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Periodic automorphisms of the hyperfinite factor of type II,

A. CONNES

Introduction

There are many constructions of factors which give rise to the hyperfinite factor
of type II,, that we shall throughout denote by R. For instance 1) any infinite
tensor product of a countable number of matrix algebras with respect to their traces,
2) the group measure space construction from an ergodic measure preserving trans-
formation, 3) the left regular representation of a locally finite discrete group with
infinite conjugacy classes.

To each of those ways of obtaining R correspond automorphisms of R. Two
automorphisms « and f of R are conjugate when for some automorphism ¢ of
R one has oaoc™1=8.

The simplest nontrivial problem of noncommutative ergodic theory is certainly
the problem of classifying, up to conjugacy, the periodic automorphisms of R.

It turns out that a complete classification is possible, by means of very simple
invariants that we shall now describe.

We note first that the problem of conjugacy splits into two problems:

a) The problem of outer conjugacy: decide when given «, f€Aut R there exists
an inner automorphism Ad W such that f# is conjugate to Ad W.ua.

b) The problem of inner conjugacy: for a€Aut R decide which W, unitaries
in R, are such that Ad W.a is conjugate to o.

For solving problem a) we first define two invariants of outer conjugacy:

1. po(x) is the outer period of « defined as the integer such that, for n<Z,
a"€Int Renepy(a) Z.

2. y(») is a complex number of modulus 1 defined by the implication: U uni-
tary in R, a?®@=Ad U = a(U)=7U. One checks by direct computation (prop. 1.4)
that p, and 7 are invariants of outer conjugacy classes and that y(x)?»®=1.

Received February 5, 1975.




40 A. Connes

We exhibit for each couple peéN, yeC, with y’=1, an automorphism of R,
sy, of period equal to p- Order y and such that

po(s2) = p, 7(s3) =7 (prop. 1.6).

We prove that the invariants py, y completely classify the periodic automorphisms
of R, up to outer conjugacy, so that any periodic automorphism of R is outer
conjugate to one (and only one) of the s; (thm. 6.2).

The proof relies on the introduction of a group structure on the set Br, of
outer conjugacy classes of automorphisms with outer period p. One checks that if
o and B are such classes then a®p is also a class belonging to Br,, as well as the
class of the opposite «° of «, once R®R and R (the opposite factor of R) are
identified with R by some isomorphism (the classes «®f and o® being of course
independent of this isomorphism).

Once this is done one proves that Br, is a group with inverse operation «—a’
and that y is an isomorphism of Br, onto the group of pth roots of 1 in C.

The proof of the injectivity of 7, i.e., of the uniqueness of the outer conjugacy
class with outer invariants (p, 1), is obtained thanks to the technique of central
sequences, as used by D. MCDUFF in [7] (see thm. 5.1).

The reader who is familiar with the construction of the Brauer group B(k)
of an arbitrary commutative field k& will recognise the analogy with the construction
of Br, above — the objects that we study are periodic automorphisms of R, to the
concept of similarity of simple central algebras over k corresponds the concept of
outer conjugacy of two periodic automorphisms. The role of division algebras is
played by the minimal periodic automorphism: o is called minimal periodic when its
period is the smallest period of its outer conjugacy class. Exactly as any central simple
algebra over k is the tensor product of a unique division algebra by a matrix algebra
M,(k), we have that any periodic automorphism of R is the tensor product of
a minimal periodic automorphism (uniquely determined up to conjugacy) by an
inner automorphism — (thm. 1.11). Moreover the minimal automorphisms are
also characterised by their fixed point algebra being a factor (thm. 2.5).

For each p€N, y€C, y?=1, the automorphism s, is the unique minimal auto-
morphism of the outer conjugacy class with outer invariants p, 7.

Also, the tensor product of two division algebras over k can fail to be a division
algebra and in the same way the tensor product of two minimal automorphisms can
fail to be minimal. The answer to problem b) is obtained by defining the inner invari-
ant &(x) of an arbitrary periodic automorphism o of R as the spectral measure
(defined only up to rotation) corresponding to the trace vector and an arbitrary
UeR such that aP~®@=Ad U, where p,(«) is the minimal period of . It turns
out that p,, y and & form a complete system of invariants for periodic automor-


















































































