
Cyclic cohomology and the transverse
fundamental class of a foliation

Alain Connes

Contents

1 Traces and unbounded derivations from A to A∗ 5

2 Cyclic cohomology and Banach algebras 10

3 Modular theory and equivariant real vector bundles 21

4 The fundamental class of V/Γ in the almost isometric case 29

5 Reduction to the almost isometric case 35

6 Pairing of the fundamental class of V/Γ with the geometric

group K∗(V,Γ) 46

7 Cyclic cohomology and Gel’fand-Fuchs cohomology 60

8 Geometric corollaries 77

Acknowledgements

I wish to thank the organizers of the Japan U.S. meeting on geometric me-
thods in operator algebras, and the Japanese operator algebraists for their
hospitality during my stay in Japan. I am particularly grateful to H. Araki,
J. Tomiyama and T. Masuda with whom I had many discussions from which
this paper has evolved.

1



In this paper we shall prove that for any transversally oriented foliated man-
ifold (V, F ), integration on the transverse fundamental class does yield a well
defined map of K∗(V/F ) to C. Here K∗(V/F ) is by definition the K theory
of the C∗ algebra C∗(V, F ) canonically associated to (V, F ) (cf. [12]).

The proof puts together:

1) The algebraic ideas on cyclic cohomology that we have developed in
[6], [7], and [8].

2) An analysis of densely defined cyclic cocycles on Banach algebras.

3) A geometric idea, which combines the techniques of R. Zimmer and
G. Mackey [44], [30], with the reduction to maximal compact subgroup
of G.G. Kasparov [27], to reduce the general problem to the special
case when the foliation admits a holonomy invariant “almost isome-
tric” transverse structure (cf. Section 4).

Let K∗(V, F ) be the geometrically defined K groups for (V, F ) (cf. [11]
and [3]), i.e., when the holonomy groups are torsion free, the K homology
of the classifying space of the graph of (V, F ), twisted by the transverse
bundle. Let µ : K∗(V, F ) → K∗(C

∗(V, F )) be the natural map ([11], [15] and
[3]) from the geometric group to the analytical group. Our construction of
the transverse fundamental class has the following strong implication on the
rational injectivity of µ:

Theorem 0.1 Let ch : K∗(V, F ) → H∗ (BGraph (V, F )) be the Chern cha-
racter and R ⊂ H∗ (BGraph (V, F )) be the subring generated by the Pon-
trjagin classes of the transverse bundle, the Chern classes of any holonomy
equivariant bundle on V , and the pull back of the Gel’fand-Fuchs charac-
teristic classes: γ ∈ H∗(WOq), q = CodimF . Then if x ∈ K∗(V, F ) and
〈ch x,R〉 6= {0} one has µ(x) 6= {0} in K∗(C

∗(V, F )).

In fact for any element P of R we construct an additive map of
K∗(C

∗(V, F )) to C which satisfies

ϕ(µ(x)) = 〈ch(x), P 〉 ∀ x ∈ K∗(V, F ) .

As an easy corollary we see that Kq(V/F ) = Kq(C
∗(V, F )) (q = codimF

modulo 2), always contains a non trivial copy of Z. The proof uses as a crucial
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tool the longitudinal index theorem of [15]. Using suitable combinations of
Pontrjagin classes for P one gets a map ϕ from K∗(C

∗(V, F )) to C which
plays the role of integration in K theory. However we do not know if the
image: ϕ(K∗(C

∗(V, F ))) ⊂ C of this map is contained in Z. For elements
of K∗(C

∗(V, F )) which are in the range of µ one has ϕ(y) ∈ Z, but to get
the general result one would have to construct a corresponding element of
KK(C∗(V, F ),C) which we have not done.

Since integration in K theory can now be done in two steps

a) K∗(V ) maps to K∗(V/F ) by taking the longitudinal index of the Dirac
operator along the leaves,

b) K∗(V/F ) maps to C by ϕ,

one gets as an easy corollary of the ideas of [28], [37] and of our construction,
the following generalization of a well known result of A. Lichnerowicz:

Theorem 0.2 Let M be a compact oriented manifold and assume that the
rational number Â(M) is non-zero (since M is not assumed to be a spin
manifold Â(M) need not be an integer). Let then F be an integrable Spin
subbundle of TM . There exists no metric on F for which the scalar curvature
(of the leaves) is strictly positive (≥ ε > 0) on M .

To keep notations simple and to stress the role of the transverse direction we
shall spend most of the paper dealing not with foliations but with actions of
discrete groups on manifolds, by orientation preserving diffeomorphisms. Let
Γ act on M then the reduced crossed product C∗ algebra: C0(M) o Γ plays
the role of C∗(V, F ), while the homotopy quotient M oΓ EΓ plays the role
of the classifying space BGraph(V, F ) of the Graph or holonomy groupoid
of (V, F ).

As a biproduct of our results we can analyze, in the case M compact, the
following question:

Is the unit 1A of the C∗ algebra A = C(M) o Γ a torsion element of
K0(A)?

First, using as a tool the geometric group ([3]), we show that if Γ any sub-
group of PSL(2,R) containing a cocompact subgroup of PSL(2,R), the unit
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1A of A = C(S1) o Γ is a torsion element. Here Γ acts by homographic
transformations on S1 = P1(R).

Then, using Theorem 0.1, we get the following sharp contrast between the
Fuchsian and Kleinian cases:

For any subgroup Γ of PSL(2,C) acting on S2 = P (C) by homographic
transformations the unit 1A of A = C(S2) o Γ is a non-torsion element in
K0(A).

As another corollary we prove that for any group Γ of diffeomorphisms of a
compact manifold M having some nonzero Pontrjagin number (cf. [31]), the
unit 1A, A = C(M) o Γ, is a non torsion element in K0(A).

As a final point we note that Section 7 contains a description of the Godbillon-
Vey class of codimension 1 foliations as a cyclic 2-cocycle on the C∗ al-
gebra C∗(V, F ), which is obtained from purely C∗ algebra considerations
from the cyclic 1-cocycle describing the fundamental class of V/F . Since the
Godbillon-Vey invariant can assume any real value ([44]), the above cyclic
2-cocycle does not come from an element of KK(C∗(V, F ),C).

In a remarkable series of papers (see [23] for references) J. Heitsch and S. Hur-
der have analyzed the interplay between the vanishing of the Godbillon-Vey
invariant of a compact foliated manifold (V, F ) and the type of the von Neu-
mann algebra of the foliation. Their work culminates in the following beau-
tiful result of S. Hurder ([23]). If the von Neumann algebra is semi-finite
then the Godbillon-Vey invariant vanishes.

We shall show that our method yields a stronger result, showing that if
GV 6= 0 the central decomposition of M contains necessarily factors M
whose virtual modular spectrum is of finite covolume in R∗

+.

Theorem 0.3 Let (V, F ) be a 3 dimensional oriented, transversally oriented
compact foliated manifold, (dimF = 2). Let M be the associated von Neu-
mann algebra, and W (M) be its flow of weights ([12]). Then if the Godbillon-
Vey invariant of (V, F ) is different from 0, there exists an invariant proba-
bility measure for the flow W (M).

(The result still holds with dim V arbitrary, CodimF = 1, if the Godbillon-
Vey class is different from 0.)
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1 Traces and unbounded derivations from A

to A∗

If A is an algebra (over C), any trace τ on A (i.e. a linear functional such that
τ(xy) = τ(yx), ∀ x, y ∈ A) determines an additive map from the algebraic
K theory group K0(A) to C. If Ã is obtained from A by adjoining a unit,
and τ̃ is extended to Ã by τ̃ (1) = 0, the above map assigns to an idempotent
e ∈Mn(Ã) the scalar (τ̃⊗Tr)(e), (where Tr is the usual trace on Mn(C)). In
particular it follows that if A is unital and has a trace τ with τ(1) 6= 0, then
K0(A) contains a non-trivial copy of Z, namely the multiples of the class of 1.
This holds for instance for the C∗ algebra A = C(V ) of continuous functions
on a compact space V and B = C∗(Γ), the norm closure of the group algebra
C(Γ) of a discrete group Γ acting by the left regular representation in `2(Γ).

Even in the simplest cases: A = C(V ), with V a compact manifold, one sees
that:

1. Different traces may give the same map: K0(A) → C.

2. Not all additive maps from K0(A) to C come from traces. Indeed, in
this example, a trace on A is a Radon measure µ on V or, in other
words, a 0-dimensional current on V of order 0, and the map from
K0(A) = K0(V ) to C given by a trace only depends upon the homology
class of this 0-dimensional current, i.e., if V is connected, its total mass
µ(V ).

Let µ be a Radon measure of 0 total mass on the connected compact manifold
V and let us express the homology between the current µ and the current 0
in C∗ algebra terms:

Lemma 1.1 If µ(V ) = 0 there exists a densely defined derivation δ from the
C∗ algebra A = C(V ) to its dual A∗ such that 1A belongs to the domain of
the adjoint δ∗ and δ∗(1) = µ.

Proof. Choose a Riemannian metric on V and assign in a Borel manner a
geodesic path πp,q : [0, 1] → V to each pair p, q of elements of V . Assuming
for simplicity that µ is real, let µ = µ+ − µ− be its Jordan decomposition,
and put for f, g ∈ C∞(V ):

τ(f, g) =

∫ (∫ 1

0

π∗
p,q(f dg)

)

dµ+(p) dµ−(q) .

