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GRAVITY AND THE STANDARD MODEL WITH NEUTRINO MIXING

ALl H. CHAMSEDDINE, ALAIN CONNES, AND MATILDE MARCOLLI

Abstract.  We present an e ective uni ed theory based on noncommutativ e geometry for
the standard model with neutrino mixing, minimally coupled to gravity. The uni cation is
based on the symplectic unitary group in Hilbert space and on the spectral action. It yields
all the detailed structure of the standard model with severa | predictions at uni cation scale.
Besides the familiar predictions for the gauge couplings asfor GUT theories, it predicts the
Higgs scattering parameter and the sum of the squares of Yukawa couplings. From these
relations one can extract predictions at low energy, giving in particular a Higgs mass around
170 GeV and a top mass compatible with present experimental value. The geometric picture
that emerges is that space-time is the product of an ordinary spin manifold (for which the
theory would deliver Einstein gravity) by a nite noncommut ative geometry F. The discrete
space F is of KO-dimension 6 modulo 8 and of metric dimension 0, and accounts for all the
intricacies of the standard model with its spontaneous symm etry breaking Higgs sector.
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1. Introduction

In this paper we present a model based on noncommutative geosiry for the standard model
with massive neutrinos, minimally coupled to gravity. The model can be thought of as a form
of uni cation, based on the symplectic unitary group in Hilb ert space, rather than on nite
dimensional Lie groups. In particular, the parameters of the model are set at uni cation scale
and one obtains physical predictions by running them down tlrough the renormalization
group using the Wilsonian approach. For the renormalizabilty of the gravity part of our
model one can follow the renormalization analysis of highederivatives gravity as in [IZ] and
[21]. Later, we explain in detail how the gravitational parameters behave.

The input of the model is extremely simple. It consists of thechoice of a nite dimensional
algebra, which is natural in the context of the left{right sy mmetric models. It is a direct sum

(1.1) C H H M;3C);

where H is the involutive algebra of quaternions. There is a naturalrepresentation M for
this algebra, which is the sum of the irreducible bimodules 6 odd spin. We show that the
fermions of the standard model can be identi ed with a basis 6ér a sum of N copies ofM ,
with N being the number of generations. (We will restrict ourselves to N = 3 generations.)
An advantage of working with associative algebras as opposeto Lie algebras is that the
representation theory is more constrained. In particular a nite dimensional algebra has only
a nite number of irreducible representations, hence a canaical representation in their sum.
The bimodule M described above is obtained in this way by imposing the odd sp condition.
The model we introduce, however, isnot a left{right symmetric model. In fact, geometric
considerations on the form of a Dirac operator for the algeba (L) with the representation
H = M 3 lead to the identi cation of a subalgebra of () of the form

(1.2) C H M3zC C H H MsC):

This will give a model for neutrino mixing which has Majorana mass terms and a see-saw
mechanism.

For this algebra we give a classi cation of all possible Dir& operators that give a real spectral
triple (A;H;D), with H being the representation described above. The resulting Dac
operators depend on 31 real parameters, which physically ceespond to the masses for leptons
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and quarks (including neutrino Yukawa masses), the anglesfahe CKM and PMNS matrices,
and the Majorana mass matrix.

This gives a family of geometriesF = (A;H;D) that are metrically zero-dimensional, but
that are of dimension 6 mod 8 from the point of view of realK -theory.

We consider the product geometry of such a nite dimensionakpectral triple with the spectral
triple associated to a 4-dimensional compact Riemannian dp manifold. The bosons of the
standard model, including the Higgs, are obtained as the iner uctuations of the Dirac
operator of this product geometry. In particular this gives a geometric interpretation of the
Higgs elds which generate the masses of elementary parties through spontaneous symmetry
breaking. The corresponding mass scale speci es the invagssize of the discrete geometry-.
This is in marked contrast with the grand uni ed theories where the Higgs elds are then
added by hand to break the GUT symmetry. In our case the symmety is broken by a speci ¢
choice of the nite geometry, in the same way as the choice of @apeci c space-time geometry
breaks the general relativistic invariance group to the mut smaller group of isometries of a
given background.

Then we apply to this product geometry a general formalism fo spectral triples, namely the
spectral action principle. This is a universal action functional on spectral triples, which is
\spectral”, in the sense that it depends only on the spectrumof the Dirac operator and is of
the form

(1.3) Tr(f(D=)) ;

where  xes the energy scale and f is a test fugction. The function f only plays a role
through its momenta fgo, f2, and f4 wherefy = 01 f (v)vk 1dv for k > 0 and fo = f (0).
(cf. Remark &3 below for the relation with the notations of [8]). These give 3 additional
real parameters in the model. Physically, these are relatedo the coupling constants at
uni cation, the gravitational constant, and the cosmological constant.

The action functional (L3), applied to inner uctuations, only accounts for the bosonic part
of the model. In particular, in the case of classical Riemanan manifolds, where no inner
uctuations are present, one obtains from (I.3) the Einstein{Hilbert action of pure gravity.
This is why gravity is naturally present in the model, while t he other gauge bosons arise as
a consequence of the noncommutativity of the algebra of thepectral triple.

The coupling with fermions is obtained by including an additional term

(1.4) Tr(f (D=)) + %hl ;D

whereJ is the real structure on the spectral triple, and is an element in the spaced, viewed
as a classical fermion,i.e. as a Grassman variable. The fermionic part of the Euclidean
functional integral is given by the Pfaan of the antisymmet ric bilinear form hJ %D i.

This, in particular, gives a substitute for Majorana fermions in Euclidean signature cf. e.g.

[29], [38]).

We show that the gauge symmetries of the standard model, withthe correct hypercharge
assignment, are obtained as a subgroup of the symplectic utairy group of Hilbert space

given by the adjoint representation of the unimodular unitary group of the algebra.

We prove that the full Lagrangian (in Euclidean signature) of the standard model minimally

coupled to gravity, with neutrino mixing and Majorana mass terms, is the result of the
computation of the asymptotic formula for the spectral action functional (IL.Z)).

The positivity of the test function f in (L3) ensures the positivity of the action functional

before taking the asymptotic expansion. In general, this des not su ce to control the sign of

the terms in the asymptotic expansion. In our case, howeverthis determines the positivity
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of the momentafg, f,, and f4. The explicit calculation then shows that this implies that the
signs of all the terms are the expected physical ones.

We obtain the usual Einstein{Hilbert action with a cosmological term, and in addition the
square of the Weyl curvature and a pairing of the scalar curvéure with the square of the Higgs
eld. The Weyl curvature term does not a ect gravity at low en ergies, due to the smallness
of the Planck length. The coupling of the Higgs to the scalar arvature was discussed by
Feynman in [Z3].

We show that the general form of the Dirac operator for the nite geometry gives a see-saw
mechanism for the neutrinos €f. [37]). The large masses in the Majorana mass matrix are
obtained in our model as a consequence of the equations of ma.

Our model makes three predictions, under the assumption of e \big desert”, in running
down the energy scale from uni cation.

The rst prediction is the relation g, = gz = 5=3g; between the coupling constants at uni-
cation scale, exactly as in the GUT models (cf. e.g. [37] x9.1 for SU(5) and [11] for SO(10)).
In our model this comes directly from the computation of the terms in the asymptotic formula
for the spectral action. In fact, this result is a feature of any model that uni es the gauge
interactions, without altering the fermionic content of th e model.

The second prediction is the Higgs scattering parameter , at uni cation scale. From this
condition, One obtains a prediction for the Higgs mass as a faction of the W mass, after
running it down through the renormalization group equations. This gives a Higgs mass of
the order of 170 GeV and agrees with the \big desert" predicton of the minimal standard
model (cf. [45]).

The third prediction is a mass relation between the Yukawa mases of fermions and thenV
boson mass, again valid at uni cation scale. This is of the fom

X
(1.5) m2+ m2+3m3+3m2=8M3:
generations

After applying the renormalization group to the Yukawa couplings, assuming that the Yukawa
coupling for the  is comparable to the one for the top quark, one obtains good agement
with the measured value.

Moreover, we can extract from the model predictions for the gavitational constant involving
the parameter f ,=fy. The reasonable assumption that the parameterd o and f, are of the
same order of magnitude yields a realistic value for the Newdn constant.

In addition to these predictions, a main advantage of the moel is that it gives a geometric
interpretation for all the parameters in the standard model. In particular, this leaves room
for predictions about the Yukawa couplings, through the geanetry of the Dirac operator.
The properties of the nite geometries described in this pager suggest possible approaches.
For instance, there are examples of spectral triples of metc dimension zero with a di erent
KO -homology dimension, realized by homogeneous spaces ovaragtum groups [20].
Moreover, the data parameterizing the Dirac operators of ou nite geometries can be de-
scribed in terms of some classical moduli spaces related toodble coset spaces of the form
Kn(G G)=K K) for G a reductive group andK the maximal compact acting diagonally
on the left. The renormalization group de nes a ow on the moduli space.

Finally, the product geometry is 10-dimensional from the KO -homology point of view and
may perhaps be realized as a low energy truncation, using théype of compact bers that
are considered in string theory models ¢f. e.qg. [29)).
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Naturally, one does not really expect the \big desert" hypothesis to be satis ed. The fact
that the experimental values show that the coupling constarts do not exactly meet at uni -
cation scale is an indication of the presence of new physicsA good test for the validity of
the above approach will be whether a ne tuning of the nite geometry can incorporate addi-
tional experimental data at higher energies. The present pper shows that the modi cation
of the standard model required by the phenomenon of neutrinamixing in fact resulted in sev-
eral improvements on the previous descriptions of the standrd model via nhoncommutative
geometry.

In summary we have shown that the intricate Lagrangian of thestandard model coupled with
gravity can be obtained from a very simple modi cation of space-time geometry provided one
uses the formalism of noncommutative geometry. The model adains several predictions and
the corresponding section 5 of the paper can be read directhskipping the previous sections.
The detailed comparison in section 4 of the spectral action vth the standard model contains
several steps that are familiar to high energy particle phygists but less to mathematicians.
Sections 2 and 3 are more mathematical but for instance the dation between classical moduli
spaces and the CKM matrices can be of interest to both physigts and mathematicians.
The results of this paper are a development of the preliminay announcement of [L¥].

Acknowledgements. It is a pleasure to acknowledge the independent preprint by éhn
Barrett [4] with a solution of the fermion doubling problem. The rst author is supported by
NSF Grant Phys-0601213. The second author thanks G. Landi ath T. Schucker, the third
author thanks Laura Reina and Don Zagier for useful converstions. We thank the Newton
Institute where part of this work was done.

2. The finite geometry
2.1. The left-right symmetric algebra.

The main input for the model we are going to describe is the chige of a nite dimensional
involutive algebra of the form

(21) Alr = C H_ Hgr Mg(C):

This is the direct sum of the matrix algebras My (C) for N = 1;3 with two copies of the
algebraH of quaternions, where the indices L, R are just for book-keeipg. We refer to (Z1)
as the \left-right symmetric algebra" [10].

By construction A r is an involutive algebra, with involution

(2.2) (;aL;0r;m) =(; 0L 0R; M );

where q 7! q denotes the involution of the algebra of quaternions. The ajebra A r admits
a natural subalgebraC M 3(C), corresponding to integer spin, which is an algebra ovecC.
The subalgebraH_ Hg, corresponding to half-integer spin, is an algebra oveR.

2.2. The bimodule M g.

Let M be a bimodule over an involutive algebraA. For u 2 A unitary, i.e. such that
uu = uu=1, onedenes Ad(u) by Ad(u) =uu ;8 2M .

De nition 2.1. Let M be an A r-bimodule. Then M is odd i the adjoint action of
s=(1; 1, L;1) fullls Ad(s)= 1.

Let A% denote the opposite algebra ofA g .



6 CHAMSEDDINE, CONNES, AND MARCOLLI

Lemma 2.2. An odd bimoduleM is a representation of the reductionB = (Alr  rA%R)p
of Alr  rAJ by the projectionp= (1 s s°. This subalgebra is an algebra ove€.

Proof. The result follows directly from the action of s=(1; 1; 1;1) in De nition 2]

SinceB=(ArR R AER )p is an algebra overC, we restrict to consider complex representa-
tions.

De nition 2.3.  One de nes the contragredient bimodule of a bimoduléM as the complex
conjugate space
(2.3) M%=f : 2Mg; ab=Db a ; 8a;b2Ar:
The algebrasM y (C) and H are isomorphic to their opposite algebras (bym 7! m! for matrices
and q 7! qfor quaternions. We use this antiisomorphism to obtain a repesentation ©° of the
opposite algebra from a representation
We follow the physicists convention to denote an irreducibé representation by its dimension
in boldface. So, for instance,3° denotes the 3-dimensional irreducible representation ofte
opposite algebraM 3(C).
Proposition 2.4. Let M g be the direct sum of all inequivalent irreducible odd | g -bimodules.
The dimension of the complex vector spact ¢ is 32
The A g -bimoduleM ¢ = E E 0 is the direct sum of the bimodule
(2.4) E=2 1° 25 1° 2, 3% 25 3°
with its contragredient E°.
The AR -bimodule M ¢ is isomorphic to the contragredient bimoduleM 2 by the an-
tilinear isometry Jg given by
(2.5) Je(; )=(: ) 8 2E
One has
(2.6) J2=1; b=JbJ; 8 2Mg;b2A R
Proof. The rst two statements follow from the structure of the alge bra B described in the
following lemma.

Lemma 2.5. The algebraB = (AR R AER)IO is the direct sum of 4 copies of the algebra
M2(C) Mg(C).
The sum of irreducible representations ofB has dimension32 and is given by
7 2o 1° 25 1° 2 3° 25 3% 1 20 1 28 3 20 3 2%
Proof. By construction one has

B=(HL Hr) r(C M3(C)° (C M3(C) r(HL Hgr)°
Thus the rst result follows from the isomorphism:

H rC=M2(C); H rM3(C)= Mg(C)

The complex algebraMy (C) admits only one irreducible representation and the latter has
dimension N. Thus the sum of the irreducible representations ofB is given by (Z4). The
dimension of the sum of irreducible representations is 4 2+4 6 = 32.

To end the proof of Proposition[Z2 notice that by construction M ¢ is the direct sSumg E ©
of the bimodule (Z34) with its contragredient, and that the map (Z3) gives the required
antilinear isometry. Note moreover that one has [Z®) using(Z3).
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2.3. Real spectral triples.

A noncommutative geometry is given by a representation theoetic datum of spectral nature.
More precisely, we have the following notion.

De nition 2.6. A spectral triple (A;H;D) is given by an involutive unital algebraA repre-
sented as operators in a Hilbert spacél and a self-adjoint operator D with compact resolvent
such that all commutators[D;a] are bounded fora2 A.

A spectral triple is even if the Hilbert space H is endowed with aZ=2- grading  which
commutes with anya 2 A and anticommutes withD.

The notion of real structure (cf. [I5]) on a spectral triple (A;H; D), is intimately related to
real K -homology (cf. [Z]) and the properties of the charge conjugation operator.

De nition 2.7. A real structure of KO -dimension n 2 Z=8 on a spectral triple (A;H;D) is
an antilinear isometry J : H!'H | with the property that

(2.8) J2="JD ="DJ; and J = "% (even case)

The numbers";"¢"%2 f 1:1g are a function of n mod 8 given by

[nJ0 T 2 3 4 5 6 7
"T1 1 1 1 1 1 11
01 -1 1 1 1 -1 11
"1 1 1

Moreover, the action of A satis es the commutation rule

(2.9) [a;’]=0 8ab2A;
where
(2.10) =JbJ ! 8b2A;

and the operator D satis es the order one condition:
(2.11) [D;a];b’]=0  8ab2A:
A spectral triple endowed with a real structure is called a ral spectral triple.

A key role of the real structure J is in de ning the adjoint action of the unitary group U of
the algebra A on the Hilbert spaceH. In fact, one de nes a right A-module structure on H

by
(2.12) b=1b"; 8 2H: b2A:

The unitary group of the algebra A then acts by the \adjoint representation” on H in the
form

(2.13) H3 7'Ad(u) =uwu ; 8 2H; UuU2A; uu =uu=1:
De nition 2.8.  Let 1 denote theA-bimodule

X
(2.14) L=f a[D;blia;h 2Ag:
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De nition 2.9.  The inner uctuations of the metric are given by
(2.15) D! Da=D+A+"93AJ ?
where A 2 1D, A = A is a self-adjoint operator of the form
(2.16) A=x a[D;b]; &b 2A:
j
For any gauge potential A 2 %,, A = A and any unitary u 2 A, one has
Ad(u)(D + A+ "%JAJ HAd(u)= D+ A+ "% LA)JI ?
where ((A)= u[D;u ]+ uAu (cf. [1I8]).

2.4. The subalgebra and the order one condition.
We let HE be the sum ofN = 3 copies of the A g -bimodule M ¢ of Proposition [Z4, that is,
(2.17) HE = M2

Remark 2.10. The multiplicity N = 3 here is an input, and it corresponds to the number
of particle generations in the standard model. The number ofenerations is not predicted by
our model in its present form and has to be taken as an input dam.

We de ne the Z=2-grading ¢ by

(2.18) E=C Jg CJg; C:(O;l; l;O)ZALRZ
One then checks that
(2.19) J2=1; Jr £=  FJE:

The relation (E219), together with the commutation of Jg with the Dirac operators, is char-
acteristic of KO -dimension equal to 6 modulo 8 €f. De nition Z.7).

By Proposition E24] one can write Hg as the direct sum

(2.20) He = Hi H |

of N = 3 copies of E of (24) with the contragredient bimodule, namely
(2.21) Hi=E EE; H=EE°E?"

The left action of A g splits as the sum of a representation on H; and a representation °©
on H;.

These representations ofA| g are disjoint (i.e. they have no equivalent subrepresentations).
As shown in LemmalZI2 below, this precludes the existence operatorsD in Hg that ful ll
the order one condition (ZTI1) and intertwine the subspacesis and H; .

We now show that the existence of such intertwining ofH; and H; is restored by passing to
a unique subalgebra of maximal dimension iPA R .

