained from its parts:

The first line gives a term (i) in the coproduct, decomposing this graph into its
only divergent subgraph (assuming we have chosen ¢? in six dimensions, say)
and the corresponding cograph, the second line shows the gluing G; for this
term, in this example .

We want to understand the commutator

[le_la ZITQ]’
acting as a derivation on the Hopf algebra element dx. To this end introduce

Zip, ra) X 0x = Y (2, X (1)) X (5 *a, T1.

2

Here, the gluing operation G; still acts such that each topologically different
graph is generated with unit multiplicity.

Note that if res(I'y) # res(I'2), Zjr, r,) X dx vanishes, as the existence of a bi-

jection between edges adjacent to I'; in X and !

1.ext demands the compatibility
of the residues of I'1, I's.
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Let X,Y be related as Zjp, r,) x x =Y, for a 1PI graph X. Then, Y is a sum
of say k 1PI graphs. We immediately have thanks to our gluing conventions

Proposition. Zjp, r,) X oy =k X.

Let us now consider
[Ziry 2], Zirs,ra] X Ox.
We first define

Yozs :={Y € Hra,Ll{(Zr,, Zir, vy X 6y) =1}

and
Yii0 := {Y S HFG,L|<ZF4,Z[F1,F2] X 5y> = 1}.

Let Ar : Hpg — Hrg ® Hpg be the map

X — Z Xy ® [X(jy %, T} (59)

and let us write d for the map X — (Zl'fz,X>. Then,
Z[F17F2] Xdx = (62 & ld) ¢} AFI

which justifies the shorthand notation 179, X for the above.
Then, the desired commutator is

[1+0,3+0, — 370,17 8,) X.

Let us consider 1792379, X first. We want to compare it with 173795 4 X.
These are the terms generated by shrinking I's, I'y at disjoint places, and gluing
I'y for the residue of I's, and I's for the residue of I'y.

What we now need to know is the commutator 1%[d2,3%]0s. There are two
cases:

i) I's is a proper subgraph of I's, 'y C I's. Then,

170,3 04 X = (1+32F3)+34X + 1+3+82,4X~

ii) Ts ¢ T's. Then, for any X{i) such that X{i) =Y, Y € Ya3y, we have a

contribution as 379,Y = I's, and by the previous proposition, I'y = 4+05Y.
Hence
17053704 X = 17041 9,0X + 173702 4 X

Consider now 3794173, X. Similarly, we find two cases:
i) T'y is a proper subgraph of I';, T'y C I'y. Then,

3704170, X = (3T04T1)T 02X + 3717042 X.

ii) Ty ¢ T'y. Then, for any X{i) such that X&.) =Y,Y € Y2, we have a
contribution as 179;Y = I'y, and by the proposition again, I'y = 279, Y. Hence

3+841+62X = 3+62+614X + 3+1+64,2X.

17



As
1737024 X = 3711042 X,

we get for the commutator, returning to the full fledged notation,

[Zir,,ra)> Zirs,ra)] = *Z[mm N Z[szm]
2y s A0 T )
=08, 0y 20y 1) F 07, 0y 20 )

Let us check that this bracket fulfills a Jacobi identity. Equivalently, we can
check that
Zra el * Zivs 0} 3= e ) T 20 i, ooy

defines a right or left pre-Lie product. Indeed, we find, returning to our short-
hand notation:

(17023%04)5% 96 — 17 02(37 0457 05)

= +(17(923))1045%06 + 11 04+5,25" 06
—1702(3%045) 06 — 170237 96+ 0,4

= 4+ ((1%323)%045)" 06 + (17823) T 5+ 0,4

bl a

+ (1+34+3325)+36 + 1+86+65(4+632)

b c3
—(1702(37045)) 96 — 1+86+33+a452
b3

Cc1

— (17023)" 95+ 9,4 — 176+ 0,4y + 0,2

a c2

The two ”a” terms cancel, while the terms by, b2, b3 add up to a contribution
(1737 05,45) " 06 which is symmetric under exchange of the index pair (1,2) with
(3,4). This term only contributes when I's appears as a subgraph of I's. The
terms ¢y, c2,c3 add up to a contribution 1*86+4+65’32 which only contributes
when I's appears as a subgraph of I's, and is symmetric under exchange of the
index pair (3,4) with (5,6). The b;-terms and the ¢; terms are mutually exclu-
sive. Furthermore, when the b; terms contribute, we get a right pre-Lie product,
while when the ¢; terms contribute, we get a left pre-Lie product. In all cases,
we then fulfill the Jacobi identity. ||

Hence, we have established the following theorem:

Theorem. For all 1PI graphs T';, s.t. res(I'1) = res(I'z) and res(I's) =
res(T'y), the bracket

[Z[F17F2]’ Z[F37F4]] = +Z[Z[

- _ Z N
Iy,Ig] X0rg, '] ('35 Z(ry,rq] X0ry]

18



[Zry 041 %01y, T2] + Z[Flﬁz[m,rs] X1, |

_6II§7F3 Z[F11F4] + 6II’(1,F4Z[F3,F2] :

defines a Lie algebra of derivations acting on the Hopf algebra Hpag via

Z[Fi,l"j] X 5X = Z<ZIT275X(,i)>5X(/;)*GiFU
I

where the gluing data G; are normalized as before.