5



Then the equality 〈δ(g), f〉 = τ(f, g) gives a densely defined derivation δ
from A to A∗ (considered as a bimodule over A) and δ∗(1) = µ+(V )µ since

τ(1, g) =

∫

(g(p) − g(q)) dµ+(p) dµ−(q) = µ+(V )

∫

g dµ .

•

Let us now prove in full generality that if B is a Banach algebra with unit
any trace τ on B which is homologous to 0, i.e., is of the form δ∗(1), gives
the 0 map from K0(B) to C.

Lemma 1.2 Let B be a unital Banach algebra, δ a densely defined derivation
of B with values in the dual space B∗ (viewed as a bimodule over B) with
〈aϕb, x〉 = 〈ϕ, bxa〉, ∀ a, x, b ∈ B and assume that the unit 1B belongs to the
domain of the adjoint δ∗ of δ, then:

a. τ = δ∗(1) is a trace on B.

b. The map of K0(B) to C given by τ is equal to 0.

Proof. a) One has τ(xy) = 〈xy, δ∗(1)〉 = 〈δ(xy), 1〉 = 〈δ(x), y〉 + 〈δ(y), x〉 =
τ(yx), ∀ x, y ∈ Dom δ.

b) The equality 〈δ(x), y〉 + 〈δ(y), x〉 = τ(xy) for x, y ∈ Dom δ shows that
Dom δ ⊂ Dom δ∗, with δ∗(x) = −δ(x) + xτ for any x ∈ Dom δ. This shows
that δ is a closable operator from the Banach space B to the dual Banach
space B∗. Let δ̄ be the closure of δ, then the domain of δ̄ : A = Dom δ̄, is a
subalgebra of B and δ̄ is a derivation from A to B∗.

If a ∈ A and a is invertible in B one has a−1 ∈ A. Indeed, since A is
dense in B, there exists b ∈ A with ‖1 − ab‖ < 1, ‖1 − ba‖ < 1, hence
it is enough to show that if a ∈ A, ‖a‖n < 1 then (1 − a)−1 ∈ A. This

is clear since
n∑

0

ak → (1 − a)−1, and δ

(
n∑

0

ak
)

is norm convergent. This

still holds if we replace A and B by Mn(A), Mn(B) (using the derivation
δ̄ ⊗ id : A ⊗ Mn → B∗ ⊗ Mn). It follows (cf. [24]) that the inclusion
i : A → B is an isomorphism of K0(A) with K0(B). Now let e be an
idempotent, e ∈ Mn(A), and let us show that (δ∗(1) ⊗ Tr)(e) = 0. One can
assume that n = 1, then

〈e, δ∗(1)〉 = 〈δ(e), 1〉 = 〈δ(e2), 1〉

= 〈δ(e), e〉 + 〈δ(e), e〉 .
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But
〈δ(e), e〉 = 〈δ(e2), e〉 = 2 〈δ(e), e〉 .

•

We shall now show how to construct maps from K1(B) to C using instead
of a trace a homology (in the sense of Lemma 1.2) between the trace τ = 0
and itself:

Definition 1.3 Let B be a Banach algebra. By a 1-trace on B we mean a
densely defined derivation δ from B to B∗ such that

〈δ(x), y〉 = −〈δ(y), x〉 ∀ x, y ∈ Dom δ .

Lemma 1.4 Let δ be a 1-trace on B, then:

a) δ is closable.

b) There exists a unique map of K1(B) to C such that, for any u ∈
GLn(Dom δ̄) (closure of δ) one has:

ϕ(u) = 〈u−1, δ̄(u)〉 (δ is extended to B ⊗Mn(C)).

Proof. We can assume that B is unital with δ(1) = 0.

a) Follows from the proof of Lemma 1.1.

b) We can assume that δ is closed, let A be its domain. As in the proof of
Lemma 1.1, any element of A which is invertible in B is invertible in A and
the same holds for Mn(A) ⊂ Mn(B). Thus, since the open set Mn(B)−1 of
invertible elements in Mn(B) is locally convex, two elements u, v of GLn(A)
which are in the same connected component of GLn(B) are connected by a
piecewise affine path in GLn(A).

On such a path t → ut the function f(t) = 〈u−1
t , δ(ut)〉 is constant, since

its derivative is: −〈u−1
t

◦
ut u

−1
t , δ(ut)〉 + 〈u−1

t , δ(
◦
ut)〉 = 0 since 〈u−1

t , δ(
◦
ut)〉 =

−〈δ(u−1
t ),

◦
ut〉 = 〈u−1

t δ(ut) u
−1
t ,

◦
ut〉. The result then follows for instance as in

[9]. •

We shall now give non-trivial examples of 1-traces on C∗ algebras. The
simplest example is to take a one parameter group αt of automorphisms of
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A, and an α-invariant trace τ on A. Let then D be the generator of (αt), i.e.
the closed derivation

D(x) = lim
t→0

1

t
(αt(x) − x) .

The equality x ∈ DomD → δ(x) = D(x) τ ∈ A∗ defines a 1-trace on A and
the map of K1(A) to C given by this 1-trace coincides with the one defined in
[9]. We shall now give other examples of 1-traces, not of the above form (the
algebra A will have no nonzero traces in some examples) and use them to
prove the non-triviality of K1(A) for crossed products A = C(S1)×Γ of S1 by
a group of orientation preserving homeomorphisms. (Note that we shall use
reduced crossed products so that, even if all homeomorphisms ϕ coming from
the action of Γ are smooth, one cannot consider the pair (L2(S1), P ) (where P
is the pseudo differential operator of order 0 with principal symbol σ(x, ξ) =
Sign ξ) as an element of KK(A,C), since only the unreduced crossed product
acts on L2(S1) in general).

Theorem 1.5 Let Γ be a countable group of orientation preserving homeo-
morphisms of S1 and A = C(S1) o Γ be the reduced crossed product C∗

algebra. Then the canonical homomorphism i : C(S1) → A is an injection of
K1(C(S1)) = Z in K1(A).

Proof. On B = C(S1), we have a natural 1-trace obtained as the weak
closure of the derivation δ, with domain C∞(S1), which assigns to each f ∈
C∞(S2), the differential df viewed as an element of B∗. (This uses the
orientation.) This closure of δ is easily identified using distribution theory,
as the derivation (also noted δ) with domain BV (S1), the space of functions
f ∈ C(S1) with bounded variation, i.e. such that df is a measure, δ(f) = df .
A function is of bounded variation iff the sums

∑
|f(xi+1) − f(xi)| are

bounded when the finite subset (xi)i=1,...,m of S1 varies (with of course xi in
the same order on S1 as i/m). It is then clear that if ϕ is any orientation
preserving homeomorphism of S1, ϕ∗ : C(S1) → C(S1) leaves Dom δ =
BV (S1) invariant and that δ(f ◦ ϕ) = ϕ(δ(f)). Using this Γ-equivariant
1-trace on C(S1) we shall now construct a 1-trace on A. Let A =

{
a ∈

A, a =
∑

Γ

ag Ug with ag 6= 0 only for finitely many g ∈ Γ, and ag ∈ BV (S1),

∀ g ∈ Γ
}
. For any a ∈ A, let δ(a) ∈ A∗ be the linear functional given by

〈x, δ(a)〉 =

∫
∑

Γ

xg g(dag−1) ∀ x ∈ A .

8



Here, for any g ∈ Γ, dag−1 is a measure on S1 and g(dag−1) is its image under
the action of g ∈ Γ on S1. For any x ∈ A, x =

∑
xg Ug one has ‖xg‖ ≤ ‖x‖

where the latter is the norm in the reduced crossed product, since xg is (in
a faithful representation) a matrix element of x ([34]). Thus δ(a) ∈ A∗. Let
us check conditions 1, 2 (cf. Definition 1.3) for this 1-trace. For a, b ∈ A one
has:

〈b, δ(a)〉 =

∫
∑

bg g(dag−1)

= −

∫
∑

dbg−1 g∗ ag

= −

∫
∑

ag g(dbg−1) = −〈a, δ(b)〉 .

For a, b, c ∈ A one has

〈ab, δ(c)〉 − 〈a, δ(bc)〉 + 〈ca, δ(b)〉 =

∫
∑

g0g1g2=1

ag0((g
−1
0 )∗ bg1)(g0g1) dcg2

−

∫
∑

g0g1g2

ag0 g0(d(bg1(g
−1
1 )∗cg2))

+

∫
∑

g0g1g2

cg0(g
−1
0 )∗ag1(g0g1) dbg2

= −
∑

g0g1g2=1

∫

ag0 g0(dbg1)(g0g1)
−1∗cg2

+
∑

h0h1h2=1

∫

ch0
(h−1

0 )∗ah1
(h0h1) dbh2

= 0 .

Thus δ is a 1-trace on A, and for any unitary u ∈ C(S1), u ∈ BV (S1), with
winding number equal to 1 one has

〈u−1, δ(u)〉 =

∫

u−1 du = 2iπ .

This shows that un is a non trivial element of K1(A) for any n ∈ Z, n 6= 0.
•
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Remarks on Section 1.