Proposition 2.11. Up to an automorphism of A r, there exists a unique subalgebra ¢
A r of maximal dimension admitting an o diagonal Dirac operators, namely operators that
intertwine the subspacesH; and H; of Hr. The subalgebra is given by

(2.22) Ap=f(iqL;sm)j 2C,q2H; m2M3(C)g C H M3):
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Proof. For any operator T : Hf ' H ; we let
(2.23) A(M)=fb2AR] WWT=T (b; Ib)T=T (b)g:

It is by construction an involutive unital subalgebra of A R.
We prove the following preliminary result.

Lemma 2.12. Let A A R be an involutive unital subalgebra ofA gr. Then the following
properties hold.

(1) If the restriction of and 9to A are disjoint, then there is no o diagonal Dirac
operator for A.

(2) If there exists an o diagonal Dirac for A, then there exists a paire, €° of minimal
projections in the commutants of (A.r) and YA r) and an operator T such that
Te=T60andA A (T).

Proof. 1) First the order one condition shows that [D;a®] cannot have an o diagonal part
since it is in the commutant of A. Conjugating by J shows that [D;a] cannot have an o
diagonal part. Thus the o diagonal part Do of D commutes with A i.e. [Dqt ;@] =0, and
Dot = 0 since there are no intertwining operators.

2) By 1) the restrictions of and °to A are not disjoint and there exists a non-zero operator
T such that A A (T). For any elementsx, x°of the commutants of and © one has

A(T) A (x°rx)

since Ab)T = T (b) implies qb)x°Tx = x°Tx (b). Taking a partition of unity by minimal
projections there exists a paire, €° of minimal projections in the commutants of and ©
such that e°Te 6 0 so that one can assumee’Te= T 6 0.

We now return to the proof of Proposition 22T

Let A A r be an involutive unital subalgebra. If it admits an o diagon al Dirac, then
by Lemmal[ZI2 it is contained in a subalgebraA(T) with the support of T contained in a
minimal projection of the commutant of (A r) and the range of T contained in the range
of a minimal projection of the commutant of YA r).

This reduces the argument to two cases, where the represeritan is the irreducible represen-
tation of H on C2 and UYis either the representation ofC in C or the irreducible representation
of M3(C) on C8.

In the rst case the support E of T is one dimensional. The commutation relation [ZZB)

de nes the subalgebraA(T) from the conditon T = Tq, forall 2 E, which implies
g =0. Thus, in this case the algebraA(T) is the pullback of
(2.24) f(;9)2C Hjg = ; 8 2Eg

under the projection onC H from A r. The algebra {Z23) is the graph of an embedding
of C in H. Such an embedding is unique up to inner automorphisms oH. In fact, the
embedding is determined by the image of 2 C and all elements inH satisfying x2 = 1 are
conjugate.

The corresponding subalgebraAr A r is of real codimension 4. Up to the exchange of
the two copies ofH it is given by (E222).

In the second case the operatoil has at most two dimensional rangeR(T). This range is
invariant under the action %of the subalgebraA and so is its orthogonal sinceA is involutive.
Thus, in all cases theM 3(C)-part of the subalgebra is contained in the algebra of 2 1 block
diagonal 3 3 matrices which is of real codimension 8 irfM 3(C). HenceA is of codimension
atleast 8> 4in ARr.
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It remains to show that the subalgebra (ZZ2) admits o diagonal Dirac operators. This
follows from Theorem[ZZ1 below.

2.5. Unimodularity and hypercharges.
The unitary group of an involutive algebra A is given by
UA)=fu2Ajuu =uu=1g
In our context we de ne the special unitary group SU(A) U(A) as follows.
De nition 2.13. We let SU(Ag) be the subgroup ofJ(Ag) de ned by
SUAE)= fu2 UAE) : det(u)=1g
where det(u) is the determinant of the action ofu in Hg.

We now describe the group SUAE) and its adjoint action.
As before, we denote by2 the 2-dimensional irreducible representation ofH of the form

(2.25) ;

with ; 2 C.

De nition 2.14. We letj"i and|#i be the basis of the irreducible representatioi2 of H of
(&29) for which the action of 2 C H is diagonal with eigenvalues onj"i and onj#i.

In the following, to simplify notation, we write " and # for the vectorsj"i and j#i.

Remark 2.15. The notation " and # is meant to be suggestive of \up" and \down" as in
the rst generation of quarks, rather than refer to spin states. In fact, we will see in Remark
213 below that the basis ofHg can be naturally identi ed with the fermions of the standard
model, with the result of the following proposition giving t he corresponding hypercharges.

Proposition 2.16. (1) Up to a nite abelian group, the group SU(AE) is of the form
(2.26) SUAE) U@ SU2) SuU@):

(2) The adjoint action of the U(1) factor is given by multiplication of the basis vectors in
H: by the following powers of 2 U(1):

"10 % 10 v 30 4 30

(2.27) 2, 1 1

Wl
Wl

2 O 2 3 z

Proof. 1) Letu=( ;q;m) 2 U(Ag). The determinant of the action of u on the subspaceH
is equal to 1 by construction since a unitary quaternion has @terminant 1. Thus det(u) is
the determinant of the action Yu) on H; . This representation is given by 4 3 =12 copies
of the irreducible representations1 of C and 3 of M3(C). (The 4 is from 20 2% and the
3 is the additional overall multiplicity of the representat ion given by the number N = 3 of
generations.)
Thus, we have

det(u) = 2 det(m)'?:
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Thus, SU(AE) is the product of the group SU(2), which is the unitary group of H, by the
bered product G = U(1) 1,U(3) of pairs (;m ) 2 U(1) U(3) such that 12 det(m)?=1
One has an exact sequence

(2.28) 11 3! U@Q) SU@)! G! 1! 1L

where |\ is the group of roots of unity of order N and the maps are as follows. The last map
isgivenby (;m )= det(m). By de nition of G, the image of the map isthe group 12

of 12th roots of unity. The kernel of is the subgroupGy G of pairs (;m ) 2 U(1) U(3)

such that det(m) =1

The map U(1) SU@)! Gisgivenby (;m) 7! ( 3: Im). Its image is Go. Its kernel is

the subgroup of U(1) SU(3) of pairs (; 13) where 2 3 is a cubic root of 1 and % is

the unit 3 3 matrix.

Thus we obtain an exact sequence of the form

(2.29) 11 3! U@) SU@ SU@B)! SUAE)! 1! L

2) Up to a nite abelian group, the U(1) factor of SU( Ag) is the subgroup of elements of
SU(AE) of the form u( ) = ( ; L, 313), where 2 C, with j j = 1. We ignore the
ambiguity in the cubic root.

Let us compute the action of Ad(u( )). One has Adu) = u(u)?® = ub® with b =
(; 1, 1),

This gives the required table as in [ZZF) for the restriction to the multiples of the left action
2. . In fact, the left action of u is trivial there.

The right action of b=( ; 1, ¥13)isby on the multiples of 1° and by 731} on multiples
of 39.

For the restriction to the multiples of the left action 2r one needs to take into account the
left action of u. This acts by on" and on# This adds a 1 according to whether the
arrow points up or down.

Remark 2.17. Notice how the nite groups 3 and 1, in the exact sequencellZ29) are of
di erent nature from the physical viewpoint, the rst arisi ng from the center of the color
U(3), while the latter depends upon the presence of three gemations.

We consider the linear basis for the nite dimensional Hilbeat space HF obtained as follows.
We denote byf. , the basis of" 3% by f.; the basis of"gr 39, by f,, the basis of
#_ 3% and by f,., the basis of#r 30, Similarly, we denote byf..,, the basis of"|  1°,
by f..,r the basis of'r  1° by f,,, the basis of#  1° and by f#’LR the basis of#tg  1°.
Here each", "R, #_, #r refers to anN = 3-dimensional space corresponding to the number
of generations. Thus, the elements listed above form a basisf H¢, with  =1;2;3 the avor
index. We denote byf. 5, , etc. the corresponding basis oH; .

Remark 2.18. The result of Proposition [ZZI8 shows that we can identify thebasis elements
fugL, fugg and fus and f,,p of the linear basis of Hg with the quarks, where s
the avor index. Thus, after suppressing the chirality index L; R for simplicity, we identify
flgif25 135 with the up, charm, and top quarks and f},;f25:f 2, are the down, strange,
and bottom quarks. Similarly, the basis elementsf.., and f ., are identi ed with the leptons.
Thus, f.1;f 21,f ', are identi ed with the neutrinos ¢, ,and  and the f%lifélifil are
identi ed with the charged leptons e, , . The identication is dictated by the values of
(Z18), which agree with the hypercharges of the basic fernsins of the standard model. Notice
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that, in choosing the basis of fermions there is an ambiguityon whether one multiplies by
the mixing matrix for the down particles. This point will be d iscussed more explicitly inxd

below, see [4.2D).

2.6. The classi cation of Dirac operators.

We now characterize all operatorsDg which qualify as Dirac operators and moreover com-
mute with the subalgebra

(2.30) Ce Afr; Ce=1(;; 0); 2Cg

Remark 2.19. The physical meaning of the commutation relation of the Dirac operator
with the subalgebra of (Z30) is to ensure that the photon wil remain massless.

We have the following general notion of Dirac operator for the nite noncommutative geom-
etry with algebra Ar and Hilbert spaceHg.

De nition 2.20. A Dirac operator is a self-adjoint operator D in Hg commuting with Jg,
Cr, anticommuting with ¢ and ful lling the order one condition [[D;a];’] = 0 for any
ab2Ar.

In order to state the classi cation of such Dirac operators we introduce the following notation.
Let Yy, Y1), Ya), Yr3) and Yg be 3 3 matrices. We then let D(Y) be the operator in
Hg given by

S T
(2.31) D(Y)= T s
where
(2.32) S=S5; (S3 13):
In the decomposition ('r;#r;"L;#.) we have
2 3 2
0 0 Y(.. 1) 0 0 0 Y(.. 3) 0

233 s=0 0 0O Y(#l)é 53:§° 0 0 Y z;
Yey O 0 0 Yey O 0 0

0 Ygy O O 0 Yu O O

The operator T maps the subspac&€g ="r 1% H f to the conjugate Jg Er by the matrix
Yr, and is zero elsewhere. Namely,

TjER Er! JeEr:; TjERf = YRJFf

(2.34) _
TJH,: Er — 0:

We then obtain the classi cation of Dirac operators as followns.
Theorem 2.21. (1) Let D be a Dirac operator. There exist3 3 matrices Y1y, Y( 1),

Y3y, Y('3) and Yr, with Yr symmetric, such thatD = D(Y).
(2) All operators D(Y) (with Ygr symmetric) are Dirac operators.
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(3) The operators D(Y) and D(Y9 are conjugate by a unitary operator commuting with
Ar, r andJr i there exists unitary matrices V; and W; such that

Yy = ViYuyVa s Y01 = Va Yoy Vs
Yia = Wi Yug Wi Yig = WaYrg Wa s YR = VaYr Vs,

Proof. The proof relies on the following lemma, which determines tle commutant A‘F’ of Ag
in Hg.

Lemma 2.22. LetP = P11 P
P21 P22

following holds

P11 is block diagonal with three blocks inM12(C), M12(C), and 1, M 1»(C) corre-
sponding to the subspaces where the action 6fq;m) is by , anda.

P12 has support in1 22 1 2% andrange in"g 1% " g 30

P21 has support in"g 1% " g 3%andrange in1 20 1 29,

Py, is of the form

be an operator inHg = Hf H ;. Then P ZAE i the

(2.35) Pp=T1 (T2 1)
Proof. The action of Ap onHg = Hf H ; is of the form
(;q;m) 0
2.36
(2.36) 0 Yia;m)
On the subspaceH; and in the decomposition ('r;#r;"L;#_.) one has
2 3
0O 0 O
0O 0 O
o0  —

where the 12 corresponds to1° 3% 3. Since [Z38) is diagonal the conditionP 2 A2 is
expressed independently on the matrix elements;; .
Let us consider rst the case of the elementP11. This must commute with operators of the
form (;q;m) 10 with as in Z31), and 4, the unit matrix in a twelve dimensional
space. This means that the matrix of P;; is block diagonal with three blocks in M 15(C),
M12(C), and 1, M5(C), corresponding to the subspaces where the action of;(g; m) is by
, andaq.
We consider next the case oP2,. The action of (;q;m) 2 A in the subspaceH; is given
by multiplication by  or by m thus the only condition on P, is that it is an operator of the
form (2339).
The o diagonal terms P, and P,; must intertwine the actions of (;g;m) 2 Ag in Hf and
H;. However, the actions ofq or m are disjoint in these two spaces, while only the action by
occurs in both. The subspace oH; on which (;q;m) acts by is"g 1° " g 30 The
subspace ofH; on which (;q;m)actsby is1 2° 1 2%. Thus the conclusion follows
from the intertwining condition.

Let us now continue with the proof of Theorem[ZZ1.

0 Yg
Y O °
Anticommutation with ¢ holds since the operator g restricted to Er  Jg Eg is of the form

1) Let us rst consider the o diagonal part of D (Y) in (E3T)), which is of the form
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01 2 . Moreover the o diagonal part of D(Y) commutes with Jr i (Yr )= Yg forall

i.e. i Ygr is a symmetric matrix. The order one condition is automatic dnce in fact the
commutator with elements of Ag vanishes exactly.

We can now consider the diagonal part 3 g

mutes with g by construction. It is enough to check the commutation with Ck A ¢ and
the order one condition on the subspacéis . SinceS exactly commutes with the action ofA,Q
the order one condition follows. In fact for anyb2 A g, the action of bl° commutes with any
operator of the form ([Z:39) and this makes it possible to chdc the order one condition since
P =[S; (a)] is of this form. The action of Ag on the subspaceHf is given by (Z:31) and
one checks that (;; 0) commutes with S since the matrix of S has no non-zero element
between the" and # subspaces.

2) Let D be a Dirac operator. SinceD is self-adjoint and commutes with Jg it is of the form

of D(Y). It commutes with J and anticom-

_ S T
D = T S
where T = T! is symmetric.
Letv=( 1;1;1)2AE. One has
(2.38) F =V ,; 8 2H;¢:
Notice that this equality fails on H; .
The anticommutation of D with ¢ implies that D = % £ [D; E]. Notice that ¢ is given
by a diagonal matrix of the form
-9 0
F - O g .

Thus, we get
S= 1 [S;d = }V[S'V]
29> V1>
using (Z:33).

The action of v in Hg is given by a diagonal matrix (Z338), hencev [S; V] coincides with the
A1 block of the matrix of A = v[D;v].

Thus, the order one condition implies that S commutes with all operators b°, hence that it
is of the form (Z33).

The anticommutation with g and the commutation with Cg then imply that the self-adjoint
matrix S can be written in the form (233).

It remains to determine the form of the matrix T. The conditions on the o diagonal elements
of a matrix

P11 P12 .

P21 P2’

which ensure that P belongs to the commutant ong = JeAg Jg, are

P =

Pio has supportinl " & 3 " % andrangein2. 10 2g 10

P,1 has supportin2,  1° 2gr 1%andrangeinl " & 3 " &.

This follows from Lemmal[Z22, usingJe .
Let then e=(0;1;0). One has Ye)=0and (e) is the projection on the eigenspace r = 1
in He. Thus, since D;e] belongs to the commutant ofA(F’ = JgAfr Jr by the order one
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condition, one gets that 4e)T T (¢ = T (e) has supportin2. 1° 2z 19 and

rangeinl " & 3 " $.Inparticular ¢ =1 on the range.

Thus, the anticommutation with ¢ shows that the support of T (e) is in the eigenspace
= 1,sothatT (e =0.

Let &3 =(0;0;1) 2 Ag. Let us show that T eeo = 0. By De nition 2201 T commutes with

the actions of v( ) =( ;; 0)2 Ar and of Jv( )J 1 = v( )% Thus, it commutes with €J.

The action of €} on Hy is the projection on the subspace  3°. The action of €3 on H; is

zero. Thus, [T;€]] = T €] is the restriction of T to the subspace  3°. Since [I;€3] =0

we get T € = 0. We have shown that the support of T is contained in 2z 1°. SinceT is

symmetrici.e. T = T the range of T is contained in 1 2%.

The left and right actions of ( ;g; m) on these two subspaces coincide with the left and right

actions of v( ). Thus, we get that T commutes with A and AE. Thus, by Lemmal[Z22, it

has supportin"g 1% and range in1 " &.

This means that T is given by a symmetric 3 3 matrix Ygr and the operator D is of the

form D = D(Y).

3) By Lemmal[ZZ3, the commutant of the algebra generated byAr and Ag is the algebra of

matrices
p- Pu Pr
P21 P2

such that

P12 has supportinl " & and range in"gr  1°.

P21 has supportin"gr 1% and range in1 " §.

Pj; is of the form

Pi =Pi  (Ff 1)
where 5
P3(1) 0 0
P?=4 0 P22 0 S a=1;3; j=1;2
0 0 L PQ)

A unitary operator U acting in He commuting with Ag and J is in the commutant of the
algebra generated byAr and AE. If it commutes with g, then the o diagonal elements
Uj vanish, since g = 1on"g 1%and g =1on1 " $. Thus U is determined by the
six 3 3 matrices U2(k) since it commutes with J so that U3(k) = U2(k) . One checks that
conjugating by U gives the relation 3) of TheoremZZIL.

Remark 2.23. It is a consequence of the classi cation of Dirac operators lotained in this
section that color is unbroken in our model, as is physicallyexpected. In fact, this follows
from the fact that Dirac operators are of the form (2:31), with the S term of the form (2:32).

2.7. The moduli space of Dirac operators and the Yukawa parameter S.

Let us start by considering the moduli spaceG of pairs of invertible 3 3 matrices (Ys); Y("3))
modulo the equivalence relation

(2.39) Yia) = Wi Yug Wi Yig = Wa Y Wa;
where the W; are unitary matrices.

Proposition 2.24. The moduli spaceG; is the double coset space
(2.40) G=(UR) UE)INGL3(C) GL3(C))=U()
of real dimension 10.
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Proof. This follows from the explicit form of the equivalence relaton (£239). The group U(3)
acts diagonally on the right.