The Kronecker §% terms just eliminate the overcounting when combining all
cases in a single equation.

We note that Zjp 1) x dx = krdx, where kr is the number of appearances of T’
in X and where we say that a graph I' appears k times in X if k is the largest

integer such that
(I'* ®@id, A(0x))

is non-vanishing.
Furthermore, we note that I : Zr, r,) — Z|r,,r,] is an anti-involution such that

I([Z[Fl,Fz] ) Z[F37F4]]) = _[I(Z[FLIE])’ I(Z[F37F4])]’

by inspection. We have
[Z[Fhrz]’ Z[F27F1]] = Z[F17F1] - Z[Fz,r2]'

Further structural analysis is left to future work.
By construction, we have
Proposition.
28 = Zp pes(T)]»
Zr = Zpres(n),1)-
Also, we immediately conclude

Corollary. [Z,Z;] = fZ(Z;TH.

Finally, we get the desired commutator
Corollary.
(201 resri)ls Ziresra)rall = A2z n ) Zires(M) Znasir s 111X 0r5]

[Z{res(ry),r2) X 01y ;res(T'1)] + Z[Fle[Fz,res(FQ)] XOpes(ry)]
K K
_6res(1"1),res(l"2)Z[F1,F2] + 51—‘171—‘2 Z["eS(FZ)a"eS(Fl)]

K K
= Ores(T'y),res(T2) Z[T1,Ts] + 00,1y Zlres(T's),res(Ty)]

7Z[reS(Fz),Z[res(r1),r1] X8ry] Z[Z[res(Fz),F‘Z] xér, ,;res(I'1)]

K K
- 6res(1"1 ),res(I'y) Z[l"l ,I'2] + 61"1 o Z[res(l"g),res(r‘l )]
7= _ 7t

Zlres(ry),r1] X1y Zires('y),r2) X0y
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We can now make contact with derivations in the Hopf algebra of rooted trees.
Let us consider the Hopf algebra of iterated one-loop self-energies in massless
Yukawa theory in four dimensions. There is a one-to-one correspondence ©
between iterated one-loop fermion self-energy graphs and undecorated rooted
trees:

o=

Let I's, '3 be arbitrary such fermion self-energy graphs and let I'y be the one-
loop self-energy graph, and I'y be its residue, a two-point vertex with two
fermionic external legs.
Note that

res(I'y) = res(I'y) =res(I's) =T.

The isomorphism © to undecorated rooted trees delivers the previous result on
undecorated rooted trees: Indeed,

O(Zr,r,) = N(O©(T'3)),

and
e(Z[FLFﬂ) = M(G(FQ))

We have, using the previous theorem,

O([Zr, ra)s Zrarg)l) = [M(O(I'2)), N(O(T's))]
= 6 Z ‘‘‘‘
[ [res( _- ), T2]Xopy”? ]
+Z[res( """"" ) Z[ ........ FJ]XJFQ]

in accordance with the results of the previous section. We used the fact that
the residue of a graph contains no subgraph,

Z[Fg, ]X(Sres( o ):0,

and that
Z[Fg,res( L )] X6 P =

The above uses naturally growth by identifying the root of a tree with any feet
of another tree. We can also work out from our general results the commutator
of other derivations, using, for example, natural growth by connecting with an
extra edge the root of a tree to all the vertices of another one.
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Conclusions

We only considered the Lie algebra aspect for Feynman graphs. A bicrossed
structure can be constructed as well, say by enlarging Hpg to Hrpgg using
appropriate insertion of subgraphs as a natural growth.

The algebraic structures here provided cover all operations which one encounters
in the perturbative expansion of a quantum field theory: insertion and elimi-
nation of subgraphs. While the construction of local counterterms demands
the elimination of subgraphs « by res() on the expense of multiplication with
their counterterms Sg(7) [H], the Dyson-Schwinger quantum equations of mo-
tions demand that any local interaction, described by a vertex v, can as well be
mediated by any graph I' with res(I') = v, and hence the insertion of T" for v in
all possible ways determines naturally the series of Feynman graphs providing
a fixpoint for those equations.
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