1) Let A be a C∗ algebra, then by [20] any bounded derivation δ from A to
A∗ is inner, hence δ∗(1) = 0, so that bounded derivations give only trivial
homologies.

2) If B is a non unital Banach algebra, Lemma 1.1 still holds if one replaces
the equality τ = δ∗(1) by:

τ(xy) = 〈δ(x), y〉 + 〈δ(y), x〉 ∀ x, y ∈ Dom δ .

3) Let A be a non unital C∗ algebra, τ a densely defined semi-continuous
weight which is a trace: τ(x∗x) = τ(xx∗), ∀ x ∈ A. Then using 2) above one
can show that if δ is a densely defined derivation from A to A∗ such that

a) Dom δ ∩ Dom1/2(τ)
1 is dense in A.

b) 〈δ(x), y〉+ 〈δ(y), x〉 = τ(xy), ∀ x, y ∈ Dom δ∩Dom1/2(τ) then τ defines
the 0-map from K0(A) to C.

This happens if there exists a one parameter group of automorphisms θt of
A such that τ ◦ θt = et τ , ∀ t ∈ R. Thus if ϕ ∈ A∗ is a K.M.S. state for a
one parameter group t then the associated trace τ on the crossed product
Â = Aoα R (cf. [42]) is always homologous to 0.

4) The conclusion of Theorem 1.5 does not hold when Γ fails to preserve the
orientation of S1, in fact if [u] ∈ K1(D1) is the generator, then 2i∗[u] = 0 in
K1(A).

2 Cyclic cohomology and Banach algebras

Let B be a (not necessarily unital) Banach algebra (over C). Our aim in this
section is to extend the results of Section 1 to cyclic cocycles τ(x0, . . . , xn)
with arbitrary n (not just 0 and 1). If A is an algebra and τ an n+ 1 linear
functional on A, we associate to τ the linear function τ̂ on Ωn(A), with (cf.
[7])

τ̂ (a0da1da2 . . . dan) = τ(a0, a1, . . . , an) ai ∈ A .

This gives a meaning to τ̂((x1da1)(x2da2)(x3da3) . . . (xndan)), for ai, xi ∈ A,
but of course one could also define it directly by a formula. Thus, for n = 2,
τ̂((x1da1)(x2da2)) = τ(x1, a1, x2, a2) − τ(x1a1, x2, a2). The crucial definition
of this section is the following:

1Dom1/2(τ) = {x ∈ A, τ(x∗x) < ∞}.

10



Definition 2.1 Let B be a Banach algebra. By an n-trace on B we mean
an n + 1 linear functional τ on a dense subalgebra A of B such that

a) τ is a cyclic cocycle on A 2.

b) For any ai ∈ A, i = 1, . . . , n there exists C = Ca1,...,an <∞ such that:

|τ̂((x1da1)(x2da2) . . . (xndan))| ≤ C ‖x1‖ . . . ‖xn‖ ∀ xi ∈ Ã .

Note that the conditions a), b) are still satisfied if we replace A by any
subalgebra which is still dense in B.

Our aim is to show that an n-trace on B determines a map of Ki(B), i = n(2)
to C.

Let B̃ be obtained from B by adjoining a unit, then Ã is dense in B̃. Let τ̃
be the natural extension of τ to Ã:

τ̃(a0 + λ01, a1 + λ11, . . . , an + λn1) = τ(a0, . . . , an) .

Then τ̃ is still a cyclic cocycle and is an n-trace on B̃. Thus from now on we
shall assume that B is unital.

Let E be the locally convex vector space of multilinear functionals ϕ on
B × B × . . .× B
︸ ︷︷ ︸

n terms

×A× . . .×A
︸ ︷︷ ︸

n−1 terms

, which are continuous in the B variables.

We endow E with the family of semi-norms (pα)α∈I where I = An−1, and:

pα(ϕ) = sup
xj∈B,‖xj‖≤1

|ϕ(x1, . . . , xn, a1, . . . , an−1)| .

Any bounded subset X of E is relatively compact in the topology of simple
convergence: ϕi → ϕ if ϕ1(x, a) → ϕ(x, a), ∀ x, a. For x ∈ B and ϕ ∈ E put:

(xϕ)(x1, . . . , xn, a1, . . . , an−1) = ϕ(x1x, x2, . . . , xn, a1, . . . , an−1)

(ϕx)(x1, . . . , xn, a1, . . . , an−1) = ϕ(x1, xx2, . . . , xn, a1, . . . , an−1) .

It is clear that E is now a bimodule over B and that, for each α, pα(xϕ) and
pα(ϕx) are majorized by pα(ϕ) ‖x‖.

2
i.e. τ(a1, . . . , an, a0) = (−1)n τ(a0, . . . , an), ∀ ai ∈ A and τ(a0a1, . . . , an+1) + . . . +

(−1)j τ(a0, . . . , ajaj+1, . . . , an+1) + . . . + (−1)n+1 τ(an+1a0, . . . , an) = 0.
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Lemma 2.2 For each a ∈ A, let δ(a) ∈ E be such that

δ(a)(x1, . . . , xn, a2, . . . , an) = τ̂ ((x1da)(x2da2) . . . (xndan)) ,

then:

1) δ is a derivation with values in the bimodule E.

2) δ is closable, for B gifted with norm topology and E with the topology
of simple convergence.

Proof. 1) (δ(a)b)(x1, . . . , xn, a2, . . . , an) = τ̂((x1da)(bx2da2) . . . (xndan))
(aδ(b))(x1, . . . , xn, a2, . . . , an) = τ̂ ((x1adb)(x2da2) . . . (xndan)), thus the
equality d(ab) = (da)b + adb shows that δ(ab) = δ(a)b + aδ(b).

2) We have to show that if ap ∈ A, and ‖ap‖ → 0 while δ(ap) is weakly
convergent to some ϕ ∈ E, then ϕ = 0. It is enough to show that
ϕ(b1, . . . , bn, a2, . . . , an) = 0 for bi ∈ A, aj ∈ A.

By hypothesis this value of ϕ is the limit of the net

τ̂ ((b1dap)(b
2da2) . . . (bndan)) = τ̂((dap)(b

2da2) . . . (bndan)b1)

= −τ̂ (ap d((b
2da2) . . . (bndan)b1)) .

As all bi and aj belong to A the last expression is, in modulus, smaller than
C ‖ap‖ and hence goes to 0 as p goes to ∞. •

We shall now extend the cyclic cocycle τ to a subalgebra B of B, contai-
ning A and defined as follows: b ∈ B iff there exists finitely many elements
c1, . . . , ck of A and a sequence bn → b, bn ∈ A such that:

sup
n

pα(δ(bn)) ≤ sup
k

pα(δ(ck)) ∀α ∈ I = An−1 .

By hypothesis the sequence δ(bn) is then bounded in E and by Lemma 2.2
the value of any weak limit of this sequence is:

δ(b)(b1, . . . , bn, a2, . . . , an) = −τ̂ (bd(b2da2) . . . (bndan)b) ∀ bi, ai ∈ A .

This shows that δ(bn) is weakly convergent to an element of E, independent
of the choice of the sequence bn, and called δ(b). By construction one has
pα(δ(b)) ≤ sup

k
pα(δ(ck)), ∀α ∈ I.
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Lemma 2.3

a) B is a subalgebra of B.

b) For any q, Mq(B) is stable under holomorphic functional calculus in
Mq(B).

Proof. a) If bn → b, b′n → b′ then bnb
′
n → bb′ and pα(δ(bnb

′
n)) = pα(δ(bn)b

′
n +

bn δ(b
′
n)) ≤ C(pα(δbn)) + pα(δ(b

′
n))), thus the answer.

b) Let us first show that if x ∈ Mq(B) and ‖x‖ < 1, then 1 − x is invertible
in Mq(B). Here we choose on B ⊗ Mq(C) the norm given by the natural
action in Bq (i.e. ‖(bij)‖ = sup ‖

∑
bij cj‖ where cj ∈ B, ‖cj‖ ≤ 1). We

turn Mq(E) = E⊗Mq into a bimodule over Mq(B) = B⊗Mq, in the obvious
way

(b⊗m)(ϕ⊗m′)(b′′ ⊗m′′) = bϕb′′ ⊗mm′, m′′ .

The derivation δ extends to a derivation δ̃ : δ̃(b ⊗ m) = δ(b) ⊗ m (b ∈ A,
m ∈Mq(C)).

Now for each (ϕij) ∈Mq(E), let pα(ϕ) = sup
i,j

pα(ϕij). For b = (bij) ∈Mq(B)

one has (bϕ)ij =
∑

bik ϕkj ∈ E and ‖bik‖ ≤ ‖b‖, so that one has:

pα(bϕb
′) ≤ q2‖b‖ ‖b′‖ pα(ϕ) ∀α ∈ I .

Next, let an ∈Mq(A), an → x, with sup
n
pα(δ(an)) ≤ sup

k
pα(δ(ck)) for all α ∈

I. We can assume that ‖an‖ ≤ C < 1 for all n ∈ N. Let yn = 1+an+. . .+ann.
One has yn ∈ A, yn2

→ (1 − x)−1 (in norm) and δ(yn) = δ(an) + (δ(an)an +

an δ(an)) + δ(an)a
2
n + an δ(an)an + a2

n δ(an) + . . .+

(
q∑

j=0

ajn δ(an)a
q−j
n

)

+ . . .