Remark 2.25. Notice that the 3 in G corresponds to the color charge for quarks (like the 1
in G, below will correspond to leptons), while in the right hand side of Z40) the 3 of Gl3(C)
and U(3) corresponds to the number of generations.

Each equivalence class unde{Z39) contains a pairvfs); Y(~3)) where Y3 is diagonal (in
the given basis) and with positive entries, whileY 43, is positive.

Indeed, the freedom to choseV, and W3 makes it possible to takeY-3) positive and diagonal
and the freedom inW; then makes it possible to takeY/ys) positive.

The eigenvalues are the characteristic valuesi.g. the eigenvalues of the absolute value in the
polar decomposition) of Y(-3) and Y43y and are invariants of the pair.

Thus, we can nd diagonal matrices » and 4 and a unitary matrix C such that

Y(3) = Y(#3) =C xC:

Since multiplying C by a scalar does not a ect the result, we can assume that detf) = 1.
Thus, C 2 SU(3) depends a priori upon 8 real parameters. However, onlyhe double coset
of C modulo the diagonal subgroupN  SU(3) matters, by the following result.

Lemma 2.26. Suppose given diagonal matrices- and  with positive and distinct eigen-
values. Two pairs of the form( -;C »C ) are equivalent i there exists diagonal unitary
matrices A;B 2 N such that

AC = C'B:
Proof. For AC = C%B one has
AYegA =Yg AYughA = Vi

and the two pairs are equivalent. Conversely, withW; as in (Z39) one getsW; = W3 from
the uniqueness of the polar decomposition

# = (W1W3) (W3 4W3):
Similarly, one obtains W, = W3. Thus, W3 = W is diagonal and we get
WC «C W = c%,c9;

so that W C = CPYB for some diagonal matrixB. SinceW and B have the same determinant
one can assume that they both belong taN .

The dimension of the moduli space is thus 3+ 3 +4 = 10 where the 3+ 3 comes from
the eigenvalues and the 4 = 8 4 from the above double coset space df's. One way to
parameterize the representatives of the double cosets of thmatrix C is by means of three

angles | and a phase ,
3
C1 S1C3 S1S83

(241) c=4 S1Cp C1CpC3  SpS3e C1CpS3 + SyCze S ;
S1S2 C1SpC3 + CpSze  C1S»S3  CCze

for g =cos ;, s =sin i, ande =exp(i ). One has by construction the factorization
(2.42) C = Ras( 2)d( ) Ri2( 1) Ras( 3)
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where R;j; () is the rotation of angle in the ij -plane and d( ) the diagonal matrix

10 O
d)=40 1 0_5
00 ¢

Let us now consider the moduli spaceG of triplets (Yy; Y 1); YR), With Yr symmetric,
modulo the equivalence relation

(2.43) Yoy = ViYanVs Y0 = VaYey Vs

(2.44) Y= VoYV,
Lemma 2.27. The moduli spaceCG is given by the quotient
(2.45) G=(UE) UE)NGL3(C) GL3(C) S )=U@);

where S is the space of symmetric compleXd 3 matrices and

The action of U(3) U(3) on the left is given by left multiplication on GL3(C)
GL3(C) and by (Z44) on S.
The action of U(3) on the right is trivial on S and by diagonal right multiplication
on GL3(C) GL3(C).
It is of real dimension 21 and bers over G, with generic ber the quotient of symmetric
complex3 3 matrices by U(1).

Proof. By construction one has a natural surjective map
. Cl IC 3

just forgetting about Ygr. The generic ber of is the space of symmetric complex 3 3
matrices modulo the action of a complex scalar of absolute value one by

Yr 7! ?Yg:

The (real) dimension of the beris 12 1 =11. The total real dimension of the moduli space
G is then 21.

The total 31-dimensional moduli space of Dirac operators igiven by the product
(2.46) G Ca:

Remark 2.28. The 31 real parameters of [Z.46) correspond to the Yukawa pameters in the
standard model with neutrino mixing and Majorana mass terms In fact, the parameters in
G correspond to the masses of the quarks and the quark mixing agies of the CKM matrix,
while the additional parameters of G give the lepton masses, the angles of the PMNS mixing
matrix and the Majorana mass terms.

2.8. Dimension, KO -theory, and Poincae duality.

In [L4] Chapter 6, x4, the notion of manifold in noncommutative geometry was digussed in
terms of Poincae duality in KO -homology. In [16] this Poincae duality was shown to hold

rationally for the nite noncommutative geometry used ther e. We now investigate how the
new nite noncommutative geometry F considered here behaves with respect to this duality.
We rst notice that now, the dimension being equal to 6 modulo 8, the intersection pairing

is skew symmetric It is given explicitly as follows.
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Proposition 2.29. The expression
(2.47) he; fi=Tr( eJfd 1Y)

de nes an antisymmetric bilinear pairing on Ko Kg. The group Ko(Ag) is the free abelian
group generated by the classes @y = (1;0;0), e, = (0;1;0) and f3 = (0;0;f), where
f 2 M3(C) a minimal idempotent.

Proof. The pairing (E241) is obtained from the composition of the ndural map
Ko(AF) Ko(Ag)! Ko(Ar A ?)
with the graded trace Tr( ). SinceJ anticommutes with , one checks that
H:ei=Tr( fJded YH= Tr(J fJe)= Tr( edfd H= he fi;
so that the pairing is antisymmetric.

By construction, Ag is the direct sum of the elds C, H and of the algebraM3(C) C (up
to Morita equivalence). The projectionse; = (1;0;0), e =(0;1;0) andf3=(0;0;f) are the
three minimal idempotents in Ag.

By construction the KO -homology class given by the representation inHg with the Z=2-
grading and the real structure Jg splits as a direct sum of two pieces, one for the leptons
and one for the quarks.

Proposition 2.30. (1) The representation of the algebra generated b{Ar;Dr;Jr; F)
in HE splits as a direct sum of two subrepresentations

EENGENCR
He = HEY H O

(2) In the generic case (i.e. when the matrices inDg have distinct eigenvalues) each of
these subrepresentations is irreducible.

(3) In the basis(es; e;f3) the pairing (Z44) is (up to an overall multiplicity three corre-
sponding to the number of generations) given by

2 3
0 20 0 0 2
(2.48) hijjw=4 20 05 hijj,e=40 0 25
F 0 00 F 22 0
Proof. 1) Let H(Fl) correspond to
(2.49) 20 19 2 1° 1 22 1 2§
and H(FS) to
(2.50) 20 3% 2 3° 3 20 3 2%:

By construction, the action of Ag in Hg is block diagonal in the decompositionHg =

H(Fl) H (F3). Both the actions of Jr and of ¢ are also block diagonal. TheoreniZZZ1 shows
that Dg is also block diagonal, since it is of the formD = D(Y).

2) It is enough to show that a unitary operator that commutes with Ag, g, Jr and Dk is a

scalar. Let us start with H (F3). By Theorem[Z2Z1 (3), such a unitary is given by three unitary

matrices W; 2 M3(C) such that
Yuz) = W1 Yz W3 5 Yeg) = Wo Yeg) W3
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We can assume that bothY(.3 and Y3y are positive. Assume also thatY(3 is diagonal.
The uniqueness of the polar decomposition shows that

Yy = (W1 W3) (W3 Yy W3) ) WiWz =15 Wz VY W3 = Yy

Thus, we get Wy = W, = W3. Since generically all the eigenvalues off(-3, or Y3 are
distinct, we get that the matrices W; are diagonal in the basis of eigenvectors of the matrices
Y3y and Y43). However, generically these bases are distinct, hence weredude that W; =1

for all j. The same result holds \a fortiori" for H (Fl) where the conditions imposed by Theorem
221 (3) are in fact stronger.

3) One computes the pairing directly using the de nition of . On H(Fl) the subalgebra
M3(C) acts by zero which explains why the last line and columns of lhe pairing matrix
vanish. By antisymmetry one just needs to evaluate

he;gi= heei= Tr( e ded H= Tr(e)=2 3

where 3 is the number of generations. OrH (F3) the same pair giveshe; g i = 0, since now the
right action of eis zero onH¢. In the same way one getdfs;e i =2 3. Finally one has

he;fsi = Tr( eJdfgd YH)=2 3

Of course an antisymmetric 3 3 matrix is automatically degenerate since its determinant
vanishes. Thus it is not possible to obtain a non-degenerat®oincae duality pairing with a
single KO -homology class. One checks however that the above pair 4O -homology classes
Su ces to obtain a non-degenerate pairing in the following way.

Corollary 2.31. The pairing Ko(Ag) Ko(Ag)! R R given by
(2.51) hiine = hiye b oiiye
is hon-degenerate.

Proof. We need to check that, for anye in Kg(Ag) there exists anf 2 Ko(Ag) such that
he;finy. 6 (0;0). This can be seen by the explicit form ofh; ij HO and h; ij HO in (£48).
F F

Remark 2.32. The result of Corollary E231 can be reinterpreted as the factthat in our
caseKO -homology is not singly generated as a module oveK g, but it is generated by two
elements.

3. The spectral action and the standard model

In this section and in the one that follows we show that the ful Lagrangian of the standard
model with neutrino mixing and Majorana mass terms, minimally coupled to gravity, is
obtained as the asymptotic expansion of the spectral actionfor the product of the nite
geometry (Ar;HEg;Dg) described above and a spectral triple associated to 4-dinmesional
spacetime.
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3.1. Riemannian geometry and spectral triples.

A spin Riemannian manifold M gives rise in a canonical manner to a spectral triple. The
Hilbert space H is the Hilbert space L?(M;S) of square integrable spinors onM and the
algebraA = C! (M) of smooth functions on M acts in H by multiplication operators:

(3.1) f )x)= f(x) (xX); 8x2M:
The operator D is the Dirac operator

(3.2) @ = P 1 r*3
wherer S is the spin connection which we express in a vierbeie so that

= ea,

(3.3) (S @+ 3 PO w

The grading is given by the chirality operator which we denote by 5 in the 4-dimensional
case. The operator] is the charge conjugation operator and we refer to[[24] for ahorough
treatment of the above notions.

3.2. The product geometry.

We now consider a 4-dimensional smooth compact Riemannian amifold M with a xed spin
structure. We consider its product with the nite geometry ( Ag;Hg; D) described above.
With (Aj;H;; j) of KO-dimensions 4 forj = 1 and 6 for j = 2, the product geometry is
given by the rules

A=A1 A;H=H;y H;D=D;y 1+ 1 D2; =1 2;,3=J1 J

Notice that it matters here that J; commutes with 4, in order to check that J commutes
with D. One checks that the order one condition is ful lled by D if it is ful lled by the D;.

For the product of the manifold M by the nite geometry F we then haveA = C1 (M) A ¢ =
Cl(M;Ag), H=L%M;S) H ¢ =L?M;S Hg)andD=@ 1+ 5 Dg where@
is the Dirac operator on M . It is given by equations (32) and (333).

3.3. The real part of the product geometry.

The next proposition shows that a noncommutative geometry aitomatically gives rise to a
commutative one playing in essence the role of its centercf. Remark[3:3 below).

Proposition 3.1. Let (A;H;D) be a real spectral triple in the sense of De nition[Z_]. Then
the following holds.

(1) The equality A;j = fx 2 A; xJ = Jxg denes an involutive commutative real
subalgebra of the center oA.

(2) (Aj;H;D) is a real spectral triple. =)

(3) Any a 2 A; commutes with the algebra generated by the sums &[D;b;] for a;, ky
in A.

Proof. 1) By construction A; is a real subalgebra ofA. Since J is isometric one has
JaJ 1) = JaJ 'forall a Thusif x 2 Aj, one hasdxJ = xandJx J ! = x,

so that x 2 A ;. Let us show that A is contained in the center ofA. For x 2 A; andb2 A

one has p;x°] = 0 from (£9). But x°=Jx J 1= x and thus we get p;x ] = 0.

2) This is automatic since we are just dealing with a subalgeba. Notice that it continues to
hold for the complex algebraA; r C generated byA;.
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3) The order one condition {ZI1) shows that P;b] commutes with (a )° and hence with a
since @ )° = a as we saw above.

While the real part A; is contained in the centerZ (A) of A, it can be much smaller as one
sees in the example of the nite geometryF . Indeed, one has the following result.

Lemma 3.2. Let F be the nite honcommutative geometry:
The real part of Ap isR=1f(;; ); 2Rg A k.
The real part of C* (M; Ag) for the product geometryM  F is C! (M; R).

Proof. Let x =( ;g;m) 2 Ar. Then if x commutes with Jg, its action in Hf H ¢ coincides

with the right action of x . Looking at the action on H(Fl) , it follows that = and that
the action of the quaternion g coincides with that of . Thus 2 Randqg= . Then looking
at the action on H(FS) givesm = . The same proof applies toC1 (M; Ag).

Remark 3.3. The notion of real part A; can be thought of as a re nement of the center
of the algebra in this geometric context. For instance, everthough the center of Ag is non-
trivial, this geometry can still be regarded as \central" in this perspecive, since the real part
of Ag is reduced to just the scalarsR.

3.4. The adjoint representation and the gauge symmetries.

In this section we display the role of the gauge groupC! (M; SU(AF)) of smooth maps from
the manifold M to the group SU(Ag).

Proposition 3.4. Let (A;H;D) be the real spectral triple associated ttM F.

Let U be a unitary in H commuting with and J and such thatUA U = A. Then
there exists a unique di eomorphism* 2 Di ( M) such that

(3.4) ufu =f '; 8f 2A;:

Let U be as above and such that =id . Then, possibly after passing to a nite abelian
cover of M, there exists a unitaryu 2 C* (M; SU(Af)) such thatU Ad(u) 2 C, where
C is the commutant of the algebra of operators irH generated byA and JAJ 1.

We refer to [35] for ner points concerning the lifting of di eomorphisms preserving the given
spin structure.

Proof. The rst statement follows from the functoriality of the con struction of the subalge-
bra A; and the classical result that automorphisms of the algebraC! (M; R) are given by
composition with a di eomorphism of M.

Let us prove the second statement. One hasl = L?(M;S) H ¢ = L?(M;S H ¢). Since
' =id, we know by (BZ) that U commutes with the algebraA; = C! (M; R). This shows
that U is given by an endomorphismx 7! U(x) of the vector bundleS H ¢ on M. SinceU
commutes with J, the unitary U(x) commutes with J, JE.
The equality UA U = A shows that, for all x 2 M, one has

(3.5) U)Gd A f)U (x)=id A f:

Here we identify Ar with a subalgebra of operators onS H g, through the algebra homo-
morphism T 7!id T.

Let be an arbitrary automorphism of Ag. The center of Ag contains three minimal idem-
potents and the corresponding reduced algebra€, H, M 3(C) are pairwise non-isomorphic.
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Thus preserves these three idempotents and is determined by itsestriction to the corre-
sponding reduced algebrasC, H, M3(C). In particular, such an automorphism will act on
the subalgebraC either as the identity or as complex conjugation.

Now consider the automorphism 4 of Ag determined by Z3). It is unitarily implemented
by (BH). The action of C A g on'S H ¢ is not unitarily equivalent to its composition
with complex conjugation. This can be seen from the fact that in this representation, the
dimension of the space on whichC acts by is larger than the one of the space on which
it acts by . It then follows that the restriction of 4 to C A g has to be the identity
automorphism.

Similarly, the restriction of , to M3(C) A g is given by an inner automorphism of the
formf ! v fv,, wherevy 2 SU(3) is only determined modulo the centerZ; 3 of SU(3).
The restriction of y to H A g is given by an inner automorphism of the formf ! o« fq,
where g, 2 SU(2) is only determined modulo the centerZ, 2 of SU(2). Thus passing to
the nite abelian cover M of M corresponding to the morphism (M) ! Z, Z3 6, one
gets a unitary elementu = (1;q;V) 2 C! (M; SU(AF)) such that (f) = Ad( u)f Ad(u) for
all f 2 C! (M; Ag). Replacing U by U Ad(u) one can thus assume thatU commutes with
all f 2 C! (M; Ag), and the commutation with J still holds so that U Ad(u) 2 C, whereC
is the commutant of the algebra of operators inH generated byA and JAJ 1.

3.5. Inner uctuations and bosons.

Let us show that the inner uctuations of the metric give rise to the gauge bosons of

the standard model with their correct quantum numbers. We r st have to compute A =
a[D;a% a;a’2A. SinceD=@ 1+ s Dg decomposes as a sum of two terms, so

doesA and we rst consider the discrete part A®Y coming from commutators with 5 Dg.

3.5.1. The discrete part AQD of the inner uctuations.

P
Let x 2 M and let aj(x) = ( i;g;mi), a%x) = ( %% mP), the computation of &l s
Dp;aio] at x on the subspace corresponding tdHs H g gives 5 tensored by the matrices
ALY and ALY de ned below. We set
(3.6) " #

[ ' 1 0
ALY - X gox= 9t Yeyizoooyon Yoyl Ve
0 Y(#s) 2 Y(#s) 1 Yea' 2 Y

0
X0 :

0
2
0
1

for the H(F?’) part, with

X 0 X 0
(3.7) t1= TGP i
0 X 0 0 0 X 0 0
(3.8) 1= (P D+ % 8= Y D
where we used the notation
q:
for quaternions. For the H(Fl) part one obtains in the same way
(3.9) " #
AOD = 0Ty Yen 't Yen'zo oo Y("l)"(l)o Y(#l):%
Y=o Y(#1) 2 Y(#1) 1 Yey' 2 Yoy 1
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Here the' are given as above by[(317) and[(318).
The o diagonal part of Dg, which involves Yg, does not contribute to the inner uctuations,
since it exactly commutes with the algebra Ag. Since the action of A on H; exactly

commutes with Dg, it does not contribute to A, One lets
@10 A= 1t 2 0= 9]

1

wherej is the quaternion 1 0

Proposition 3.5. 1) The discrete part AQD of the inner uctuations of the metric is pa-
rameterized by an arbitrary quaternion valued function

H2CH(M;H); H="1+"2}; 'j2C"(M; Q)
2) The role of H in the coupling of the" -part is related to its role in the coupling of the#-part

by the replacement
H7' H=jH:

Proof. 1) First one checks that there are no linear relations betwee the four terms (@) and
@@8). We consider a single terma[Dr;a9. Taking a=( ; 0;0) and a®=( ©0;0) gives

. 0. «_ _:0_:0_g
1 ’ 2 1 2
Taking a=( ; 0;0) and a®= (0;j ©0) gives
' 0: 0. ' — 0= ' 0=O
1 s1T 1T 2
Similarly, taking a=(0; ; 0) and a®=( ©0;0) gives
v 0 — 0. ' — — 0:0
1 ;1T 27 2
while taking a=(0;j ; 0) and a°= ( %0;0) gives
v 0 0. ' — — 0:0.
2 ’ 1 2 1 .