Thus, for any α ∈ I, pα(δ(yn)) ≤ a2(1 + 2C + 3C2 + . . .) pα(δ(an)). Since
C < 1 this shows that sup

n
pα(δ(yn)) ≤ C ′ sup

k
pα(δ(ck)), and hence that

(1 − x)−1 ∈Mq(B).

This shows that if x ∈ Mq(B) is invertible in Mq(B) its inverse is in Mq(B)
(there exists, by density, an element y of Mq(B) thus x has a left (and also
right) inverse in Mq(B)). It follows that for any compact subset K of C
disjoint from the spectrum of an element x of Mq(B), there exist elements
c1, . . . , ck of A and sequences an(λ), λ ∈ K of elements of A such that

13



1) For any α ∈ I one has

sup
n,λ

pα(δ(an(λ))) ≤ sup pα(δ(ck)) .

2)
an(λ) → (x− λ)−1 uniformly in λ ∈ K .

Then, one concludes that for any holomorphic function f in a neighbourhood
of the spectrum of x, one has f(x) ∈Mq(B). •

Corollary 2.4

a) The inclusion B ⊂ B is an isomorphism of K0(B) with K0(B).

b) Let K1(B) be the quotient of GL∞(B) by the equivalence relation u ∼ v
when u is connected to v by a piecewise linear path, then the obvious
map K1(B) → K1(B) is an isomorphism.

Proof. a) The surjectivity of i∗ : K0(B) → K0(B) follows from Lemma 2.3b)
(cf. [24]). If e, f ∈ ProjMq(B) are equivalent idempotents in Mq(B), i.e., if
there exists u, v ∈ Mq(B) with uv = f , vu = e, one can for any ε > 0 find
u′, v′ ∈ Mq(B) such that ‖u′v′ − f‖ < ε, ‖v′u′ − e‖ < ε, fu′ = u′e = u′ and
ev′ = v′f = v′. One can then conclude that e is equivalent to f in Mq(B)
using only the equality

Mq(B) ∩Mq(B)−1 = Mq(B)−1 .

b) Again the surjectivity is clear. The injectivity follows by replacing an arc
u(t) ∈ GLn(B) with u(0), u(1) ∈ GLn(B) by a piecewise linear arc (approxi-
mating each u(i/p) by an element of GLn(B), for p large enough the segment
[

u(i/p), u
(

i+ 1
p

)]

is formed of invertible elements). •

To state the next lemma we shall adopt the following terminology: a subset
X of A will be called δ-bounded when there exists a finite subset c1, . . . , ck
of A such that

pα(δ(a)) ≤ sup
j
pα(cj) ∀α ∈ I , ∀ a ∈ X .

14



Lemma 2.5 For any a1, a2, . . . , an ∈ A, put C(a1, . . . , an) = pα(δ(a
1)) where

α = (a2, . . . , an) ∈ I = An−1, then

a) C(a2, . . . , an, a1) = C(a1, a2, . . . , an), ∀ ai ∈ A.

b) Let X be a δ-bounded subset of A then

sup
aj∈X

C(a1, . . . , an) <∞ .

Proof. a) By definition

C(a1, . . . , an) = sup
‖xj‖≤1

|τ̂((x1da1)(x2da2) . . . (xndan))|

and since τ is a cyclic cocycle, C is invariant under cyclic permutations.

b) Let c1, . . . , ck with pα(δ(a)) ≤ sup
j
pα δ(cj), ∀α ∈ I, ∀ a ∈ X. For

a1, . . . , an ∈ X one has: C(a1, . . . , an) = pα(δ(a
1)) ≤ sup pα δ(cj) =

sup
j
C(cj, a2, . . . , an). In the same way C(cj, a2, . . . , an) = C(a2, . . . , an, cj)

≤ sup
j
C(cj2 , a3, . . . , an, cj1) . . .. Thus we get

C(a1, . . . , an) ≤ supC(cj1, cj2, . . . , cjn) .

•

Lemma 2.6 Let b1, . . . , bn ∈ B. Then for any δ-bounded sequences ajk → bj,
ajk ∈ A, and any x1, . . . , xn ∈ B, the sequence

τ̂(x1da1
k x

2da2
k . . . x

ndank)

converges to a limit which depends only upon b1, . . . , bn, x1, . . . , xn.

Proof. Let X be the set of all ajk; it is δ-bounded by the hypothesis. Thus
by Lemma 2.5, the multilinear functionals on B × . . . × B = Bn of the
form ϕ(x1, . . . , xn) = τ̂ (x1da1 . . . xndan), ai ∈ X, form a bounded set. Let
ϕk(x

1 . . . xn) = τ̂ (x1da1
k x

2da2
k . . . x

ndank). To show the simple convergence of
the sequence ϕk, one can assume that x1, . . . , xn ∈ A. Let us then replace X
by X ′ = X ∪ {xj}. Applying Lemma 2.5b) with X ′ one gets C1 < ∞ such
that

|τ̂(ad(x2da2 . . . xbdanx1))| ≤ C1‖a‖ ∀aj ∈ X .

15



As τ̂(x1da x2da2 . . . xndan) = −τ̂ (ad(x2da2 . . . xndan x1), we get

|τ̂(x1da1 . . . xndan) − τ̂(x1da′
1
x2da2 . . . xndan)| ≤ C1‖a

1 − a′
1
‖

for any a1, . . . , an, a′1 ∈ X. Using cyclic permutations one gets:

|τ̂ (x1da1 . . . xndan) − τ̂ (x1da′
1
. . . xnda′

n
)| ≤ C1

∑

‖aj − a′
j
‖

for a1, . . . , an, a′1, . . . , a′n ∈ X.

This shows that the sequence ϕk(x
1, . . . , xn) is a Cauchy sequence. It also

shows that its limit does not depend upon the choice of δ-bounded sequences
ajk → bj, hence the result. •

Theorem 2.7 Let τ be an n-trace on a Banach algebra B. Then there exists
a map ϕ of Ki(B) (i = n(2)) to C such that:

a) If n is even and e ∈ ProjMq(Domain τ) then

ϕ([e]) = τ ⊗ Tr (e, . . . , e) .

b) If n is odd and u ∈ GLq(Domain τ) then

ϕ([u]) = τ ⊗ Tr (u−1, u, u−1, u, . . . , u−1, u) .

Proof. By Corollary 2.4 it is enough to extend τ to a cyclic cocycle on B.
For this it is enough to show that for any δ-bounded sequences ajk → bj, the
sequences τ(a0

k, . . . , a
n
k) converge to a limit τ ′(b0, . . . , bn). With the notations

of Lemma 2.6, one has τ(a0
k, . . . , a

n
k) = ϕk(a

0
k, 1, . . . , 1). As the sequence ϕk

is bounded and as a0
k → b0 in norm one easily gets the conclusion. •

This theorem will be used in a crucial manner in Section 4. We shall now
give a few examples of n-traces on C∗ algebras.

Examples 2.8

a) Let V be a smooth manifold (not necessarily compact). Let A = C0(V )
be the C∗ algebra of continuous functions vanishing at ∞. Recall that
a de Rham current C on V of dimension p, is a linear functional on the
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space C∞
c (V,∧p T ∗

C
V ) of differential forms of degree p on V , which is con-

tinuous in the following sense: for any compact K ⊂ V and family ωα ∈
C∞
c (V,∧p T ∗

C
(V )) with Support ωα ⊂ K, ∀α converging to 0 in the Ck topo-

logy (on the coefficients of the forms ωα) one has C(ωα) → 0. In other words
C is of order k when for any ω ∈ C∞

c (V,∧p T ∗
C
(V )) the linear functional

f ∈ C∞(V ) → C(fω) is continuous in the Ck topology.

Let then C be a closed current of dimension p and order 0 on V , put

τ(f 0, . . . , f p) = C(f 0df 1 ∧ . . . ∧ df p) ∀ f 0, . . . , f p ∈ C∞
c (V ) .

Let us check that it defines a p-trace on the C∗ algebra C0(V ). Its domain
C∞
c (V ) is a dense subalgebra of C0(V ) and one easily checks the cyclic co-

cycle property of τ using the closedness of C. One has τ̂ (x1da1 . . . xpdap) =
C((x1da1) ∧ . . . ∧ (xpdap)) = C(x1 . . . xpda1 ∧ . . . ∧ dap). Thus, since da1 ∧
. . . ∧ dap = ω belongs to C∞

c (V,∧p T ∗
C
(V )) there exists, as C is of order 0, a

Ca1...ap
<∞ such that:

|τ̂(x1da1 . . . xpdap)| ≤ Ca1...ap
Π‖xj‖ .

Using [17] one checks that the map ϕ of Theorem 2.7 from Ki(C0(V )) =
Ki(V ) to C is given by

ϕ([e]) = 〈ch e, [C]〉

where ch is the usual Chern character: K∗
c (V ) → H∗

c (V,R) and [C] ∈
H∗(V,C) is the homology class of the closed current C 3. Since there are
always enough closed currents of order 0 to yield all of H∗(V,C) we have
not lost any information on the Chern character ch e ∈ H∗

c ((V,R) in this
presentation.

b) Let ∆ be a locally finite simplicial complex, x = |∆| the associated locally
compact space. Let us construct enough p-traces on the C∗ algebra A =
C0(|∆|) to recover the usual Chern character, as in a). Let γ =

∑
λi si be a

locally finite cycle of dimension p (i.e., the si are all oriented p-simplexes of
∆ and the λi’s are complex numbers, with bγ =

∑
λi bdi = 0). Put

τ(f 0, . . . , f p) =
∑

λi

∫

si

f 0df 1 ∧ . . . ∧ df p

3We use here the homology of locally finite chains, dual to the cohomology with compact
support.
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where the f j ∈ Cc(X) have the following property (cf. [39]): On each simplex
s of ∆ the restriction of f is equal to the restriction of a C∞ function on the
affine space of s. This space C∞

c (∆) ⊂ C0(X) is a dense subalgebra and by
[39] one checks as in a) that τ is a p trace on C0(X). Again the map ϕ of
Theorem 2.7 from K i

c(V ) to C is given by

ϕ(x) = 〈ch x, [γ]〉

where ch is the usual Chern character and [γ] is the homology class of γ
in the homology of locally finite chains on X, dual to the cohomology with
compact support H∗

c (X).

c) Let (A,G, α) be a C∗ dynamical system, i.e. A is a C∗ algebra on which
the locally compact group G acts by automorphism αg ∈ AutA, ∀ g ∈ G.
Assume that G is a Lie group and let τ be an α-invariant trace on A. As
in [14] let Ω be the graded differential algebra of right invariant differential
forms (with complex coefficients) on G. By construction Ω is, as a graded
algebra, identical with ∧C T

∗
e (G) the exterior algebra on the dual of the Lie

algebra ofG. Let t ∈ Hp(Ω
∗) be a p-homology class in the dual chain complex

Ω∗. Considering t as a closed linear form on Ωp, put:

σ(x0, . . . , xp) = (τ ⊗ t)(x0dx1 . . . dxp) xj ∈ A∞ .

Here, as in [14], A∞ is the dense subalgebra of A formed of elements x ∈ A
for which g → αg(x) is a smooth function from G to the Banach space A.
The differentials dx belongs to the algebra tensor product A∗ ⊗ Ω and for
x ∈ A∞, Xi ∈ LieG a basis of the Lie algebra of G, ωi ∈ (LieG)∗ the dual
basis, δi ∈ der(A) the unbounded derivations of A given by (α,Xi) one takes:

dx =
∑

δi(x) ⊗ ωi ∈ A∞ ⊗ Ω1 .

One checks as in [14] that τ ⊗ t is a closed graded trace on the differential
algebra A∞ ⊗ Ω and it follows that σ is a cyclic cocycle on the algebra A∞.
Let us now show that it is a p-trace. For fixed a1, . . . , ap ∈ A∞, the expression
σ̂(x1da1 . . . xpdap) is a finite linear combination of terms of the form:

τ(x1y1x2y2 . . . xpyp)

where yj ∈ A∞ is of the form δk(a
j). Since by hypothesis τ ∈ A∗ one

has |τ(x1y1 . . . xpyp| ≤ C‖x1y1 . . . xpyp‖ ≤ C ′‖x1‖ . . . ‖xp‖ thus one gets the
conclusion.
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Applying Theorem 2.7 one recovers the Chern character that we introduced
in [14], from K(A) to H∗(Ω) (which is dual to H∗(Ω)).

d) Let B be a Banach algebra, and (H±, F ) be a Fredholm module over B,
p ∈ [1,∞] be such that (cf. [6]) A = {b ∈ B, [F, b] ∈ Lp(H)} is dense in B.

Let then m ∈ N be such that n = 2m ≤ p− 1 and put:

τ(a0, . . . , an) =
1

2
Trace (ε F [iF, a0] . . . [iF, an]) ∀ ai ∈ A .

As in [6] this defines a cyclic cocycle on A, and we shall now check that it
is an n-trace on B, if n ≥ p. We can then rewrite τ as: τ(a0, . . . , an) =
Trace ε(a0da1 . . . dan) using the notations of [6]. It follows that:

τ̂(x1da1 . . . xn) = Trace (ε x1da1 . . . xndan) .

Thus from the Hölder inequality we get:

|τ̂(x1da1 . . . xndan)| ≤ ‖x1da1 . . . xndan‖1 ≤ Π ‖xjdaj‖n < CΠ ‖xj‖

since by hypothesis each daj belongs to Ln.

Remark 2.9

Combining the construction of n-traces in example b) with the known results
on the Chern character, we see that if X is a locally compact space coming
from a locally finite simplicial complex all maps from K(C0(X)) to C which
are additive come from n-traces on A = C0(X).

At this point it would be tempting to define for arbitrary n a homology
relation between n-traces on an arbitrary Banach algebra extending that
given by Lemma 1.1) and work out an analogue of homology in this context.
We shall however see that this would be premature, because it would overlook
a purely non-commutative phenomenon which prevents some very natural
densely defined n-cocycles on C∗ algebras to be n-traces, for n > 2.

As a simple example take A = C∗(Γ) the reduced C∗ algebra of the following
solvable discrete group Γ. We let Z act by automorphisms on the group

Z2 using the unimodular matrix α =

[
1 1
1 2

]

, and let Γ = Z2 ×α Z be the

semi-direct product. Now consider the group cocycle c ∈ Z2(Γ,R) given by
the equality:

c(g1, g2) = v1 ∧ α
n1(v2) ∀ gj = (vj, nj) ∈ Γ .
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(We represent an element of Γ as a pair (v, n) where v ∈ Z2 ⊂ R2 and n ∈ Z,
the ∧ is the usual exterior product, with values in ∧2 R2 = R.)

Given any discrete group and group cocycle c which is normalized so that
c(g1, . . . , gn) = 0 if any gi = 1 or g1 . . . gn = 1 one gets an n-cyclic cocycle on
the group ring A = C(Γ) by the equality:

τ(f 0, . . . , fn) =
∑

g0g1...gn=1

f 0(f0) . . . f
n(gn) c(g1, . . . , gn) .

Thus there we get a cyclic 2-cocycle on A = C(Γ), and thus a densely defined
cyclic cocycle on A = C∗(Γ). One has:

τ̂(x1da1x2da2) = τ(x1, a1x2, a2) − τ(x1a1, x2a2)

=
∑

g0g1g2g3=1

x1(g0) a
1(g1) x

2(g2) a
2(g3)(c(g1g2, g3) − c(g2, g3)) .

Let a1, a2 ∈ C(Γ). If for fixed g1 and g3 the function of g2: g2 → c(g1g2, g3)−
c(g2, g3) was bounded one would easily get the desired estimate:

|τ̂(x1da1x2da2)| ≤ Ca1,a2‖x
1‖ ‖x2‖ .

However, this precisely fails in our example, since with g1 = (v1, 0), g3 =
(v2, 0) we get, for g2 = (0, n):

c(g1g2, g3) − c(g2, g3) = v1 ∧ α
n(v2) .

Moreover, fixing such a choice of v1, v2 and identifying Γ with a subgroup of
the unitary group of C(Γ) ⊂ C∗(Γ) we get

τ̂(x1da1x2da2) = v1 ∧ α
n(v2)

for x1 = g−1
2 h−ng−1

1 , a1 = (v1, 0), x2 = hn, a2 = (v2, 0) with h = (0, 1) ∈ Γ.
This shows that τ is not a 2-trace.

Since, as one easily checks, there is for each pair a1, a2 of C(Γ) a constant
Ca1,a2 such that

|τ(xda1a2)| ≤ Ca1,a2‖x‖ ∀ x ∈ C(Γ)

the obstruction to τ being a 2-trace comes from the non-commutativity
da1x2 6= x2da1. The analysis of this lack of commutativity will occupy us for
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the next three sections, in the special case of the cyclic cocycle on C0(V )×Γ
coming from the Γ-equivariant fundamental class of the manifold V on which
the discrete group Γ acts by orientation preserving diffeomorphisms. (The
above 2-cocycle on C(Z2 oαZ) is a special case of this more general problem,
since it is exactly the equivariant fundamental class of the 2-torus dual to Z2

on which Z acts by α.)

It hints towards an extension of the Tomita-Takesaki theory ([31]) to densely
defined cyclic cocycles on a C∗ algebra which satisfy the following reality
condition:

Definition 2.10 Let A be a ∗-algebra over C, a cyclic cocycle τ is called
real when, for any a0, . . . , an ∈ A one has:

τ(a∗0, a
∗
n, . . . , a

∗
1) = τ(a0, a1, . . . , an) .

One checks that for any cyclic cocycle τ on A be equality

τ ∗(a0, . . . , an) = τ(a∗0, a
∗
n, . . . , a

∗
1) ∀ a1 ∈ A

defines a new cyclic cocycle on A, it follows that τ is always of the form
τ = τ1 + i τ2 with τ1 and τ2 real.

3 Modular theory and equivariant real vector

bundles

Let X be a locally compact space and Γ be a discrete group acting by homeo-
morphisms on X. Let E be a real vector bundle of dimension n on X, which
is Γ-equivariant. Even when n = 1 it is not in general possible to find a
Γ-invariant Euclidean metric on E, in this section we shall interpret the
obstruction in terms of the crossed product C∗ algebra A = C0(X) o Γ. Our
aim is Theorem 3.7 below.