: P
This shows that the vector space g)’l) of linear combinations  ; a; [DF;aiOJ is the space of

pairs of quaternion valued functionsg(x) and g¥{x).

The selfadjointness conditionA = A is equivalent to °= q and we see that the discrete
part A@D js exactly given by a quaternion valued function,H (x) 2 H on M.

2) The transition is given by (' 1;' 2) 7! ( ' 2;' 1), which corresponds to the multiplication
of H="4,+"5j byj on the left.

For later purposes let us compute the trace of powers ofy + A@D + JA©OD]J). Let us de ne

(3.11) DOV = p + ACD + JAOD:

Lemma 3.6. 1) On H(F?’) H r one has

(3.12) Tr(D§™)?) = 12j1+ H2Tr( Yz Yera) + Youg) Yerm)
T((DE™M)®) = 121+ HJ*Tr( Yeog) Yer3)? + (Yisg) Yire)?)

2) On H(Fl) H ¢ one has

(3.13) Tr(D ™)) = 41+ HI2Tr( Yy Yeray + Yy Yeeny) + 2Tr( YR YR)

Tr((DL) = 41+ HIPTH( Yo gy Yen)? + (Yo Yerny) D) + 2Tr(( Yr YR)?)
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+8j1+ H*Tr(Yr YR Yy Yep))

Proof. 1) The left hand side of (3I3) is given by 2Tr((A§0;1))2), after replacing H by 1+ H
to take into account the operator D3. The product X X is gi;en by the diagonal matrix

YogYegy (1 1t 2" 2) 0 MEONME 0

X X s D = jHj?
0 YogYom (1 1+ 22

0 Yia) Y(#3)
One has Tr((Ago;l))z) =3Tr( XX + X X)=6Tr( XX ). This gives the rst equality.
Similarly, one has Tr(AZ)4) = 3Tr(( XX )2+ (X X)2) =6Tr(( XX )2), which gives the
second identity.

2) Let us write the matrix of (D + A@D + JA@D]J); in the decomposition ("r;#r;"L;#
;"R;Z#R;"L;#L). We have

3
0 0 Yen't Yey'2 Ve 0 0 0
0 0 Yoo 2 Yy 't O 0 0 0
Yen't Yen' 2 0 0 0 0 0
Yen'2  Yen 1 0 0 0 0 0 0
Yx 0 0 0 0 0 Yoyt Yoy
0 0 0 0 0 0 Yo' 2 Yo' 1
0 0 0 0 Ye' 1 Y 2
0 0 0 0 Yen'2 Yy 1 0 0
The only matrix elements of the square of D + AC@D + JAOD ), involving Yg or Yg are
2 - , , 3
Yo Yo + Yoy YepyiH2 0 0 0 0 0 YaYop'1 YaYey' 2
0 0 0 0 0 0
0 0 0 0 YenYe' 1 0 0 0
0 0 0 0 YenYe' 2 0 0 0
0 0 YaYey'1 YeYpy'2 YepYepiHi?+ YaYg O 0 0
0 0 0 0 0 0 0 0
YenYR' 1 0 0 0 0 0 0 0
Yo YR' 2 0 0 0 0 0 0 0

This shows that one only gets two additional terms involving Yg for Tr((D + AQ@D +
JAODJ)2) and each gives Tr(YrYg). The trace Tr((D + ACD + JAOD 3)%) is the Hilbert-
Schmidt norm square of O + AQ@D + JA©D 3)2 and we just need to add to the terms coming
from the same computation as [3.IR) the contribution of the terms involving Yg. The term
Yr YR+ Yuqy Yrp)iH j? contributes (after replacing H 7! 1+H) by 2j1+Hj? Tr( Yg YRYp) Y1)
and Tr(( Yg Yr)?). The term Y(..l)Y(--l)jHj2+ Yr Y gives a similar contribution. All the other
terms give simple additive contributions. One gets the resit using

(Y YR YR Y(ry)) = TH( YR YRY (1) Y1)

which follows using complex conjugation from the symmetry é Yr i.e. Yr = Yg.

Thus, we obtain for the trace of powers ofD (1) the formulae

(3.14) Tr(DOY)%) = 4 aji+ Hj?+2¢

and

(3.15) Tr(DOV)Y = 4 bj1+ Hj* +2d+ 8ejl+ Hj?;
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where

(3.16) = Tr( Yoy Yoy + Yoy Yy +3(Yeg) Yz + Yius) Yiea))

= Tr(( Yoy Yen)? + (Y Yen)? +3(Yeg Yea)? +3( YV Yas)?)
Tr( YRYR)

= Tr(( YrYR)?)

= Tr( YRYRY( 1) Y(1):

® S 0 T Q9
1

Remark 3.7. The coe cients in (&) appear in the physics literature in the renormalization
group equation for the Yukawa parameters. For instance, onecan recognize the coe cients
a and b respectively as theY,(S) and H (S) of [II].

3.5.2. The vector part AG:9 of inner uctuations.
Let us now determine the other part AGO of A, i.e.
X
(3.17) A9 = a(@ 1)a7:

We let a = ( i;g;mi), @ = ( %% md be elements ofA = C! (M; Ag). We obtain the
following.
(1) A U(1) gauge eld

X
(3.18) = id?
(2) An SU(2) gauge eld X
(3.19) Q= gdd
(3) A U(3) gauge eld «
(3.20) vO= m; dm®

For 1) notice that we have two expressions to compute since thre are two di erent actions
of (x)in L?(M;S) given respectively by

)7 (x) (x); (é) 7t (x) (x):
For the rst one, using (BZ), the expression = (@ 1); 9is of the form

= P 1 X @ J.O =
and it is self-adjoint when the scalar functionsX
= p_l @ ?
are real valued. It follows then that the second one is given &

o P—X 0
i@ 9= "1 @ =

Thus, we see that, even though we have two representations dhe (x), these generate only
one U(1) gauge potential. We use the notation

- %
(3.21) = 5B
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for this U(1) gauge potential, which will play the role of the generata of hypercharge (not
to be confused with the electromagnetic vector potential).

For 2) notice that the action of quaternions H can be represented in the form

X
q= fo+ if . fo; f 2Ct(M;R)
where are the Pauli matrices
0 1 0 i 1 0
(3.22) 1= ;2= ;3=

10 i O 0 1

The Pauli matrices are self-adjoint. Thus the terms of the fam
fol(@ 1)if°% ]

are self-adjoint. The algebra of quaternions admits the bais (1;i ). Thus, since the elements
of this basis commute with @ , one can rewrite

X X
gl(@ ;= fol(@ 1);fJ+ f (@ 1)if° 1

where all f and f %are real valued functions. Thus, the self-adjoint part of this expression is
given by

X
Q= f (@ 1:if° T
which is an SU(2) gauge eld. We write it in the form

(3.23) Q=Q : Q=2w

Using (32), we see that its e ect is to generate the covariahderivatives

(3.24) @ IéggW

For 3), this follows as a special case of the computation of th expressions of the form
X
A= al(@ 1:;a%; a;a’2ct M;My(C):

One obtains Cli ord multiplication by all matrix valued 1-f orms onM in this manner. The
self-adjointness condition A = A then reduces them to take values in the Lie algebra of
U(N) through the identi cations A = iH and

Lie(U(N))= fH 2 Mn(C); H = Hag:

We now explain how to reduceV?to the Lie subalgebra SU(3) of U(3). We consider the
following analogue of De nition P13 of the unimodular subgoup SU(Ag).

De nition 3.8. A gauge potential A is \unimodular"i  Tr(A)=0.

We can now parameterize the unimodular gauge potentials andheir adjoint action, i.e. the
combination A+ JAJ L.

Proposition 3.9. (1) The unimodular gauge potentials are parameterized by d(1) gauge
eld B, an SU(2) gauge eld W and an SU(3) gauge eldV.
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(2) The adjoint action A+ JAJ ! on Hs is obtained by replacing@ by @ + A where
A = (A% A) 13 (where thels is for the three generations), and

2 3
F0B 1; 0 0
Al =4 0 |§ng 13 _ o 5
0 0 ( 35W §1B 1) 13
i o
+14 593VI '
2 3
o0 o0 0
A =40 igiB _ 0 S5
0 0 (3ipW +igB 1)

Here the  are the Pauli matrices (3222) and ' are the Gell-mann matrices

2 3 2 _ 3 2 3 2 3
010 0O i O 1 0 O 0 01
325) =41 0 09; ,=4 | 005; 3=40 1 05; =400 05
0 0O 0O 0O 0O 0 O 1 00
2 .3 2 3 2 3 2 3
0 0 i 0 0O 0 0 O 1 10 O
5=400 095; g=40 0 15; ;=40 0 i5;8:p__401 0 5
i 0 0 010 0i 0 3 00 2
which are self-adjoint and satisfy the relation
(3.26) T ' y=2 1
Proof. 1) The action of A on the subspaceH; is of the form
2 3
0 0 0

§ 0 0 0 2
0 0 Qu Q
0 0 Qa2 Q22

on leptons and quarks. Thus, it is traceless, sinc&) is traceless as a linear combination of
the Pauli matrices. The action of A on the subspaceH; is given by on the subspace of
leptons and by V9 on the space of quarks. One has 4 leptons and 4 quarks per geaton
(because of the two possible chiralities) and the color indeis taken care of byVC Thus, the
unimodularity condition means that we have

34 (+Tr( VY)=0:
Thus, we can write V°as a sum of the form

2 0 0
1
(3.27) vo= v §40 0
0 0

3
1
5= VvV I 13
33,

whereV is traceless,i.e. it is an SU(3) gauge potential.

2) Since the charge conjugation antilinear operatorJyy commutes with @; , it anticommutes
with the and the conjugation by J introduces an additional minus sign in the gauge
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potentials. The computation of A + JAJ 1! gives, on quarks and leptons respectively, the

matrices 2 3
VO 0 0 0
g 0 VO 0 0 é
0 0 Qu V% Qi
% 0 Qo1 Qe VO
0 0 0 0
§O 2 0 0 z
0 0 Qu Q12
0 O Qa1 Q22

Thus, using 21), we obtain for the (1 0)-part of the inner uctuation A+ JAJ 1! of the
metric the matricgs

4 3
3+ V 0 0 0
§ 0 2+ v 0 0 z
0 0 Qu+i + Vv Q12
0 0 Q21 Qe+ 3 + V
2 3
0 0 0 0
§ 0o 2 0 0 2
0 0 Qu Q12
0 O Q2 Q2

This completes the proof.

Remark 3.10. Thus, we have obtained exactly the gauge bosons of the standi model,
coupled with the correct hyperchargesY, , Ygr. They are such that the electromagnetic charge
Qenm is determined by 2Q.m = Ygr for right handed particles. One also has Dem = YL +2 13,
where 3 is the third generator of the weak isospin groupSU(2). For Qem One gets the same
answer for the left and right components of each particle andZ, % for the u;d quarks,
respectively, and 0 and 1 for the and the e leptons, respectively.

3.5.3. Independence.

It remains to explain why the elds H ="' 1+ j' » of Proposition 33 andB; W;V of Propo-
sition B9 are independent of each other.

Proposition 3.11. The unimodular inner uctuations of the metric are parameterized by
independent elds' 1, ' », B, W, V, as in Propositions [Z3 and[39.

Proof. Let Z be the real vector bundle overM , with ber at x
c ¢ T,M T,M LieSUR) T,M Lie(SU@Q)):

By construction the inner uctuations are sections of the bundle Z.

The space of sectionss obtained from inner uctuations is in fact not just a linear s pace over
R, but also a module over the algebraC! (M; R) which is the real part of C! (M; ) (Lemma

B2). Indeed, the inner uctuations are obtained as expres®ns of the formA = & [D; aj0 .

One has to check that left multiplication by f 2 C! (M; R) does not alter the self-adjointness
condition A = A . This follows from Proposition 3], since we are replacingy by fa;, where
f commutes with A and is real so thatf = f .

To show that S = C! (M;Z) it is enough to know that one can nd sections in S that span

the full vector spaceZy at any given point x 2 M. Then C! (M; R)-linearity shows that the
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same sections continue to span the nearby bers. Using a paition of unity one can then
express any global section ofZ as an element ofS.

Choose rst the elementsai(y) = ( i;G;m;), aXy) = ( % g% mP independent of y 2 N (x)
in a neighborhood ofx. Using Proposition [38, one knows thatH (x) can be an arbitrary
element of H, while B (x); W (x);V (x) all vanish because they are di erential expressions of
the aP.

The independence of , g and m in the formulae (B38), (E13), (320) implies that one can
construct arbitrary B(x), W(x), V(x) in the form & [D;aioj. These, however, will not
su ce to give an arbitary value for ' ; and ' ,, but this can be corrected by adding an
element of the form described above, with vanishing8, W, and V.

3.6. The Dirac operator and its square.

The Dirac operator D 5 that takes the inner uctuations into account is given by the sum of
two terms

(3.28) Dy=D®O4+ . pOD.
where D@1 is given by 11) andD 19 is of the form
(3.29) D@0 =71 (sra)

wherer S is the spin connection ¢f. (332)).

The gauge potential A splits as a direct sum in the decomposition associated tdHg =
Hf H ; and its restriction to H; is given by Proposition [39.

In order to state the next step, i.e. the computation of the square ofDa, we introduce the

notations 5 3

(3.30) T(M1;Mo;" ) = g M1 My s 0 0
Mi'2 M2' 0 0

with * = (' 1;' 2) and M; a pair of matrices, and

(3.31)

M( )= T(Yea Yusy:' ) 13 T(YesYey:' ) T(Yea Yasy: ') 13 T(Yeays Yy ')
By construction M(' ) is self-adjoint and one has
(832) T(M(')))=4aj j?; a=Tr( YuyYey + Y Yoy *3(Yes Yo + Yug Yes)

Lemma 3.12. The square ofDp is given by

(3.33) DZ=r r E ;
wherer r is the connection Laplacian for the connection
(3.34) r=rs+A
and the endomorphismE is given, with s = R the scalar curvature, by
X
(3.35) E=ls id+ F i 5 M(D ')+1s (D%H?

4

<
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with H ="'1+ "', as above, and = (' 1;' 2). Here F s the curvature of the connection
Aand' =('1;'») is arow vector. The termD ' in (B38) is of the form

(3.36) D'=@"'+ iégzw ' iéng "
Proof. By construction D9 anticommutes with 5. Thus, one has
DX =(D™)?+14 (D%)? s[D* 1 D
The last term is of the form
P¥%1, D= "1 [ S+A)L DO

Using 33), one can replacea ° by @ without changing the result. In order to compute the

commutator [A ;D%1], notice rst that the o diagonal term of D%! does not contribute,

since the corresponding matrix elements oA are zero. Thus, it is enough to compute the
commutator of the matrix

2
>01B -0 0 0
0 LB 0 0 z
- 2 . .
(3:37) W g 0 0 o 5pW3E 5R(WD iw?)
0 0 5Q(W!+iw 2) $gW3
with a matrix of the form
2 3
0 0 Mi'1 Mi'»
(3.38) TM;Mp;" )= g My o My 5 0 0
Ml‘ 2 le 1 0 O
One gets
(3.39) W;T(Mg;M2;" )] = T(M1;My; );
where
i i
(3.40) (15 2)= 5915 ((1;" 2+ 592W ("1:'2)

3.7. The spectral action and the asymptotic expansion.

In this section we compute the spectral action for the inner uctuations of the product
geometryM F.
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Theorem 3.13. The spectral action is given by

(3.41) s = Lusf, ‘1, 2c+fZ°o|) P35 dx
96f, 2 foc P_
+ T R" gdx
fo 11 P
T (KRR Z3c C ) gd
2
o (28l Zrefo) Py gy
.z
e ajp ' 2P gd*x
oz
0 aRrj 2P gd'x
12 2,
¢ % (@BG G +gF F o+ g8 B )Pgdx
y
f L ap-
+ 2—02 bj j4pgd4x
where 1
RR = - R R
4

is the topological term that integrates to the Euler charaatristic. The coe cients (a;b;c;d; ¢
are dened in (8I8) and D ' is de ned in (338).

Proof. To prove Theorem[3IB we usel(3:33) and we apply Gilkey's theem (see TheoreniGll
below) to compute the spectral action. By Remark[6.2 below, he relevant term is %R + E,
which is the sum

R
(3.42) E°= =

id + E:(Eid 1, (D%HY?) X F o+ M(D '):
6 12 > '

<
We need to compute the sum

fo fo

(3.43) = 52 2Tr(EY + = STr((E)?):

Lemma 3.14. The term in [3Z43) is given by

(3.44) = ﬂj ’R % 2Tr((D%h?) + %Tr(M(D ')?)
b T(ry (D)) + O THE F )

Proof. The contribution of Tr( E9 is only coming from the rst term of (3Z2), since the trace
of the two others vanishes due to the Cliord algebra terms. The coe cient of fiz—z R is
+ 5 4 96 =4. To get the contribution of Tr(( E9?), notice that the three terms of the sum
B22) are pairwise orthogonal in the Cli ord algebra, so that the trace of the square is just
the sum of the three contributions from each of these terms. Aain the factor of 4 comes
from the dimension of spinors and the summation on all indice gives a factor of two in

the denominator for 71%5.
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Notice also that the curvature of the connectionr is independent of the additional term
D1, We now explain the detailed computation of the various terms of the spectral action.