Let us first ignore the action of Γ on E, take an arbitrary Euclidean metric
‖ ‖ on E and define a C∗ module over A as follows: E = C0(X,EC) o Γ
is the completion of Cc(X o Γ, r∗(EC)) (where r : X o Γ → X is the first
projection), gifted with the norm: ‖ξ‖ = ‖〈ξ, ξ〉‖1/2, where 〈ξ, ξ〉 ∈ A is the
element:

〈ξ, ξ〉(x, g) =
∑

h∈Γ

〈ξ(xh, h−1), ξ(xh, h−1g)〉 .
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The C∗ module structure on E is given by the equalities:

(ξf)(x, g) =
∑

h∈Γ

ξ(x, h) f(xh, h−1g)

(for ξ ∈ Cc(X o Γ, r∗(EC)), f ∈ Cc(X o Γ)) and, with the inner product in
EC antilinear in the first variable:

〈ξ, η〉(x, g) =
∑

h∈Γ

〈ξ(xh, h−1), η(xh, h−1g)〉 .

Let us now use the action of Γ on E to define an action of Cc(X o Γ) on E
by the equality:

(fξ)(x, g) =
∑

f(x, h) hξ(xh, h−1g) .

Note that hξ(xh, h−1g) belongs to EC(x).

Lemma 3.1 For any f ∈ Cc(XoΓ) the above equality defines an endomor-
phism of the C∗ module E , with adjoint given by

(f#ξ)(x, g) =
∑

f#(x, h) hξ(xh, h−1g)

where f#(x, h) = f#(x, h) ∆(x, h) and ∆(x, h) ∈ End(EC(x)) =:

∆(x, h) ξ = (h−1)t (h−1) ξ , ∀ ξ ∈ Ex .

Proof. Let us first show that f and f# are bounded. Since they commute
with the action of Cc(XoΓ) on the right, and since the norm in C0(X)oΓ is
defined as the sup norm sup

x∈X
‖πx(a)‖, where for each x, πx is the left regular

representation in `2(Gx), with Gx = {(y, g), yg = x}, it is enough to estimate
say f# acting in E ⊗A `

2(Gx) (where A = C0(X) o Γ acts in `2(Gx) by
πx). One checks that E ⊗A `

2(Gx) = `2(Gx, r
∗E) and the action of f# is

still given by the same formula. Now we can consider the bijection qx of
Γ on Gx given by qx(g) = (xg−1, g), and then our Hilbert space becomes
Hx = `2(Γ, (r ◦ qx)

∗E). The action of f# now reads:

(Tx ξ)(g) =
∑

h∈Γ

f#(xg−1, h) hξ(h−1g) .
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Thus it is enough to show that for any h ∈ Γ and any continuous section θ
with compact support of End(EC), the following operator is bounded, inde-
pendently of x ∈ X:

(Sx ξ)(g) = θ(xg−1) hξ(h−1g) ∀ ξ ∈ `2(Γ, (r ◦ qx)
∗E) .

For each x ∈ X and h ∈ Γ, let A(x, h) be the linear map from Exh to Ex
given by θ(x) ◦ h, then the above formula becomes:

(Sx ξ)(g) = A(xg−1, h) ξ(h−1g) .

Since θ has compact support, there exists a constant C such that
sup
y∈X

‖A(y, h)‖ ≤ C < ∞. It is then immediate that for all x ∈ X one

has ‖Sx‖ ≤ C.

Let us now check that f# is the adjoint of f . We may assume that f(x, h) = 0
if h 6= h0. We get:

〈fξ, η〉(x, g) =
∑

h∈Γ

〈fξ(xh, h−1), η(xh, h−1g)〉

=
∑

h∈Γ

〈f(xh, h0) h0 ξ(xhh0, h
−1
0 h−1), η(xh, h−1g)〉〈ξ, f#η〉(x, g)

=
∑

h′∈Γ

〈ξ(xh′, h
′−1), f#η(xh′, h

′−1g)〉

=
∑

h′∈Γ

〈ξ(xh′, h
′−1), f ∗(xh′, h−1) ∆(xh′, h−1

0 ) h−1
0 η(xh′h−1

0 g)〉 .

With h′ = hh0, the last sum gives:

∑

h∈Γ

〈ξ(xhh0, h
−1
0 h−1), f̄(xh, h0) ht0 η(xh, h

−1g〉 .

•

We let λ be the unbounded homomorphism from A = C0(X)oΓ to EndA(E)
which for f ∈ Cc(X o Γ) is defined by:

λ(f) ξ = fξ ∀ ξ ∈ E .

Lemma 3.2 λ is a closable homomorphism of C∗ algebras.
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Proof. We have to show that if fn ∈ Cc(X o Γ) and ‖fn‖ → 0, while
λ(fn) converges in EndA(E), then it converges to 0. Let T = limλ(fn). For
ξ ∈ Cc(X o Γ, r∗(EC)), let us define Sξ = ξ∗ by:

Sξ(x, g) = g ξ̄(xg, g−1) (where ξ̄ has a meaning in EC).

One checks that S(λ(f)ξ) = (Sξ)f ∗, for any f ∈ Cc(X o Γ). Also S2 = 1,
thus it is enough to show that S is closable, i.e. that if ξn ∈ Cc(XoΓ, r∗(EC))
and ‖ξn‖ → 0, Sξn → η then η = 0. For each element ξ of the total space of
the bundle E, ξ ∈ Ex, the equality Lhξ (η) = 〈ξ, η(x, h)〉 (h ∈ Γ) determines a
linear functional on Cc(X o Γ, r∗(EC)) which extends to a continuous linear
functional Lhξ on E . Indeed, for any ξ0 ∈ Cc(X o Γ, r∗(EC)) one has

〈ξ0, η〉(xh, e) =
∑

h′∈Γ

〈ξ0(xhh
′−1, h′), η(xhh

′−1, h′)〉

so that if ξ0(y, h
′) = 0 for h′ 6= h and ξ0(x, h) = ξ, one gets:

Lhξ (η) = 〈ξ0, η〉(xh, e) .

The functionals Lhξ form a total subset of the Banach space E ∗ dual of E
because they contain all functionals of the form:

η → 〈ξ0, η〉(x, e) ξ0 ∈ Cc(X o Γ, r∗(EC)) x ∈ X .

Thus if Lhξ (η) = 0, ∀ ξ, h one has 〈η, η〉(x, e) = 0, ∀ x ∈ X and hence, since
〈η, η〉 ≥ 0 one has 〈η, η〉 = 0 i.e. η = 0. Finally, one has 〈ξ, (Sη)(x, h)〉 =
〈ξ, h η̄ (xh, h−1)〉 = 〈ht ξ, η(xh, h−1)〉 so that each Lhξ is in the domain of the
adjoint of S. •

We let B be the domain of the closure of λ, it is by construction a subalgebra
of A = C0(X) o Γ, and it is a Banach algebra when we endow it with the
graph norm:

‖|x|‖ = sup(‖x‖, ‖λ(x)‖) .

Note however, that since λ is not a ∗ homomorphism, B is not in general a
∗ subalgebra of A.

It is not true in general thatB is stable under holomorphic functional calculus
in A or even, that x ∈ B̃, x−1 ∈ Ã⇒ x−1 ∈ B̃.
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We shall now see however that B is stable under holomorphic functional
calculus in A, when the action of Γ on E is almost isometric in the sense of
definition 3.3 below. If E is a Euclidean real vector bundle of dimension n on
X, an action π of Γ on E is given by the linear maps π(x, g) : Exg → Ex, and
thus can be thought of as a section of the bundle s∗(E∗) ⊗ r∗(E) on X × Γ,
where:

s(x, g) = xg , r(x, g) = x ∀ (x, g) ∈ X o Γ .

Of course an action of Γ on E satisfies the condition:

π(x, g1) π(xg1, g2) = π(x, g1g2) .

Definition 3.3 We shall say that an action π is almost isometric if there
exists an isometric action π (of Γ on E), sections p1, . . . , pq of s∗(E∗)⊗ r∗(E)
and bounded automorphisms Uε of E, ε > 0 such that:

Uε π(x, g)U−1
ε = π0(x, g) +

∑

εk pk(x, g) .

Note that if the action π of Γ on E is almost isometric then so is for instance
the action π(x, g) ⊗ π(x, g) on E ⊗ E.

The main example we shall use will come from:

Lemma 3.4 Let π be an action of Γ on E, and assume that F is a π-
invariant subbundle of E such that both the restriction of π to F and the
action of Γ on E/F are isometric. Then π is almost isometric, as well as
π ⊗ . . .⊗ π = π⊗q for any q.

Proof. Let F⊥ be the orthogonal complement of F in E. It is not true in
general that F⊥ is invariant under π, but since F⊥ is naturally isomorphic
with E/F we can endow it with an isometric action π1 of Γ and let π0 =
π/F ⊕ π1, and isometric action of Γ on F ⊕ F⊥. For ε > 0, let Uε be

the endomorphism of E given by the matrix

[
1 0
0 ε

]

in the decomposition

E = F ⊕ F⊥. In this decomposition the matrix of π(x, g) is of the form:

π(x, g) =

[
πF (x, g) 0
p(x, g) π1(x, g)

]

.

Thus one has Uε π(x, g)U−1
ε = π0(x, g) + ε

[
0 0

p(x, g) 0

]

. •
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Proposition 3.5 Let π be an almost isometric action of Γ on E then Mq(B̃)
is stable under holomorphic functional calculus in Mq(Ã).

Proof. With the notations of Definition 3.3, let Vε be the endomorphism of
E given by (Vε ξ)(x, g) = Uε(ξ(x, g)), πε be the action Uε π U

−1
ε of Γ on E and

λε the corresponding action of Cc(X ×Γ) on E . One has, for f ∈ Cc(X ×Γ),
λε(f) = Vε λ(f)V −1

ε , and, with obvious notations λε(f) = λ0(f)+
∑

εkpk(f).
Since Uε is bounded for each ε, as well as U−1

ε , it follows that the domain of
the closure of λε is equal to B = domain of closure of λ, and that each pk
extends to a bounded linear map from B to EndA(E). Since π0 is isometric, λ0

is a ∗ representation of A in EndA(E) and we extend it to λ̃0 : Ã→ EndA(E)
by λ̃0(1) = 1. We consider B̃ as a subalgebra of Ã and extend λε to B̃ by
λ̃ε(1) = 1. We have now: λ̃ε(f) = λ̃0(f)+

∑
εkpk(f), ∀ f ∈ B̃. Replacing λ̃ε

by λ̃ε⊗ id the same equality holds in EndA(E)⊗Mq(C) for any f ∈ B̃⊗Mq(C).
We just have to show that if the norm ‖f‖A⊗Mq

is < 1, 1−f is then invertible

in B̃ ⊗Mq(C). We know that Mq(B̃) is a Banach algebra using the norm
|||f ||| = sup(‖f‖, ‖λε(f)‖). But this last expression is < 1 for ε small enough,
hence the conclusion. •

In the rest of this section we shall estimate multilinear functionals on ME =
Cc(XoΓ, r∗(EC)) (considered as a bimodule over the algebra A = Cc(XoΓ))
in terms of the Banach algebra norm ||| ||| above. Let us begin by some
algebraic remarks. We consider Cc(X) as a subalgebra of A by f → f̃ :
f̃(x, g) = 0 if g 6= e and f̃(x, e) = F (x). For any a1, . . . , an ∈ A, ξ1, . . . , ξm ∈
ME there exists ρ ∈ Cc(X) such that ρ aj = ajρ = aj, ξjρ = ρ ξj = ξj for
all j. Using this it is easy to show that, with obvious notations, the map
ξ ⊗ η → ξη:

ξη(γ) =
∑

γ1◦γ2=γ

ξ(γ1) ⊗ γ1 η(γ2) ∀ γ ∈ X o Γ

gives an isomorphism of A-bimodules of ME ⊗A MF with ME⊗F . Now,
going back to the notations of Lemmas 3.1 and 3.2, and assuming E, F
Euclidean (but not that the metric is Γ-invariant) one has:

Lemma 3.6

a) Given ξ, η ∈ ME, ξ′, η′ ∈ MF there exist ξ′′, η′′ ∈ ME⊗F such that,
for any f ∈ A one has:

〈ξ′, 〈ξ, fη〉 η′〉 = 〈ξ′′, fη′′〉 .
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b) Let ρ ∈ Cc(X) and ξ ∈ ME. There exists finitely many ξj ∈ ME and
linear maps θj : A → A such that

1) ρfξ =
∑

ξj θj(f), ∀ f ∈ A.

2) ‖λF (θj(f))‖ ≤ C‖λE⊗F (f)‖, ∀ f ∈ A.

Proof. a) Let

ξ′′, ξ′′(γ) =
∑

γ1γ2=γ

ξ(γ1) ⊗ (γ−1
1 )t ξ′(γ2)

and
η′′(γ) =

∑

γ1γ2=γ

η(γ1) ⊗ γ1 η
′(γ2) .

One checks that:

〈ξ′, 〈ξ, fη〉 η′〉(x) =
∑

γ1γ2γ3γ4γ5=γ

〈ξ′(γ−1
1 ), 〈ξ(γ−1

2 , f(γ3)γ3 η(γ4)〉 γ2γ3γ4 η
′(γ5)〉 ,

while

〈ξ′′, fη′′〉(γ) =
∑

γ1...γ5=γ

〈ξ(γ−1
2 ) ⊗ γt2 ξ

′(γ−1
1 ), f(γ3)γ3 η(γ4)) ⊗ γ3γ4 η

′(γ5)〉 .

Thus transposing γt2 one gets the equality.

b) We can assume that the support K of ρ is small enough so that we can find
ω1, . . . , ωn ∈ Cc(X,E) which form an orthonormal basis of Ex for x ∈ K.
Let ξi ∈ M be such that ξi(x, h) = 0 if h 6= e and that ξi(x, e) = ωi(x),
x ∈ X. One has, with η = ρfξ:

η(x, g) = ρ(x)
∑

h∈Γ

f(x, h) hξ(xh, h−1g) .

As η(x, g) = 0 for x /∈ K one gets that η = Σ ξi〈ξi, η〉. Let θi(f) = 〈ξi, η〉 =
〈ξi, ρfξ〉. We have to estimate ‖λF (θi(f))‖. Let ρ′ ∈ Cc(X) be such that
ξiρ′ = ξi, ξρ′ = ξ, then for any f ∈ A one has θi(f) = ρ′ θi(f)ρ′. Now since
the restriction of F to the support of ρ′ has a finite basis, it is enough to esti-
mate ‖〈ξ′, θi(f) η′〉‖ for fixed ξ′, η′ ∈ MF . Now using a) there exists ξ ′′, η′′ ∈
ME⊗F with 〈ξ′, θi(f) η′〉 = 〈ξ′′, ρfη′′〉. As ‖〈ξ′′, ρfη′′〉‖ ≤ C‖λE⊗F (f)µ‖ we
get the conclusion. •
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We are now ready to prove the main result of this section (see also Re-
mark 3.8). We let E be an almost isometric Γ-bundle on X. We fix m ∈ N,
and let B be the Banach algebra obtained as in Proposition 3.5 but using
the almost isometric Γ bundle:

E ′ = E ⊕ (E ⊗ E) ⊕ (E ⊗ E ⊗ E) ⊕ . . .⊕ E⊗m .

For notational simplicity we put, for f ∈ A, ‖f‖k = ‖λE ⊗k (f)‖. By
Proposition 3.5, gifted with ||| ||| = sup

k≤m
‖ ‖k, the Banach algebra B satisfies

the following conditions:

1) A is a dense subalgebra of B.

2) The canonical injection A → A extends to a continuous homomorphism
i of B in A, with dense range and such that:

i−1(Mq(Ã)−1) = Mq(B̃)−1 ∀ q ∈ N .

Theorem 3.7 Let ϕ be an m-linear functional on ME satisfying the follo-
wing conditions:

1) ϕ(ξ1, . . . , ξjf, ξj+1, . . . , ξm) = ϕ(ξ1, . . . , ξj, fξj+1, . . . , ξm) for any j =
1, 2, . . . , m− 1, ξk ∈ ME, f ∈ A.

2) For any ξ1, . . . , ξm ∈ ME there exists C <∞ such that:

|ϕ(ξ1, . . . , ξmf)| ≤ C‖f‖A ∀ f ∈ A .

Then, for any ρ ∈ A, and ξ1, . . . , ξn ∈ ME there exists C ′ <∞ with:

3) |ϕ(ρf1ξ1, f2ξ2, f3ξ3, . . . , fmξm)| ≤ C ′|||f1||| . . . |||fm||| ∀ fi ∈ A.

Proof. Let ρ′ ∈ Cc(X) be such that ρ′ρ = ρ. We can replace ρ by ρ′ and
apply Lemma 3.6, to express ϕ(ρf1ξ1, . . . , fmξm) as a sum of terms of the
form: ϕ(ξ′1θ(f1), f2ξ2, . . . , fmξm) where ξ′1 ∈ ME and:

‖θ(f1)‖m−1 ≤ C1‖f1‖m .

Let ρ1 ∈ Cc(X) be such that ξ′1 ρ1 = ξ′1, then, using 1 one gets:

ϕ(ξ′1 θ(f1), f2ξ2, . . . , fmξm) = ϕ(ξ′1, ρ1 θ(f1)f2ξ2, . . . , fmξm) .
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Applying Lemma 3.6 one has ρ1 θ(f1)f2ξ2 =
∑

ξ′2 θ
′(θ(f1)f2) with

‖θ′(θ(f1)f2)‖m−2 ≤ C2‖θ(f1)f2‖m−1

≤ C1C2‖f1‖m ‖f2‖m−1 .

This allows us to express ϕ(ρf1ξ1, . . . , fmξm) as a sum of terms of the form:

ϕ(ξ′1, ξ
′
2 θ(f1, f2), f3ξ3, . . . , fmξm)

where ‖θ(f1, f2)‖m−2 ≤ C ′
2|||f1||| |||f2|||.

Iterating this, one writes ϕ(ρf1ξ1, . . . , fmξm) as a sum of terms of the form:
ϕ(ξ′1, ξ

′
2, . . . , ξ

′
m θ(f1, f2, . . . , fm)), where ‖θ(f1, . . . , fm)‖ ≤ C ′|||f1||| . . . |||fm|||.