3.7.1. “-terms.

The presence of the additional o -diagonal term in the Dirac operator of the nite geometry
adds two contributions to the cosmological term of [8]. Thuswhile the dimension N = 96
contributes by the term 7

48 _
St Pgdx;

we get the additional coe cients

f2 Cf2 .
5 *T(YrYR)= — &
which are obtained from the second term of [[(324), using[(32). Finally, we also get
f df
72 M(YeYR)) = 775

which comes from the fth term in (8£44]. Thus, the cosmologicalzterm gives

(3.45) i2(4sf4 4y 2Tr(YRYR)+ fZOTr((YRYR)Z)) IOgol“x:

3.7.2. Riemannian curvature terms.

The computation of the terms that only depend upon the Riemam curvature tensor is the
same as inl8]. It gives thezadditive contribution

1 2 3 P= a .
(3.46) = (4fz °R Efoc c ) gd¥x;
together with topological terms. Ignoringzboundary terms, the latter is of the form
11fo P~ a..
(3.47) 5z RR gd'x:

There is, however, an additional contribution from the fourth term of (844). Using (3I4),
this gives

fo 012y — fo o 22 fo .
(3.48) 8 > RTr((D™9)%) = 1 s aR]"j 24 5 CR:

Notice the presence of the terms iR j' j2 (cf. [23] equation 10.3.3).

3.7.3. Scalar minimal coupling.

These terms are given by
f f L
(3.49) 8—02Tr(M(D )2y = 2—02ajD i2
using (332) and [(323).
Notice that there is a slight change of notation with respectto [[7] since we are using the
Higgs doublet H instead of H with the notations of [I7].
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3.7.4. Scalar mass terms.

There are two contributions with opposite signs. The seconderm in (B24) i.e.

f :
52 ST(D%H?)

gives, using [3I#), a term in

f ., fo .,
g28el if= —i P
Thus, the mass term gives
(3.50) iz( 2af, 2+ efg)j j?:

3.7.5. Scalar quartic potential.

The only contribution, in this case, comes from the fourth term in (B:44) i.e. from the term

fo 0;1\4y.
8—Tr((D )™):

Using (313), this gives
(3.51) f—o 5 bj' ji*:

3.7.6. Yang-Mills terms.

For the Yang-Mills terms the computation is the same as in [8] Thus, we get the coe cient
24 =2 in front of the trace of the square of the curvature. For the gluons,i.e. theterm G' G ' |
we get the additional coe cient 3 4 2 = 24, since there are three generations, 4 quarks per
generation (Ur;dg;u;d.), and a factor of two coming from the sectorsH; and H; . In other
words, because of the coe cient@’—3 we get

f:g3T(G G )_2f°g3ei G = —f2°93ei G ;

where we use[(326). For the weak interaction boson®/ we get the additional coe cient

3 4 2 =24 with the 3 for 3 generations, the 4 for the 3 colors of quaks and 1 lepton per
isodoublet and per generation (. ; di. ; L;€L), and the factor of 2 from the sectorsH; and
H;. Thus, using Tr( a b) =2 ap, We obtain the similar term

fogz fogz _ fog%
12 Tr(FF)—2 F& F, ——22FaFa

For the hypercharge generatorB we get the additional coe cient
2 (32+ (37 +2(0)7 3+(22+2) 3=80;
which gives an additional coe cient of %’ in the corresponding term

100 f _ 5fogf
342> B T33:2° B
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This completes the proof of TheorenZ31B.

4. The Lagrangian

The KO -dimension of the nite spaceF is 62 Z=8, hence theKO -dimension of the product
geometry M F (for M a spin 4-manifold) is now 22 Z=8. In other words, according to
De nition Z_Z] the commutation rules are

(4.1) J2= 1, JD=DJ and J = J:

Let us now explain how these rules de ne a natural antisymmetic bilinear form on the even
part

4.2) H*=f 2H ;
of H.

1
«

Proposition 4.1. On a real spectral triple of KO -dimension 2 2 Z=8, the expression
(4.3) Ap(%)=h SD i; 8; P2H"
de nes an antisymmetric bilinear form on H* = f 2 H ; = ¢. The trilinear pairing

(E3) betweenD, and Yis gauge invariant under the adjoint action of the unitary goup of
A, namely

(4.4) Ap( % )= Ap,(Ad(u) SAd(u) ); Dy =Ad(u)D Ad(u):

Proof. 1) We use an inner product which is antilinear in the rst vari able. Thus, sinceJ is
antilinear, A is a bilinear form. Let us check that A is antisymmetric. One has

Ap(; 9=hJ:D 9= hJ:3?D = hJD ¢ i=hDJ % i=hJ %D i
where we used the unitarity of J, i.e. the equality
(4.5) hl ;J i=h; i; 8 ; 2H:

Finally, one can restrict the antisymmetric form Ap to H* without automatically getting
zero since one has
JD = JD :

2) Let us check that Ad(u) commutes with J. By de nition Ad( u) = u(u )® = uJud 1.
Thus

JAd(U)= Judud 1= uJudd Y= uwIlu=Ad(u)J;
where we used the commutation ofu with JuJ. Since Ad(u) is unitary, one gets (Z3).

Now the Pfa an of an antisymmetric bilinear form is best expr essed in terms of the functional
integral involving anticommuting \classical fermions” ( cf. [42], x5.1) At the formal level, this
means that we write 7

(4.6) Pi(A)= e 220 D[]

Notice that A(; ) = 0 when applied to a vector , while A(7 ~) 6 0 when applied to
anticommuting variables ~. We de ne

(4.7) H;=f": 2H"g
to be the space of classical fermions (Grassman variablespaesponding toH* of @2).
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As the simplest example let us consider a two dimensional véor space E with basis g and
the antisymmetric bilinear form

AC%)=a(?2 20

For 71 anticommuting with ™, using thezbasic rule ¢f. [42], x5.1)
3d7 =1
one gets 7 7
e A0D[1= e ?1%did3= a

Remark 4.2. It is the use of the Pfa an as a square root of the determinant that makes it
possible to solve the Fermion doubling puzzle which was poted out in [B6]. We discuss this
in 21 below. The solution obtained by a better choice of theKO -dimension of the space
F and hence ofM  F is not unrelated to the point made in [27].

We now state our main result as follows.

Theorem 4.3. Let M be a Riemannian spin4-manifold and F the nite noncommutative
geometry of KO -dimension 6 described above. LeM F be endowed with the product metric.

(1) The unimodular subgroup of the unitary group acting by the gdint representation
Ad(u) in H is the group of gauge transformations of SM.
(2) The unimodular inner uctuations of the metric give the gauge bosons of SM.
(3) The full standard model (with neutrino mixing and seesaw mdtanism) minimally
coupled to Einstein gravity is given in Euclidean form by theaction functional
(4.8) S=Tr(f(Da=))+ %hJTDA‘i; “2HT;

cl’

where D 5 is the Dirac operator with the unimodular inner uctuations .

Remark 4.4. Notice that the action functional (£38) involves all the data of the spectral
triple, including the grading and the real structure J.

Proof. We split the proof of the theorem in several subsections.
To perform the comparison, we look separately at the terms inthe SM Lagrangian. After
dropping the ghost terms, one has ve di erent groups of terms.

(1) Yukawa coupling L ¢

(2) Gauge fermion couplingsL g

(3) Higgs self-couplingL 4

(4) Self-coupling of gauge eldsL 4

(5) Minimal coupling of Higgs elds Lygq

4.1. Notation for the standard model.

The spectral action naturally gives a Lagrangian for matter minimally coupled with gravity, so

that we would obtain the standard model Lagrangian on a curvel spacetime. By covariance,
it is in fact su cient to check that we obtain the standard mod el Lagrangian in at spacetime.

This can only be done by a direct calculation, which occupieghe remaining of this section.

In at space and in Lorentzian signature the Lagrangian of the standard model with neutrino
mixing and Majorana mass terms, written using the Feynman gaige xing, is of the form
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Lsy = %@ga@ga gsf abC@gagbgc %géf abcf adegbgcgdge @W+ @W M 2W* W
1@z°@z° %WTMZZOZO @A @A ige, (@ZO°(WrW  WrW ) Zo9(wWr@w
W @W*)+ Z%(Wr@wWw W @W%)) igsw(@A (W*W  W*W ) A (W'@W
W @W*')+ A (W@w W @w')) igwrw wrw + Igwrw wrw o+
9?2 (Z°WHz°W  ZOZ°W*rW )+ @g?sZ(A WFA W A A WYW )+ @?syucn(A ZO(WHW
W*W ) 2A Z°W*W ) 1@H@H 2M2 H?2 @ *@ i@ ‘@ °

2'\"2+2'\"H+1(H2+ 004 + ) +2ML g M H3+H 00+2H *

h g2 o2
g9 n H4+( 0y444( * )2+4( 92 *  44H2 *  +2( 92H2 gMW*W H
ZgTZOZOH %ig W ( ‘@ 0) W ( ‘@ * t@ O) +
29 W (H@ B W (10 -aH) 1 (Z°H@ °  °@H)+
M (,2°@ °+W*@ FW @ %) igEMZOW' W )+ igsyMA (W' W *)
Iglzczcwzo( ’ @ T)t+igswA (T@ @ ") %gZW+W H2+( 92+2 *
892 1 ZOZO H2+( 0)2+2(255V 1)2 + 29 Cw Z0 O(W+ + W +)

Lig? CWZOH(W" W )+ 3g%suA O(WF + W )+ JigZsyA H(W? W)
g2 DZ°A T gSEA A T +5igs (g g)g e (@+m)e (@+
m) u(@+myy d(@+my)d +igsyA (e e)+ 5(u u) 3(d d) +
2% @+ %) )+(e (@sh 1 e)+(d (s 1 d)+(y (@ §sf+
Jup)g+ FSWE 1+ U e )+ (u 1+ PC d) +
FW (U @ %) (g @r ) +

% om( U (1 Se)+m (U (1+ Se +

S%s mg(e U (1+ %) ) m(euU*’ @ 9 gTHC ) IR

%mM_ 0( 5 ) %TAE O(e 58) % MR 1 5)A % MR 1 5N+

& mg(yC @ %)+ my(yC 1+ % +

2M 2
% my(dC’ 1+ Su) mydCc @ Sy $TEHuUY)  $TEH(d d)+

2M 2 ]
ig m
T Oy Cup) % Od od))

Here the notation is as in [46], as follows.

Gauge bosonsA ;W ;Z9; g2
Quarks: uj ,dJ , collective : q
Leptons: e ;

Higgs elds: H; ©°; *;
Ghosts: G&; X% X *: X

Y,
Masses:my; my; Mg; Mp |bM (the latter is the mass of the W)

Coupling constantsg= ' 4  ( ne structure), gs = strong, n = Wz
Tadpole Constant

Cosine and sine of the weak mixing angle,; sw
Cabibbo{Kobayashi{Maskawa mixing matrix: C

Structure constants of SU(3): f 8¢

The Gauge is the Feynman gauge.

Remark 4.5. Notice that, for simplicity, we use for leptons the same corention usually
adopted for quarks, namely to have the up particles in diagah form (in this case the neu-
trinos) and the mixing matrix for the down particles (here the charged leptons). This is
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di erent from the convention usually adopted in neutrino physics (cf. e.g.[37] x11.3), but it
is convenient here, in order to write the Majorana mass matrk in a simpler form.

Our goal is to compare this Lagrangian with the one we get fromthe spectral action, when
dealing with at space and Euclidean signature. All the resuts immediately extend to curved
space since our formalism is fully covariant.

4.2. The asymptotic formula for the spectral action.

The change of variables from the standard model to the spectl model is summarized in
Table [D.

We rst perform a trivial rescaling of the Higgs eld ' so that kinetic terms are normalized.
To normalize the Higgs elds kinetic energy we have to resca ' to:

[
(4.9) =2l

so that the kinetic term becomes 7

%jD Hi2P g d'x

The normalization of the kinetic terms, as in LemmalZI0 belav, imposes a relation between
the coupling constantsg;, gz, g3 and the coe cient fq, of the form

gfo_ 1.

2 _ 2 :
(4.10) 52 - 7 B=%=z0:
The bosonic action [3:41) then takes the form
R
S= Z_gR+ oC C + ot oRR
(4.11) + G G' +zF F + ;B B

+ LD Hj2  ZHj2 oRjH]Z+ oH}* Pgdix

where
1 - 96f o 2 foc
T T T
2 — fo 2 e
0= 2% 3
_ 3f
0-— 1002
(4.12) 0= éoi%
o= L(8fs 4 fp 2c+ Lod)
2 b
0= 2fa?
= 1
0 12

Notice that the matrices Y(3), Y(s3), Y"1y and Y41y are only relevant up to an overall scale.
Indeed they only enter in the coupling of the Higgs with fermions and because of the rescaling
(&9) only by the terms

(4.13) kx = P==Yxi X 21 ("#:))9
0
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Standard Model notation notation Spectral Action
- Do 2M 0. P34 _ 1’3 - (0:1)
Higgs Boson =( i H % 1 27 H = 91—57(1+ ) Inner metric'™:
Gauge bosons A;Z%W ;g (B;W;V) Inner metric%:0)
Fermion masses My; M Yeay = ¢3):Ye = ¢y || Dirac©®d in "
u;
CKM matrix C :mg Yy = C 3#CY Dirac©1 in (#3)
Masses down
Lepton mixing u'eP  :me Yy = U gy U || Dirac©D in (#1)
Masses leptonse
Majorana Mg YR Dirac©®V on
mass matrix Er JrERr
Gauge couplings|| g1 = gtan( w);% = 9;% = G 9=0= 39 Fixed at
uni cation
Higgs scattering 0% h oh= %Z 0= Fixed at
parameter uni cation
. 2 _—
Tadpole constant h( M2+ -)j 2 3=20— ¢ 2iH 2
Graviton g @ Dirac:®
Table 1. Conversion from Spectral Action to Standard Model

which are dimensionless matrices by construction. In factpy (BI6)
a=Tr( Yeq) Yo + Yoy Yo +3(YesYea) + Y Yes))

has the physical dimen%ion of a |(naps_s)2.
Using (@.10) to replace""—7F by 91—57"" the change of notations for the Higgs elds is

(4.14)

p_
1 a 2M p_
H= p=— @1+ )=(=—+H i% i 27*);
29( )(g )
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4.3. The mass relation.

The relation between the mass matrices comes from the equali of the Yukawa coupling
terms Lys . For the standard model these terms are given by Lemm&4l7 beWw. For the
spectral action they are given by sM(' ) with the notations of (82Z8) and (B3T).

After Wick rotation to Euclidean and the chiral transformat ion U = €7 5 1 they are the
same €f. Lemmal43 below) provided the following equalities hold

_ g
(4.15) (keay) = oM M
(k) = % m,C CY
- 9
(k) = o
(kK@) = % meu'eP  uler’

Here the symbol f is the Kronecker delta (not to be confused with the previous rtation

).

Lemma 4.6. The mass matrices of (B219) satisfy the constraint

X
(4.16) (m )?+(mg)?+3(my)?+3(my)>=8M?

Proof. It might seem at rst sight that one can simply use (EI5) to de ne the matrices ky
but this overlooks the fact that (13) implies the constraint

(417) TI‘( k(u 1) k(" 1) + k(#l) k(#l) + 3( k(u 3) k(" 3) + k(#3) k(#g))) = 2 gz ,

where we use[[4.10) to replacq% by 2g2. Using @I3), we then obtain the constraint (@18),

where summation is performed with respect to the avor index . Notice that g appeared
in the same way on both sides and drops out of the equation.

We discuss inX54 below the physical interpretation of the impaosition of this constraint at
uni cation scale.

4.4. The coupling of fermions.

Let us isolate the Yukawa coupling part of the standard modelLagrangian, ignoring rst the
right handed neutrinos (i.e. using the minimal standard model as in [46]). We consider the
additional terms later in Lemma E38. In the minimal case, onehas

(4.18) Ly =
emee umyu dmyd+ KT (@ %e)+r (e@+ % )
§% H(ee)+i % ®e) +=%=* my(uyC (1 d)+myuC 1+ %d +
s Mg(dCY 1+ Pu) myd ¢’ @ Oy JTH Uy $REH(d d)+
m

- |
2o Oy Pu) 3R %(d od)
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The matrix C is the mixing matrix. It does enter in the Lagrangian elsewhe&e but only
in the two gauge coupling terms where the down and up fermiongre involved together and
which are part of the expression

(4.19) Lot =

ligs 1(q gq)* e(@e @ y(@u d(@qg +
igswA (e e)+ 5(u u) 3(d d) +JiCWZ°f( @+ % )+(e (483
1 5)e)+(dj (385 1 S)dj)+(uj 1 3si+ S)Uj)g+
FZWE @+ Pe)+(y 1+ C d) +
Ew (e @+ 5 )+(dC @+ Ou)

Since the matrix C is unitary the quadratic expressions indj are unchanged by the change
of variables given by
and in this way one can eliminateC in L.
Once written in terms of the new variables, the term L4 re ects the kinetic terms of the
fermions and their couplings to the various gauge elds. Thelatter is simple for the color
elds, where it is of the form

1. "

519 a(a g)g%
where the are the Gell'mann matrices {325)).
It is more complicated for the (A;W ;Z9). This displays in particular the complicated
hypercharges assigned to the dierent fermions, quarks andeptons, which depend upon
their chirality. At the level of electromagnetic charges themselves, the assignment is visible
in the coupling with A . There one sees that the charge of the electron is 1, while it is %
for the up quark and % for the down quark.

Lemma 4.7. Let the fermions f be obtained from the quarks and leptons by performing the
change of basis2Z0) on the down quarks. Then the following holds.

(1) The terms Ly are of the form

X — . a . OYL - 00 b
(4.21) Lgt = f. (@ |97Wa 19 ?B 19 EVb L
f
= . OYR - 00
+ frp (@ g 73 ig™" pVp )R]

and similar terms for the leptons, with W* = % W = Mﬁ% and

(4.22) ®=gtan( w); 9%=g; B = cwA syZ%; W3= syA + c,2Z°
(2) The terms Ly are given with the notation (B:30) by
(4.23) Luyf = fT@O;Kg"')f fT(Ky;Kgy')f

where

2M : P
(4.24) ‘1=?+H i O .= 27
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and

(4.25) Ko = 2m, (Ko =-2m, (Kqg c cv:

-9
Y 2M “ v
Proof. 1) In Minkowski space a quarkq is represented by a column vector and one has the
relation

(4.26) a=9q o

betweenqg and g. Thus, g and g have opposite chirality.

Since the  switch the chirality to its opposite and all the terms in (£I9) involve the
they can be separated as a sum of terms only involvind_, f| and terms only involving fg,
fr. The neutrinos  only appear as left handed,i.e. as the combination (1 + °)

The last two lines of @I9) correspond to the terms inig TaWa for the o diagonal Pauli

matrices 1, 2. The rstline of (4I9) corresponds to the gluons and the kiretic terms. The
terms involving the gluons g? in (1Y) give the strong coupling constantg®= gs. The second
and third lines of (BET9) use the electromagnetic eldA related to B by

(4.27) gsw(A tan( w)Z2% = ¢°B :
This gives (note the sign =+ in (4ZT)) the terms

S2
aw Z°Qem

for the right handed part. On the left handed sector one has

. Y . .
(4.28) |g°7R = igswA Qem g

+

Qem =

The diagonal terms for the left-handed part

Y, s
2 2’
. . Y]

|g?3W 3+ |g°?"

are then of the form

g5W s+ igsw(A  @an( w)Z%(Qem )=

, . Sh . .

igswA Qem g aWZOQem+(IgW s igsw(A  tan( W)ZO))E‘Q‘:
The relation
(4.29) (igW 3 igsw (A  tan( w)Z%)= %ZO

then determinesW 3 as a function of A and Z°. It gives
1

W 3= sy (A tan( w)Z2%+ —Z2°
Cw
i.e.
(4.30) W 3= sy A + ¢, Z°
The diagonal terms for the left-handed sector can then be witen in the form

. . ﬁz 0 E 0 _3.
(4.31) igswA Qem |gCWZ Qem+QNZ >
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This matches with the factor 4% in (EI9) multiplying (1 + °). The latter is twice the
projection on the left handed particles. This takes care of aoe factor of two, while the other
comes from the denominator in-3.
The term _
|
20 @ D )re @ 1 9e)
iS ne, since the neutrino has no electromagnetic charge andne gets the term ig % Z%Qem
for the electron, while the left handed neutrino has 3 = 1 and the left handed electron has
3= 1. The other two terms
ig 4 8
Hzof (d (és\?V 1 Sd)+(y (1 és\ﬁ, + ®)u;)g
give the right answer, since the electromagnetic charge othie down is % andithas 3= 1,
while for the up the electromagnetic charge is% and 3=1.
2) We rely on |31] equation (2.14) at the conceptual level, wiie we perform the computation
in full details. The rst thing to notice is that, by (42611t he g have opposite chirality. Thus,
when we spell out the various terms in terms of chiral ones, walways get combinations of
the form g. X gr or gg X .. We rst look at the lepton sector. This gives

e mee+§§§%f O @ He)+r (e(@+ % ) g%% Hee)+i %e %)

The terms in e X e are of two types. The rst gives

gH.,  _ gH gH
eme(l‘*m)e = eLme(1+m)eR eRme(l"'m)eL
The second type gives
gme. gme gme

9Me. o 5,y= 9Me. o gMme. o .
Thus, they combine together using the complex eld
(4.32) 1=H i°
and give
g g
m)eR er Me (1 + W)el‘
The terms where both e and appear involve only |, hence onlyegr. The elds are
complex elds that are complex conjugates of each other. Wedt
(4.33) 5= ip§ i

The contribution of the terms involving both e and is then

e m.(1+

g g
Lme(Z—MZ)eR+ eRme(Z—Mz) L

We use the notation (3330), that is,
2 3
. 0 0 K,"'2 K,"1
T(K1;Kg; =§ . , 2 2
( 1 2 ) Kl 1 K2 2 0
Ki'2 Kz'i 0
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We then get that, for the lepton sector, the terms L are of the form

2M
(4.34) fFTOKe " )f; " 1= 1+T; ‘2= 2
where K ¢ is the diagonal matrix with diagonal entries the ﬁ Me.

Let us now look at the quark sector,i.e. at the terms

u myy d myd + 499— mg(y;C (1 3)d)+ my(yC 1+ °d +
%= mg(d C @+ Sy my(dC’ (@ Sy ITEH(u ) $TEH(d d) +

9o Oy Sup) 95 O(d Sdp):

Notice that we have to write it in terms of the d; given by 20) instead of thed, . The
terms of the formuXu are

gmy igmuo 5/, )}
2MH(U )+ > M (J uJ).

They are similar to the terms in e X e for the leptons but with an opposite sign in front of
0. Thus, if we let K be the diagonal matrix with diagonal entries the mu, we get the
terms depending on' 1 and K, in the expression

(4.35) fT(Ky;Kg;')f;

where K 4 remains to be determined. There are two other terms involvirg the m,,, which are
directly written in terms of the d; . They are of the form

1 muar 9d) b mud @ )

M 2 M 2
This is the same as

Uj my Uj

dJL my ( )UJR Uir My ( )djL ,
which corresponds to the other terms |nvoIV|ngKu in (EBH).
The remaining terms are
(4.36) d myd + mp—( YuyC @ dd)+ (@ CY A+ O
m .
gvd(H(dj d)+ i o 5d)):
Except for the transition to the the d; , these terms are the same as for the lepton sector.

Thus, we de ne the matrix K4 in such a way that it satis es

9
M

We can just take the positive matrix obtained as the conjugate

dj|_ Kd de +de Kél dj|_ = d mddj

(4.37) (Kq) = %mdc cv
as in (@29).

The only terms that remain to be understood are then the crossterms (with up and down
quarks) in (B38). It might seem at rst that one recognizes the expression ford; = C d,
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but this does not hold, since the summation index also appears elsewhere, namely im,.
One has in fact

9 9 — .
M de d 2|V| de cY dj —(Kdd)j.

Thus, the cross terms in [£36) can be written in the form
[
P—é( UKy @ Odi)+ (dj (KD @+ Oy)):
Thus, we get the complete expression{4.35).

We still need to add the new terms that account for neutrino masses and mixing. We have
the following result.

Lemma 4.8. The neutrino masses and mixing are obtained in two additionlasteps. The
rst is the replacement

TO:Ke ) TET(K 5K );
where theK ¢ of (Z3) is replaced by

— i lep lepY .
(4.38) (Ke) oM m¢U U ;
while K is the neutrino Dirac mass matrix

9
4.39 K = _2
(4.39) K) =g5rm
The second step is the addition of the Majorana mass term
1 1

(4.40) L mass = 2 (MRr) (1 5)" 4 N (MR) 1+ )

Proof. After performing the inverse of the change of variables [ZH) for the leptons, using
the matrix U'®P instead of the CKM matrix, the new Dirac Yukawa coupling terms for the
leptons imply the replacement of

%% Hee)+i %e ®°e)
by
gm gm ig m ig me
EVH( ) EVH(e ) EV O( 5 ) EW O(e 5@)
and of
?&mv A et e+ ) )
by
st m( U (1 %e)em (U (14 Se +
2_Ivi|gp_§ m,(e u'erY 1+ 5) ) m (e u'erY 1 5) ;

where the matrix U'®P plays the same role as the CKM matrix. Since the structure we
obtained in the lepton sector is how identical to that of the quark sector, the result follows
from Lemma [Z1.

The Majorana mass terms are of the form [4.40), where the coecient 1 instead of 5 1 comes
from the chiral projection (1 5) = 2R. The mass matrix MR is a symmetrlc matrlx in the
avor space.
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In order to understand the Euclidean version of the action cmsidered above, we start by
treating the simpler case of the free Dirac eld.

It is given in Minkowski space by the action functional assotated to the Lagrangian

(4.412) u@u umu:

In Euclidean space the action functioznal becomesdf. [13], \The use of instantons”, x5.2)
(4.42) S= (i @ im) d%;

where the symbols and now stand for classicalfermionsi.e. independent anticommuting
Grassman variables. p__
Notice that, in ({££42), the gamma matrices  are self-adjoint and the presence of = 1
in the mass term is crucial to ensure that the Euclidean propgator is of the form

p+im

p2 + m2 '
In our case, consider the Dirac operatorD 5 that incorporates the inner uctuations. Recall
that D, is given by the sum of two terms

(4.43) Dp = D 1:0) 4 c D ©:D)-
where D@1 is given by 1) andD 19 is of the form
(4.49) pa0 =P (siay;

wherer S is the spin connection ¢f. (82)), while the A are as in Proposition[39.

Lemma 4.9. The unitary operator

u=¢éass 1
commutes withA and . One hasJU = U J and
(4.45) UDsU= D@0 4+ pO:

Proof. Since s anticommutes with the , one hasD@0 ¢z 5 = e i3 s DL, Moreover
U(s D(O;l))U =( 5eig 5) DOV = pO

The result of LemmalZ9 can be restated as the equality of aniymmetric bilinear forms
(4.46) hU %DaU i = h (D& +j pODy j:

4.4.1. The Fermion doubling problem.

We can now discuss the Fermion doubling issue of [36]. As exgihed there the number
of fermion degrees of freedom when one simply writes the Eudean action h;D i in our
context is in fact 4 times what it should be. The point is that we have included one Dirac
fermion for each of the chiral degrees of freedom such & and that we introduced the mirror
fermionsf to obtain the Hilbert space Hg.

Thus, we now need to explain how the action functional [48) dvides the number of degrees
of freedom by 4 by taking a 4'th root of a determinant.

By Proposition Bl we are dealing with an antisymmetric bilinear form and the functional
integral involving anticommuting Grassman variables delivers the Pfa an, which takes care
of a square root.



46 CHAMSEDDINE, CONNES, AND MARCOLLI

Again by Proposition BT, we can restrict the functional integration to the chiral subspace
HZ, of @), hence gaining another factor of two.

Let us spell out what happens rst with quarks. With the basis q ;0r;0q.;0r in Hg, the
reduction to H: makes it possible to write a generic vector as

(4.47) =L o+t RrR RT R Ot L OR;

where the subscriptsL and R indicate the chirality of the usual spinors  ::: 2 L%(M;S).
Similarly, one has

(4.48) J %Il a+Iwd ®k+Ivd a+dvw? «*
and
449) %=(@ DI °=@In A+@Ivpr R+*@GIn 2 A+@In L Gk

Thus, since the operator @, Jv anticommutes with 5 in LZ(M; S), we see that the vector
O0still belongs to H i.e. is of the form @Z44). One gets

@ DI % i=h@dv  ri+h@Im S Li+h@Im 2 Li+h@Iw O Rri:

The right hand side can be written, using the spinors = | + R etc, as

(4.50) @ DI %i=hgdu % i+hgdv & i

This is an antisymmetric bilinear form in L2(M;S) L?(M;S). Indeed if %= ie. °=
and °= one has

(4.51) hGg v, i= h@Im,; i,

sinceJy commutes with @, and has square 1.

At the level of the fermionic functional integral the classical fermions ~and ~anticommute.
Thus, up to the factor 2 taken care of by the% in front of the fermionic term, one gets
Z

¢ 7@ TD[D[T;

where ~and ~are independent anticommuting variables. (Here we use theamne notation as
in (E2D).

This coincides with the prescription for the Euclidean fundional integral given in [L3] (see
\The use of instantons", x5.2) when usingJy to identify L2(M;S) with its dual.

The Dirac Yukawa terms simply replace @, 1 in the expression above by an operator of
the form

@ 1+ 5 T,
whereT = T(x) acts as a matrix valued function on the bundleS H .

By construction, T preservesH; and anticommutes with g. Thus, one gets an equation of
the form

(5 T %=Tduw ? rR+T2Idm 2 a+Tadw 3 GR+Tadu 0 a;

where the T; are endomorphisms of the spinor bundle commuting with the s matrix. In
particular, it is a vector in H.. Thus, one gets

(s T)J O i=Hrdw O Li+ hdu &5 ri+ HT3dm 35 ri+ MTadm O Li:
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The expression [4.5D) remains valid for the Dirac operator vith Yukawa couplings, with the
Iu 2 JIu %on the left, paired with the and respectively. Thus, the Pfaan of the
corresponding classical fermions as Grassman variablesloers the determinant of the Dirac
operator.

We now come to the contribution of the piece of the operatorD which in the subspace r; r
is of the form
0 Mg
Mr O
where Mr is a symmetric matrix in the avor space. We use {Z4T) and [448), replacing

quarks by leptons, and we take a basis in which the matrixM g is diagonal. We denote the
corresponding eigenvalues still byMr. We get

T=

=L L+ R Rt R L+ L R

J%=Im Y +Iwl rR+*IME L+Iw Y R
so that
(5 T)J %= sMrIm 2 R+ sMgrIw ? R

(4.52) s T)J % i=Mghsdy 2 ri+ MrRhsIu 3; Ri

The only e ect of the 5 is an overall sign. The charge conjugation operatordy, is now
playing a key role in the terms (£52), where it de nes an antsymmetric bilinear form on
spinors of a given chirality (here right handed ones).

Notice also that one needs an overall factor o% in front of the fermionic action, since in the
Dirac sector the same expression repeats itself twice, seldb1).

Thus, in the Majorana sector we get a factor% in front of the kinetic term. This corresponds
to equation (4.20) of [37]. For the treatment of Majorana femrmions in Euclidean functional
integrals seee.qg. [29], [38].

4.5. The self interaction of the gauge bosons.
The self-interaction terms for the gauge elds have the form
(4.53) Lg=

%@ga@ga gsf abC@gagbgc %ggf abCf adegbgcgd ge @W+ @W M 2W+ W
;@2°@z° z—gwfmzzozo @A @A  igew(@ZO(WTW O WTW )
Zwrew W @WhH)+ Z2wr@w W @W7)) igsw(@A (W*W
W'W ) A W@W W @W* )+ A (W'@W W @WH))
FPPWTW W*HW + 1PWrW WTW + ¢?¢%(Z2OW T Z0wW  Z0Z%wWrw )+
o’s2(A WAW A AWYW )+ ¢?sycu(A ZOW*rW  WH*W ) 2A ZO0w*rw ):

We show that they can be written as a sum of terms of the followng form.

(1) Mass terms for theW and the Z°
(2) Yang-Mills interaction %Fa Fa for the gauge eldsB ;W?2;g?
(3) Feynman gauge xing terms L¢ey, for all gauge elds
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Lemma 4.10. One has

1 1 1X X
(4.54) Lg= M2W'w  _—5M2z92° ZF2F, ( @G?)?

22, 4 2
Proof. It is enough to show that the expression
@W'@W  ;@(cwZ°+ swA )@(CuZ°+ swA ) igow(@ZO(W*W  WTW )
ZWr@w W @W*hH)+ ZWwWr@ew W @WT)) igsw(@A (W*W
WW ) A W@W W @W )+ A (W'@W W @WH))
FPWTW WHrW + IgPWHW W*W + g?c3(ZOWHZo0wW  Z0Z%Wrw )+
o°ss3(A WrAW A AW'W )+ @g?spcw(A ZO(WHW  W*rW ) 2A ZO0wW*w )

coincides with the Yang{Mills action of the SU(2)-gauge eld.
In fact, the kinetic terms will then combine with those of the B- eld, namely

1
5@( swZ°+ ey A )@( swZ®+ CwA ):
One can rewrite the above in terms ofW 3= sy A + ¢, Z% This gives

@W*@W  ;@W 3@W 3 ig(@W s(W'W  W*'W ) W z(W*@Ww
W @W*)+ W 3(Wr@w W @W")) 3¢PW* W W*W + IgPW*wW W*w +
gZ(W 3W+W 3W w 3W 3W+W )Z

UsingW™* = Mp% andwW = Mﬁ% one checks that it coincides with the Yang-Mills

action functional F? Fa of the SU(2)-gauge eld W, .
More precisely, let

r =@ i%Wa a.

One then has
Fir 1= i5@W. @Wa) at( iDXWyWe b ¢ WeW, ¢ )

and, with ¢ ¢ b=2i apc a, this gives

(4.55) F& = @QW, @W, + g apcW, W,:

One then checks directly that the above expression coincidewith
1 1X X

(4.56) 2F Fa 5 @W?)2:

a

P
Notice that the addition of the Feynman gauge xing term %( @G )? to the kinetic
term %jde2 of the Yang-Mills action for each of the gauge eldsG gives kinetic terms of

the form %@G @G and very simple propagators.
This addition of the gauge xing term is not obtained from the spectral action, but has to
be added afterwards together with the ghost elds.
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4.6. The minimal coupling of the Higgs eld.

We add the mass terms [45H) to the minimal coupling terms of he Higgs elds with the
gauge elds which is of the form

(4.57) Lyg =
;@HEH @ @ 3@ °@ ° gMW'W H 3g%-7%Z°H
3ig W*( ‘@ @°% w(’@e* ‘@9 +
lg WH(H@ @H)+W (H@ * *@H) +1l(Z°H@ ° °@H)
gEMZOW* W )+ igsuMA (WH W *) ighZhzo( +@
@ ")+ igswA (T@ @ *) iPWrW  HZ+( 92+2 ¢
%gzewlfzozo H2+( 92+22s2 12 * %92%20 oW+  +W *)

%IQZ%ZOH (W+ W +) + %QZSWA O(W+ + W +)+ %igzswA H(W+
W) g?(2cg 1)Z°A * PSEA A T +M(EZ2°@ +wWr@ +W @ )
This is, by construction, a sum of terms labeled by . Each of them contains three kinds

of terms, according to the number of derivatives. We now compre this expression with the
minimal coupling terms which we get from the spectral action

Lemma 4.11. With the notation (2Z2) of Lemmal4.], the minimal coupling terms (E54)
are given by

(4.58) Lug = %J'D '

with D ' given by @38), with g, = g, g1 = ¢°.
Proof. We have from (336)

[ [
D' =@ +59W" 598 5 g°=tan( w)g
where, by LemmalZY, we have
2M . P =
' =('1;'2)=(?+H i % i"27%); B = A swZ°%;, W3z=syA + ¢ 2Z°
and the matrix W is given by
W _ ospA + 6,20 wloiw? B SWAp+CWZO Pow+
- Wi+ iw?2 swA  cZ® T 2W swA ¢ Z°
The kinetic terms are simply
1 1
E@H@H @ '@ E@ ‘@ °
and one checks that they are obtained.
Let us consider the terms with no derivatives. The combinaton W ' is given by

((%*H i O(swA +cZ% 2 Tw “%*H O W "2 *(suA + cuZO):
The term B ' is given by

B ' =((%+H i OcwA  swZ%; "3 YewA sy Z9):
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The dangerous term inM A (which would give a mass to the photon) has to disappear.
This follows from ¢° = tan( w)g. This means that we consider the expressioW
tan( w)B ' . It gives

(4.59) W fan( w)B ' = (X1 X2)=

2M a1 . 2M R P s2
T HH i 9 =29 20 W o(Z=—+H i 9 2w*r+i 2 T(2sy,A + 2wy z9):
(( g )CW (g ) (2sw (Cw QN) )

One has to multiply by %p “Tandthentake 3 of the norm square. The direct computation
gives

M2W* W ZCWMZZOZO gMW*W H %ggﬂszoon ig%l\nzo(w+
W ")+ igsyMA (W* W ) i@WrW O HZ+( 92+2 ¢
89 _2_ZOZO H2+ ( 0)2+2(253V 1)2 + zg CWZO 0(W+ + W +)

%igzi—xZOH(W" W )+ 3g’s,A YW+ W )+ Zig2s, A H(W?Y
W +) gZSW(:I_ ZSW)ZOA + gzs\%,AA +

Taking into account the terms (EEGL4), the terms with no derivatives in @54) are

M 2W+ W ZCWMZZOZO gMW*W H %ggﬂszoon ig%l\nzo(w+
W ")+ igsyMA (W W) %g2w+w H2+( 92+2 *
Sg _2_ZOZO H2+( 0)2+2(252 1)2 + 29 szo 0(W+ + W +)

%igzi—xon(w+ W )+ 3g?s,A YW+ W )+ LigZs, A H(W?
W) g?(2d 1)z°A ¢ oP?sZA A T

Thus, there is only one di erence with respect to the above, mmely the replacement (22,
1) 7! (1 2s2)inthe 13'th term. This has no e ect since s2, + ¢, = 1.

We now need to take care of the terms with one derivative. Withthe notation as above, we
compute the cross terms of

1. i )
EJ(@' 1,@ 2)+ %(Xlixz)Jz;
i.e. the terms
i
—(@ 1 X1 @' 1 X1+@ 2 Xz @'2%X2)1

The computation gives

%ig W+( 0@ @0) W (0@+ +@ o) +
9 Wr(He @H)+ W (H@ * *@H) +igl(z%H@ ° °@H)
ig St 2CWZO(J'@ @ *)+igswA ( T@ @ )+ M (2z°@ *+wr@ +
wa ")

which agrees with the sum of terms with one derivative in [ZX]).
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4.7. The Higgs eld self interaction.
The Higgs self coupling terms of the standard model are of thdorm
(4.60) Ly =

1 2M 2 2M 1 2M 4
AR A VAR U S
gnM H3+H 00+2H *

%92 h H4+( 0)4+4( + )2+4( 0)2 + +4H2 + +2( O)2H2 :

Lemma 4.12. Let' be given by(34) and assume that
2

_ My .
(4.61) i
Then one has
1 . .
(4.62) Lu= 30wl J*+ (M7 )

Proof. The expression [48D) can be simplied in terms of the eld . The quartic term is
simply given by

1 1 .
ég2 h H4+( 0)4+4( + )2+4( 0)2 + +4H2 + +2( 0)2H2 — ég2 hi J4;
since
jiP=g at AP =HAH( 9P +2 T
The cubic term is
gnM H3+H % %+2H * = g MH]j %
which arises in the expansion of
1 -
(4.63) 59" nii%
with ' given by @33), so that
, 4aM 4M 2
7= 12+—H+—gJ2
and 2 2 4 3
8M 16M 8M 16M 32M
.,.4:. .4+_H. .2+ H2+ . .2+ + H:
)] ) g ) 7 gzll o TP

Thus, the natural invariant expression with no tadpole (i.e. with the expansion in H at an
extremum) is

1, .. .
(4.64) g9 it it aME
It expands as
1, . . oM 4
(4.65) 59" ni i g AMH T 2 nM2HE S

which takes care of the constant term +2—g"2i h in (EB0). Thus, we get

1 1
(4.66) Lu=( 5@ n' '+ nM?D)+@ nM? Smi)H? 7“1 2
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since the quadratic \tadpole" term in (£860) is

(4.67) h +?H+:—2L(H2+ 00,2+ y = _hji2

9 2
The assumption &&1) of the lemma implies that the coe cient of the term in H? in (£6H)
vanishes.

Remark 4.13. The tadpole term (£&4) is understandable, since in renormbring the terms
one has to maintain the vanishing of the term inH. The assumption {(£&1) is a standard
relation giving the Higgs mass ¢f. [48]).

4.8. The coupling with gravity.

By construction the spectral action delivers the standard model minimally coupled with
Einstein gravity. Thus the Lagrangian of the standard model of ¥4 is now written using the
Riemannian metric g  and the corresponding Dirac operator@, in curved space-time. We
shall check below that the Einstein term (the scalar curvature) admits the correct physical
sign and size for the functional integral in Euclidean signaure. The addition of the minimally
coupled standard model gives the Einstein equation when onerrites the equations of motion
by di erentiating with respectto g (cf. for instance [47] Chapter 12x2).

The spectral action contains one more term that couple gravy with the standard model,
namely the term in R H2. This term is unavoidable as soon as one considers gravityraulta-
neously with scalar elds as explained in[Z3]. The only othe new term is the Weyl curvature
term 7
3fo
10 2

(4.68) c c Pgdx

This completes the proof of TheorenTZB.

5. Phenomenology and predictions
5.1. Coupling constants at uni cation.
The relations
2_ 2_ 9 2
9 =03= §91
we derived in (Z10) among the gauge coupling constants coiide with those obtained in
grand uni cation theories (cf. [I1] and [37]x9). This indicates that the action functional

(EI1) should be taken as thebare action at the uni cation cuto scale and we rst briey
recall how this scale is computed.

The electromagnetic coupling constant is given by[[428) ad is g sin( ). The ne structure
constant ¢ is thus given by

. o2

(5.1) em = sin( w)? 2 1= 2-
Its infrared value is  1=137:036 but it is running as a function of the energy and increases
to the value ¢m(Mz) =1=12809 already, at the energyMz 91:188 GeV.
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Assuming the \big desert" hypothesis, the running of the three couplings ; is known. With
1-loop corrections only, it is given by ([32], [1])

19

(5.2) o =(4 ) ?hgh  with b=(%1; P!

so that ([24])

(5.3) O = MMy %IogM—z
220 = MM+ %IOQM—Z
10 = MM+ gmgm_z

where M is the mass of theZ® vector boson. For 2-loop corrections seé][1].

It is known that the predicted uni cation of the coupling con stants does not hold exactly,
which points to the existence of new physics, in contrast wih the \big desert" hypothesis.
In fact, if one considers the actual experimental values

(5.4) 0(Mz)=0:3575 @(Mz)=0:6514 g3(Mz)=1:221
one obtains the values
(5.5) 1(Mz) =0:010z Z(MZ) =0:0337% 3(Mz) =0:1186

Thus, one sees that the graphs of the running of the three cortants ; do not meet exactly,
hence do not specify a unique uni cation energy ¢f. Figure 1 where the horizontal axis labels
the logarithm in base 10 of the scale measured in GeV).

5.2. The Higgs scattering parameter and the Higgs mass.

When written in terms of H, and using (4.10), the quartic term
Z

f p 2 p z p
0 ooaaP < - b AP o
5> birj*Tgdx srow Hi g d'x
gives a further relation in our theory between the ~jHj* coupling and the gauge couplings to
be imposed at the scale . This is of the form

b
~V= 29
(5.6) )= o 2
We introduce the following notation. For v = % we de ne the elements ¢ )with =1;2;3
the generation index and = u;d; ;e by the relation
%

(5.7) p—é(y )=(m);
where the (m ) are de ned as in (4.15). In particular, y, for = 3 gives the top quark
Yukawa coupling. We also set
(5.8) t=log(—) and = Mzée:

Mz

We consider the Yukawa couplings ¥ ) as depending on the energy scale through their
renormalization group equation (cf. [1], [6], [41]). We consider in particular the top quark
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Figure 1. The running of the three couplings.

casey, (t) for =3. The running of the top quark Yukawa coupling y; = y,(t), with =3,
is governed by the equation €f. [45] equation (2.143) and equation (A9) of [1])

dyy 1 9 4 17 9

h_ _+ 2 2 . N .
(5.9) 2= oy W agrbgrcd v ;i (@big=(1548)

The relation (5.6) could be simpli ed if we assume that the top quark Yukawa coupling is
much larger than all the other Yukawa couplings. In this caseequation (5.6) simplies. In

fact, one getsa 3mt2Op and b Smfop, where myp, = my, with = 3 in the notation of
(4.15), so that

510) 0 3 0

This agrees with [7] equation (3.31). In fact, the normalizdion of the Higgs eld there is as
in the l.h.s. of (5.23) which gives ( ) =47( ), with as in (5.8). In terms of the Higgs
scattering parameter  of the standard model, (5.10) reads

8

(5.11) h() 3

which agrees with [32] equation (1). Therefore, the value of =4 ~ at the uni cation scale of

=10 1" GeVis o 0:356 showing that one does not go outside the perturbation domin.
Equation (5.10) can be used, together with the RG equationsdr andy,(t), with =3, to
determine the Higgs mass at the low-energy scall .



GRAVITY AND THE STANDARD MODEL WITH NEUTRINO MIXING 55

x=log oHM™ Ge\L

| Hog Hm» MLL

0.24 \
. . . . . . X

0 2\ 5 7.5 10 125 15
0.22

02 ¢

Figure 2. The running of the quartic Higgs coupling.

For simplicity of notation, in the following we write

(5.12) Vi = Yy, (t);  with =3:
We have (cf. [45] equations (2.141), (2.142), (4.2) and the formula (Al1%of [1]) the equation
d _ 1 5

(5.13) . W(12 + B)
where

1
(5.14) = gz(12y¢ 99 3g)

3

B = Bg+2¢ig+a) 38y
The Higgs mass is then given by
2 p_—

(5.15) m? = 8 '\3—2; my = 22%

The numerical solution to these equations with the boundaryvalue ¢ =0:356 at = 10 1’
GeV gives (Mz) 0:241 and a Higgs mass of the order of 170 GeV. We refer to [5] and t
[32] for the analysis of variants of the model.

Remark 5.1. The estimate of equation (5.10) is obtained under the assuniion that the
Yukawa coupling for the top quark is the dominant term and the others are negligible. How-
ever, due to the see-saw mechanism discussed ¥5.3 below, one should expect that the
Yukawa coupling for the tau neutrino is also large and of the ame order as the one for the
top quark. Thus, the factor of 4=3 in (5.10) should be corrected to 1 as in (5.29) below. One
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can check by direct calculation that this does not a ect subgantially the estimate we obtain
for the Higgs mass which is then around 168 GeV.

5.3. Neutrino mixing and the see-saw mechanism.

Let us brie y explain how the see-saw mechanism appears in auwcontext. Let D = D(Y) be
as in (2.31). The restriction of D(Y) to the subspace ofHg with basisthe ( g; L; r; L) IS
given by a matrix of the form

3
0 M Mg O
M 0O 0 O 2
(5.16) § M O 0 M
0 0 M 0

whereM = %K with K as in (4.39).
The largest eigenvalue ofM R is set to the order of the uni cation scale by the equations of
motion of the spectral action as in the following result.

Lemma 5.2. Assume that the matrix Mg is a multiple of a xed matrix kg, i.e. is of the
form Mr = xkgr. In at space, and assuming that the Higgs vacuum expectatio value is
negligible with respect to uni cation scale, the equationf motion of the spectral action x x
to be eitherx =0 (unstable) or satisfying

2 _ 2f2 2TI'( kRkR)_

fo Tr(( kgkr)?)
Proof. The value of x is xed by the equations of motion of the spectral action
(5.18) @Tr(f(Da=))=0 ;

with u = x2.

One can see from (3.16) thatx only appears in the coe cients ¢, d, and e. In the variation
(5.18), the terms in the spectral action (3.41) of Theorem 313 containing the coe cient c and
e produce linear terms inx2, proportional to the scalar curvature R and the squarej' j2 of the
Higgs vacuum expectation value, and an additional linear tem coming from the cosmological
term. The cosmological term also contains the coe cient d, which depends quadratically
on x2. In at space, and under the assumption that j' j2 is su ciently small, (5.18) then
corresponds to minimizing the cosmological term.

This gives

(5.17)

(5.19) @( fo %c+ fzod):o; c= x?Tr(kgkr); d= x*Tr((kgkr)?):

Thus, we getMpr = xkr with x satisfying (5.17). In other words we see that
_ 2f5 2 kRkR Tr(kRkR)
fo  Tr((kgkr)?)

(5.20) MgrMRg

The Dirac mass M is of the order of the Fermi energyv and hence much smaller. The
eigenvalues of the matrix (5.16) are then given, simplifyirg to one generation, by

1 9 —
(5.21) 5( mg m2 + 4 v2);
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where mg denotes the eigenvalues oM i, which is of the order of by the result of Lemma
5.2, see (5.20).

This gives two eigenvalues very close to mg and two others very close to % as can be
checked directly from the determinant of the matrix (5.16), which is equal tojM j* v (for

one generation).

Remark 5.3. This is compatible with the scenario proposed by Fukigita ard Yanagida (cf.
[37]) following the ideas of Sakharov and t'Hooft, to explah the asymmetry between matter
and antimatter in the universe.

Typical estimates for the large masses of the right handed ndrinos i.e. the eigenvalues of
Mg are given (cf. [37]) by

(5.22) (mgr)1 10'GeV ; (mg), 10%GeV; (mg); 10%GeV :

5.4. The fermion{boson mass relation.

There are two di erent normalizations for the Higgs eld in t he literature.

(1) In Veltman [46] the kinetic term has a factor of %
(2) In Mohapatra{Pal it has a factor of 1 ( cf. [37] equation (1.43))

One passes from one to the other by

1
(5.23) "mp = p_il velt

In [7] we used the second convention. Let us then stick to thatfor the de nition of the

Yukawa couplings (y )(t) which is then given by (5.7) above.

The mass of the top quark is governed by the top quark Yukawa capling y;: = vy, (t) with
= 3 by the equation

1 2M 1
(5.24) Miop (1) = p—z? Vi = p—évyt;

wherev = % is the vacuum expectation value of the Higgs eld. The running of the top

quark Yukawa coupling y; = vy, (t), with =3, is governed by equation (5.9).
In terms of the Yukawa couplings (y ) of (5.7), the mass constraint (4.16) reads as
vz X

(5.25) 5> U )2+ (Ye)® +3(yu)?+3(vq)? = 20°V%

with v = 2% the vacuum expectation value of the Higgs, as above.
In the traditional notation for tf}? Standard Model the combi nation
Y2= (Y )2+ (Ye) +3(Yu)? +3(Va)?

is denoted by Yo = Y,(S) (cf. [1]). Thus, the mass constraint (4.16) is of the form
(5.26) Y2(S) = 4 g%

Assuming that it holds at a uni cation scale of 101’ GeV and neglecting all other Yukawa
couplings with respect to the top quarky,, with =3, we get the following approximate
form of (4.16),

(5.27) Yy = p%g; with  =3:
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Figure 3. The running of the top quark Yukawa coupling.

The value of g at a uni cation scale of 10*” GeV is 0:517. Thus, neglecting the neutrino
Yukawa coupling, we get the simpli ed relation

(5.28) Vi = p%g 0:597; t 346:

Thus, in rst approximation, numerical integration of the d i erential equation (5.9) with the
boundary condition (5.28) gives the valueyp = 1:102 and a top quark mass of the order of
p%yov 173683yy GeV.

The see-saw mechanism, however, suggests that the Yukawaugaing for the neutrino is of
the same order as the top quark Yukawa coupling. Indeed, eveif the tau neutrino mass has
an upper bound of the order of ¢f. [37])

m 18:2 MeV;

the see-saw mechanism allows for a large Yukawa coupling ter by the relation (5.21) and
(5.22). It is then natural to take the Yukawa coupling y , with = 3 for the tau neutrino to
be the sea‘ng, at uni cation, as that of the top quark. This intr oduces in (5.28) a correction

factor of %. In fact, for x¢ = y (t) and y; = y,(t), with =3, we now have

4
(5.29) Y2S) xE+3y¢ 3 W=AV) v ¢
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This has the e ect of lowering the value ofyp to yp  1:04, which yields an acceptable value
for the top quark mass, given that we neglected all other Yukava couplings except for the
top and the tau neutrino.

5.5. The gravitational terms.

We now discugs the behavior of the gravitational terms in thespectral action, namely

(5.30) 2—12R+ sC C + o+ oRR oRjHjzZ Pgdx:

0
The traditional form of the Euclidean higher derivative ter ms that are quadratic in curvature
is (seee.qg.[21], [12])

|
(5.31) zic C S RZ+ —E P5dx:
with E = R R the topological ter? which is the integr%nd in the Euler characteristic
_ 1 p_ 1 p_
(5.32) (M) = 52 E gd4X——322 R R "gd'

The running of the coe cients of the Euclidean higher derivative terms in (5.31), determined
by the renormalization group equation, is gauge independdnand is given by (seee.qg. [3]
equations 4.49 and 4.71 and [21], [12])

1 133,
(4)° 10
1 25+1098! +200! 2
@) 60
_ 1 7(56 171)
@)y 90
while the graphs are shown in Figures 4, 5, 6. Notice that the nfrared behavior of these
terms approaches the xed point =0, ! = 0:0228, = 0:327. The coecient goes to

zero in the infrared limit, su ciently slowly, so that, up to scales of the order of the size of
the universe, its inverse remaingD(1). On the other hand, (t), ! (t) and (t) have a common
singularity at an energy scale of the order of 1& GeV, which is above the Planck scale.
Moreover, within the energy scales that are of interest to ow model (t) is neither too small
nor too large (it does not vary by more than a single order of mgnitude between the Planck
scale and infrared energies).

The only known experimental constraints on the values of thecoe cients of the quadratic
curvature terms R R and R? at low energy are very weak and predict that their value
should not exceed 16* (cf. e.g.[21]). In our case, this is guaranteed by the running describd
above. Note that we have neglected the couplind? H?2 with the Higgs eld which ought to
be taken into account in a ner analysis.
The coe cient of the Einstein term is of the form

1 _ 96f, 2 foC_

5 12 2
With the above notation, by the result of Lemma 5.2, we get
2f, 2(Tr(kgkr))?.

foTr((kgkr)?)

(5.33)

c= x2Tr(kgkgr) =
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Figure 4. The running of the Weyl curvature term in (5.31).

2
Thus, the range of variation of % for N generations is the interval [, N]. In partic-
R

ular, with N =3 we get

90f, 2 1 94f, 2
12 2 z 12 2
This estimate is not modi ed substantially if one takes into account the contribution from
the RH? term using the vacuum expectation value of the Higgs eld. Thug we see that
independently of the choice ofkg the coe cient 02 of the Einstein term % RYgd' is
positive and of the order of f» 2. Thus the result is similar to what happened for the
Einstein-Yang-Mills system [8] and the sign is the correct me. As far as the size is concerned
let us now compare the value we get for o with the value given by Newton's constant. In
our case we get
1 P

0 fa
Thus if we take for the energy scale of the meeting point of the electroweak and strong
couplings, namely 1:1 10 GeV, we get

p_
ol L1 107 f,GeV
On the other hand using the usual form of the gzravitational adion

(5.34)

(5.35) S(g) = Rdv;

16G

and the experimental value of Newton's constant at ordinary scales one gets the coupling
constant

Pp_— p__
oMz)=  8G; ,* 122110°= 8 243 10¥GeVv:
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Figure 5. The running of the ratio of the coe cients of the R? term and the
Weyl term in (5.31).

One should expect that the Newton constant runs at higher enggies (cf. e.g. [21], [40], [39])
and increases at high energy when one approaches the Planckase. Thus the ratio

(5.36) = o) = o(Mz)
for 1:1 10 GeV, which measures the running at uni cation scale, shouldbe larger
than 1.

By the normalization of the kinetic terms of the gauge elds, one has (4.10)
2

— = —— 1845:
202 8 ()

fo =
Thus p_
11 107 f, 4726 10
It follows that if
(5.37) fo=fo= 2=2; 5:1

one obtains the correct physical value for the Newton constat. In fact starting with a test
function g such that g, = gg, equality (5.37) holds provided one performs the transfornation

g7t f; f ()= g(>):
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Figure 6. The running of the ratio of the coe cients of the topological term
and the Weyl term in (5.31).

5.6. The cosmological term.
The cosmological term depends, in our model, on the remainip parameterf 4.

Lemma 5.4. Under the hypothesis of Lemma 5.2, the cosmological term ¢g
ERPI U

2 Tr((kgkr)?) fo
Proof. In (3.45) we have the cosmological term

1 f
A48yt fae P+ Pd

(5.38)

where the coe cients ¢ and d are given by
c=Tr( YrYr) and d=Tr(( YgrYR)?):
We use the result of Lemma 5.2 and (5.20). We obtain

_ 2fp 2 Tr(kgkr)® o 43 4 Tr(kgke)®
fo  Tr((kgkr)?) f§ Tr((kekr)?)’

The positivity of the f;, and the freedom in choosing thef 4, makes it possible to adjust the
value of the cosmological term. Notice that, if one assumeshiat the function f is decreasing
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(and positive as usual), then the Schwartz inequality givesthe constraint
f2  fofa
The Schwartz inequality also gives the estimate
Tr(kgkr)?
Tr(( kg kr)?)

in (5.38). Thus, for a decreasing positive function, this cemological term is positive. Of
course to obtain the physical cosmological constant one nels to add to this term the con-
tribution from the vacuum expectation value of the various elds which give an additional
contribution of the order of (96 28)%; 4 and generate a ne tuning problem to ensure
that the value of the cosmological constant at ordinary scaé is small. It is natural in this

context to replace the cut-o by a dynamical dilaton eld as in [9], cf. x5.7.3 below.

5.7. The tadpole term and the naturalness problem.

The naturalness problem for the standard model arises from lie quadratically divergent

corrections to the tadpole term
X

(5.39) h 2 chlog( =Mz)"

that are required in order to maintain the Higgs vacuum expedation value at the electroweak
scale €f. [43] xII.C.4). In our set-up the only natural scale is the uni cati on scale. Thus, an
explanation for the weak scale still remains to be found. We kall not attempt to address
this problem here but make a few remarks.

5.7.1. Naturalness and ne tuning. When the cuto regularization method is used a number
of diagrams involving the Higgs elds are actually quadratically divergent and thus generate
huge contributions to the tadpole bare term. To be more spect, one has the following
quadratically divergent diagrams:

Minimal coupling with W and B elds
Quiartic self-coupling of Higgs elds

Yukawa couplings with fermions

If we want to x the Higgs vacuum at % in the standard model we need to absorb the huge

guadratic term in in the tadpole term of the action. The tadp ole constant , then acquires
a quadratically divergent contribution

1 2
(5.40) 5 h 352 q(t); t=log( =Mz);
where (cf. [22], [31], [43])
(5.41) )= B+ E+6 6
where, as abovey; = y,(t), with = 3 is the top quark Yukawa coupling. This form of

(5.41) holds under the assumption that the contribution coming from the top quark is the
dominant term in the Yukawa coupling (see, however, the prevwus discussion on the term
y (t) with =3 in x5.4).

One can check that the contribution y; is su ciently large in the standard model so that, for
small t, g(t) is negative. However, as shown in Figure 7 the expressiog(t) changes sign at
energies of the order of 18 GeV, and is then positive, with a value at uni cation 1:61.
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While the plot 7 uses the known experimental values, one cantew directly that our boundary
conditions at uni cation scale tyni also imply that g(tunif ) > 0. In fact it is better to replace
3y? by Y, and we can then use our mass relation at uni cation in the form (5.26)

Y, =4 ¢
Also at uni cation we have a precise form of namely (5.6), together with =47 and get
b
— 42
=4 g ?
We can thus rewrite (5.41) as (with g= @)
9 3 b
(5.42) Atunt )= 7 0°+ Z01+24¢° 5 8¢°;
We can now use the inequality
b 1
az 4

which holds even with a large tau neutrino Yukawa coupling, o get

9 3 1 1 3
(5.43) A(tunif ) Zgz+ ng+24gzzr 8¢’ = zrgz+ zrg§> 0:

5.7.2. Sign of the quadratic term. In the spectral action we also have a similar term which
. . . 2
is quadratic in namely the term 2H? of (4.11) where 3 =2 fzfo £. We show that,

under the simplifying hypothesis of Lemma 5.2, the coe ciert of 2 in 3 in the spectral
action is generally positive but can be small and have an arhirary sign provided there are
at least two generations and one chooses suitable Yukawa aridajorana mass matrices. The
reason why we can use Lemma 5.2 is that we are interested in sthaalues of 3, a more
re ned analysis would be required to take care of the generatase. By Lemma 5.2 we have
Mgr = xkg with x as in (5.17).

Lemma 5.5. Under the hypothesis of Lemma 5.2, the coe cient of the Higggguadratic term
2H? in the spectral action is given by

22 49% 2

(5.44) 5=2 221 X)=(@1 X)—5—f;
fo

where

(5.45) X Tr(kgkr k kK ) Tr( kgkr)

" Ti(K K + KoK + 3(Kyky + kgka))T(( knkr)2)

Proof. One has 3= 2 % £ with eand a as in (3.16).
Using (5.20) and (4.13) we then get the rst equality in (5.44). The second follows from
(4.10).

In order to compare X with 1 we need to determine the range of variation of the largst

eigenvalue of%‘;;‘—) as a function of the number of generations.
R

Lemma 5.6. The range of variation of the largest eigenvalue,
. kpkr Tr(kgkR) ..

k — R R

)= i (ke )2
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Figure 7. The running of the tadpole term.

for kg 2 My (C), is the interval
150+ )

Proof. Notice rst that one has
Tr((krkr)?)  Tr(Kgkr) jikg K]

so that the inequality 1 follows. Moreover this lower bound is reached exactly whekgkg
is a multiple of an idempotent which means that kg is a multiple of a partial isometry. To

understand the upper bound, we can assume thakgkr Is d|agonal Wlth eigenvalues 12

We just need to understand the range of variation of Fy( ) = —%— Using Lagrange

multipliers one gets that, at an extremum, all the 12 forj 6 1 are equal. Thus, one just
- . , 2(u2+N 1

needs to get the range of variation of the sTpIer functionf  (u) = %

the value of fy at the maximum u? =1+ N yields the required answer.

. Computing

We thus see that the maximal value for X obtained by replacing kgxkr by its maximal

eigenvalue, yields the inequality

1+ "N Tr(k k)

2 Tr(K K + Koke + 3(KyKy + K Kq))

As we show now the range of variation of the simpli ed quadraic term (i.e. the right hand
side of equation (5.44)) depends on the numbeN of generations.

(5.46) X

Proposition 5.7. Let N be the number of generations.
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(1) If N =1, orif kg is a scalar multiple of a partial isometry, the quadratic tem (5.44)
is positive and its size of the order offzfoz.

(2) If N 2, the quadratic term (5.44) can vanish and have arbitrary sign, provided one
chooseskr, k appropriately.

Proof. 1) By lemma 5.6 we have (kgr) =1 and thus by (5.45),

Tr(k k)

TR K+ Koke + 3(kyka + Kgka))

Thus

f
5=2 22 X)
0

is positive and of the same order aézf—oz.

2) We take N = 3 and explain how to choosekgr, k etc... so that the coe cient of the

quadrgatic term vanishes. We choosekr such that the eigenvalues ofkgkr ar% of the form

(L+  3;1;1). Then as in lemma 5.6 the eigenvalues o%ﬁ?—) are 3(1+  3;11). We
R

can now choosek in such a way that it is is diagonal in the same basis a&z kg with a single

order one eigenvalue on the rst basis vector while the two oher eigenvalues are small. It
follows that

1. pP- Tr(k k )
X 0 IR koke + 3(koky + Kyka))

1
2

provided that

p

(3 1)Tr(k k) Tr(Keke +3(kyku + Kgka))

NI

Neglecting the Yukawa couplings except for the tau neutrinoand the top quark, one gets
k 2:86kiop. While the seesaw mechanism allows for a large Yukawa matrixor the
neutrinos, the above relation yields a Yukawa coupling for he tau neutrino which is quite a
bit larger than the expected one as in GUT theories where it issimilar to the top Yukawa
coupling. In summary we have shown that 3 > 0 except under the above special choice
of Yukawa coupling matrices. We have been working under the implifying hypothesis of
Lemma 5.2 and to eliminate that, a ner analysis involving the symmetry breaking of the
potential in the variables x and* (after promoting x to a scalar eld) would be necessary.

5.7.3. The dilaton eld. In fact there is another scalar eld which plays a natural role in the
above set-up and which has been neglected for simplicity intte above discussion. Indeed as
in [9] it is natural when considering the spectral action (in particular on non-compact spaces)
to replace the cut-o by a dynamical dilaton eld. We refert o [9] for the computation of
the spectral action with dilaton and its comparison with the Randall-Sundrum model. Its
extension to the present set-up is straightforward using the technique of [9]. One obtains a
model which is closely related to the model of scale invarianextended in ation of [28].
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5.7.4. Geometric interpretation. Our geometric interpretation of the standard model gives a
picture of space-time as the product of an ordinary spin marfiold (in Euclidean signature)

by a nite noncommutative geometry F. The geometry of F is speci ed by its Dirac operator

Dr whose size is governed by the vacuum expectation value of theiggs eld. In other words

it is the (inverse of the) size of the spaceF that speci es the electroweak scale. It is thus
tempting to look for an explanation for the smallness of the atio Mz =Mp along the same
lines as in ation as an explanation for the large size of the bservable universe in Planck
units.

6. Appendix: Gilkey's Theorem

The square of the Dirac operator appearing in the spectral tiple of a noncommutative space
is written in a form suitable to apply the standard local formulas for the heat expansion (see
[26] x4.8). We now brie y recall the statement of Gilkey's Theorem ([26] Theorem 4.8.16).
One starts with a compact Riemannian manifold M of dimension m, with metric g and one

lets F be a vector bundle onM and P a di erential operator acting on sections of F and

with leading symbol given by the metric tensor. Thus locally one has,

(6.1) P= (g l@@+A @+ B);

whereg plays the role of the inverse metric,| is the unit matrix, A and B are endomor-
phisms of the bundleF. The Seeley-De witt coe cients are the terms a,(x;P) in the heat
expansion, which is of the form 2

X n_m
(6.2) Tre ® t7z an(x;P)dv(x)

n 0 M

wherem is the dimension of the manifold anddv(x) = P det g d™x whereg is the metric
onM.

By Lemma 4.8.1 of [26] the operatorP is uniquely written in the form
(6.3) P=r r E

where r is a connection onF, r r the connection Laplacian and whereE is an endo-
morphism of F. The explicit formulas for the connection r and the endomorphismE are

(6.4) r =@+ !9
(6.5) 10 = %g (A + id)
(6.6) E=B g (@!°+1%1°0 1 0)

Where one lets  (g) be the Christo el symbols of the Levi-Civita connection of the metric
g and

(@9=9 (9)
One lets be the curvature of the connection r so that (cf. [26] Lemma 4.8.1),

(6.7) =@!° @'°+[1%19
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The Seeley-de Witt coe cients a,(P) vanish for odd values ofn. The rst three a,'s for
n even have the following explicit form in terms of the Riemann curvature tensor R, the
curvature of the connection r and the endomorphismE,

Theorem 6.1. [26] One has :

(6.8) a(x;P) = (4 ) ™2Tr(id)
- R.
(6.9) a(xP) = (4 ) ™27y Gid+E
(6.10) a(x;P) = (4) m=23—20Tr( 12R; +5R? 2R R
+ 2R R 60R E + 180 E2 + 60 E;
+ 30 )
Remark 6.2. Notice that E only appears through the terms
R. R.
(6.11) Tr E|d+ E ; Tr ( g|d+ E)?
and the boundary termTr(E; ).
HereR; =r r Randsimilarly E;, =r r E.

6.1. The generalized Lichnerowicz formula.

Let M be a compact Riemannian spin manifold of dimensiorm, S the spinor bundle with
the canonical riemannian connectionr 5. Let V be a hermitian vector bundle overM with
a compatible connectionr . One lets @ be the Dirac operator onS V endowed with the
tensor product connection ([34] Proposition 5.10)

(6.12) r¢ v=(rs) v+ (rvv)
Let then Ry be the bundle endomorpism of the bundleS V de ned by
1 X
(6.13) Rv( V)= 3 (i k) (RV)jkV)
k=1

where R(V) is the curvature tensor of the bundleV.
One then has ([34] Theorem 8.17)

Theorem 6.3. lets= R be the scalar curvature ofM , then the Dirac operator @ satis es

1
(6.14) @G=r r + 75+ Ry
wherer r is the connection Laplacian ofS V.

Notice that all three terms of the right hand side of (6.14) are self-adjoint operators by
construction. In particular Ry is self-adjoint. One can write Ry in the following form
where the terms in the sum are pairwise orthogonal for the natiral inner product on the
Cli ord algebra (induced by the Hilbert-Schmidt inner prod uct PA;Bi = Tr( A B) in the
spin representation)

X
(6.15) Ry = i k R(M)jk
j<k
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6.2. The asymptotic expansion and the residues.
The spectral action can be expanded in decr%asing powers dfe scale in the form
(6.16) Trace (f (D=)) fr < jDj ¥+ () pO)+ oQ);
k2
where the function f only appears throuzqh the scalars
1

(6.17) fi = f (v) V€ Ldv:
0

The term independent of the parameter is the value at s = 0 (regularity at s = 0 is
assumed) of the zeta function

(6.18) o(s)= Tr( jDj ®):
The terms involving negative powers of involve the full Tay lor expansion off at O.

Let us brie y review the classical relation between residus and the heat kernel expansion in
order to check the numerical coe cients.

For the positive operator = D? one has,
. - 1 1 _
(6.19) jpj 5= = = e ! t57 ldt
3 0
and the relation between the asymptotic e>§£)ansion,
(6.20) Trace(e ! ) at (t! 0)
and the function,
(6.21) o(s)=Trace( 5%)
is given by the following result.
Lemma 6.4. A non-zero term a with < 0 gives a pole of p at 2 with
2a

(6.22) Res-= 2 p(s)= ( )

The absence ofogt terms gives regularity atO for p with
(6.23) p(0) = ao:

Proof. We just check the coe cients, replacing Trace(e ' )by a t and using

1
t +s=2 1dt:( + S:Z) 1
0

one gets the rst statement. The second follows from the equialence
1 S
2 l

s! 0

Nl»

so that only the pole partat s=0 %f

1

Tr(e ' )t5%2 ldt
0

contributes to the value p(0). But this pole part is given by

Do 2
a-O t5—2 1dt - aO_
0 S
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so that one gets (6.23).

Remark 6.5. The relations (6.22) and (6.23) in particular show that our coe cients fg, f>
and f 4 are related to the coe cients of the asymptotic expansion of the spectral action as
written in [8] in the following way. Our fq is the f4 of [8]. Our f, is 1=2 of the f, of [8]. Our
f4 is 1=2 of the f¢ of [8]. In fact our f (u) = (u?), for as in (2.14) of [8].
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