•

Remark 3.8

Let us keep the notations of Theorem 3.7. For any f ∈ Cc(X) ⊂ A =
Cc(X o Γ) and any ξ ∈ ME one has:

(fξ)(x, g) = f(x) ξ(x, g) ∀ (x, g) ∈ X o Γ .

It follows that ‖λE(f)‖ = sup
x∈X

|f(x)| = ‖f‖A, and that the restriction of the

norm ||| ||| of Theorem 3.7 to the algebra Cc(X) ⊂ A is the usual sup norm
in C0(X). In particular if X is a smooth manifold, then C∞

c (X × Γ) is a
dense subalgebra of A for the ||| · ||| norm.

4 The fundamental class of V/Γ in the almost

isometric case

Let n and p ≤ n be positive integers and Gp ⊂ SL(n,R) be the subgroup of

matrices of the form g =

[
g11 0
g21 g22

]

, where g11 ∈ SO(p,R), g22 ∈ SO(n−p,R).

Let Γ be a discrete group of diffeomorphisms of a not necessarily compact
manifold V of dimension n and let us assume that, for some p, the action of
Γ preserves a Gp structure on V (cf. [44]). In particular, V is oriented and Γ
preserves the orientation, and V has a smooth nowhere vanishing 1-density δ
which is Γ-invariant. Our aim in this section is to prove Theorem 4.5 below,
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which shows that the crossed product of the fundamental cycle of V by Γ
defines a map of K(C0(V ) o Γ) (reduced crossed product C∗ algebra) to the
scalars.

By hypothesis, there exists a p-dimensional subbundle F of TV and a Rie-
mannian metric ‖ ‖ on V such that for any x ∈ V and g ∈ Γ the matrix of
the tangent map at xg of the diffeomorphism ϕg : ϕg(y) = yg−1 has the form:
[
g11 0
g21 g22

]

where g11, g22 are orthogonal, and in fact orientation preserving

(F is oriented). For any differential form ω on V we put:

g(ω) = (ϕ−1
g )∗ ω ∀ g ∈ Γ .

Since ϕg1g2 = ϕg1ϕg2 one has (g1g2)ω = g1(g2 ω), ∀ g1, g2 ∈ Γ. Let E be the
Γ-equivariant bundle E = T ∗V . The action of Γ on sections of T ∗V , i.e.
1-forms ω is given by ω → gω and the corresponding map: T ∗

xg(V ) → T ∗
x (V )

is the transpose of the above matrix

[
g11 0
g21 g22

]

. It follows that E = T ∗V

is almost isometric in the sense of Definition 3.3 (using Lemma 3.4), as well
as ∧j T ∗V = Ej for j = 1, 2, . . . , n. For j = n, En is really isometric, it is
equivariantly trivialized by the section δ.

Let Mj = Cc(V oΓ, r∗(EjC)) be the corresponding bimodule over the algebra
A = Cc(V o Γ).

Lemma 4.1 For each j, k there exists a unique morphism of A-bimodules of
Mj ⊗A Mk

π
→ Mj+k such that

π(ω ⊗ ω′)(γ) =
∑

γ1γ2=γ

ω(γ1) γ1 ω
′(γ2) ∀ γ ∈ V o Γ .

Here we have used the following groupoid notations, the groupoid is V o Γ
with source and range maps:

r(x, g) = x, s(x, g) = xg ∀ (x, g) ∈ V o Γ

and composition γ1γ2 = (x1, g1g2) if γi = (xi, gi), s(γ1) = r(γ2). The value
ω(γ1)∧γ1 ω

′(γ2) makes sense because ω(γ1) belongs to ∧j T ∗
x (V ) and γ1 ω

′(γ2)
belongs to ∧k T ∗

x (V ). One checks that for ω, ω′ continuous with compact
supports the above convolution is still continuous with compact support.
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Let us check the A-multilinearity, say that π(ωf ⊗ ω′) = π(ω ⊗ fω′). The
left side is: ∑

γ1γ2γ3=γ

ω(γ1)f(γ2) ∧ γ1γ2 ω
′(γ3)

while the right side is

∑

γ1γ2γ3=γ

ω(γ1) ∧ γ1f(γ2)γ2 ω(γ3) .

Since the action of Γ on the fibers is linear we get the equality. •

We shall denote the above product by ω∧ω′, we of course have to remember
that the graded commutativity rule no longer holds.

Lemma 4.2

a) Let n = dimV , then the equality
∫
ω =

∫

V
ω(x, e) defines a trace on

the A-bimodule Mn.

b) One has
∫
ω1 ∧ ω2 = (−1)jk

∫
ω2 ∧ ω1 for any ω1 ∈ Mj, ω2 ∈ Mk,

j + k = n.

Proof. It is enough to prove b). One has
∫
ω1 ∧ ω2 =

∫

V

∑

Γ

ω1(x, h) ∧

hω2(xh, h
−1). For every h ∈ Γ the invariance of integration of n-forms on V

under the orientation preserving diffeomorphism h shows that:

∫

V

ω1(x, h) ∧ hω2(xh, h
−1) =

∫

V

h−1ω1(xh
−1, h) ∧ ω2(x, h

−1)

= (−1)jk
∫

V

ω2(x, h
−1) ∧ h−1ω1(xh

−1, h) .

•

Let us now take the notations of Theorem 3.7 of Section 3 with the almost
isometric bundle E = T ∗V . We let ||| ||| be the corresponding norm on
Cc(V o Γ).
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Lemma 4.3

a) Let ω ∈ Mn. Then there exists a constant C < ∞ such that for any
f ∈ A = Cc(V o Γ) one has

∣
∣
∣
∣

∫

fω

∣
∣
∣
∣
≤ C‖f‖A

where ‖f‖A is the C∗-algebra norm of the reduced crossed product C0(V )
oΓ = A.

b) Let ω1, . . . , ωn ∈ M1. There exists a constant C < ∞ such that, for
any f1, . . . , fn ∈ A one has:

∣
∣
∣
∣

∫

ω1f1 ∧ ω2f2 ∧ . . . ∧ ωnfn

∣
∣
∣
∣
≤ CΠ |||fi||| .

Proof. a) Let A = C0(V )oΓ. For any f ∈ Cc(V oΓ) one has sup
x∈V,g∈Γ

|f(x, g)|

≤ ‖f‖A. To see this consider the representation of A in `2(Gx), Gx = {γ ∈
G, s(γ) = x} (G = V o Γ) given by (πx(f)ξ)(γ) =

∑

γ1γ2=γ

f(γ1) ξ(γ2). Now to

each γ ∈ Gx corresponds a unit vector εγ ∈ `2(Gx) and one has:

f(γ) = 〈πx(f) εx, εγ〉 .

Next ω is by construction a differential form of degree n, with compact
support, on V o Γ so that it defines a finite Radon measure on V × Γ. Thus
the conclusion follows from the equality:

∫

fω =
∑

Γ

∫

V

f(x, h) hω(xh, h−1) .

b) Let ϕ be the n-linear functional on M1 = ME given by:

ϕ(ω1, . . . , ωn) =

∫

ω1 ∧ . . . ∧ ωn .

Let us check conditions 1) 2) 3) of Theorem 3.7 of Section 3. Condition 1)
follows from Lemma 4.1, condition 2) from Lemma 4.3a). Thus applying
Theorem 3.7 and the tracial property (Lemma 3.2) we get the answer. •
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Let now Ω be the graded algebra of smooth differential forms with compact
support on V . One has Ωp = C∞

c (V,∧p T ∗
C
), and the differential d : Ωp →

Ωp+1 turns into a differential graded algebra. Moreover the linear functional
τ(ω) =

∫

V
ω is a closed graded trace of degree n on Ω.

We let Γ act on Ω by gω = ϕ∗ω, ϕ(y) = yg, ∀ y ∈ X. Since the action of Γ
preserves the structure of graded differential algebra of Ω and also the graded
trace τ , it follows that the algebraic crossed product Ω o Γ is also a graded
differential algebra with a closed graded trace of degree n. Let us describe it
in more details.

Any element ω of Ω o Γ is a finite sum: ω =
∑

g∈Γ

ωg Ug where ωg ∈ Ω, the Ug

being symbols. The algebraic rules are:

1) (
∑

ωg Ug) +
(∑

ω′
g Ug

)
= Σ (ωg + ω′

g)Ug

2) (
∑

ωg Ug) (
∑

ω′
k Uk) =

∑
ωg g(ω

′
k)Ugk.

(In other words Ug Uk = Ugk and Ug ω U
−1
g = g(ω).)

3) d (
∑

ωg Ug) =
∑

d ωg Ug

4)
∫

(
∑

ωg Ug) =
∫
ωe.

The equality d(ωg g(ω
′
k)) = (d ωg)g(ω

′
k) + (−1)∂ωg ωg g(dω

′
k) shows that d is a

graded derivation of Ω o Γ. One has
∫
ωω′ =

∑

g

∫
ωg g(ω

′
g−1) =

∑

g

∫
g(ωg−1)

ω′
g = (−1)∂ω∂ω

′
∫
ω′ω. Thus

∫
is a (closed) graded trace on Ω o Γ.

Hence it follows from [7] Prop. 1, that the following equality defines a cyclic
cocycle on the algebra C∞

c (V o Γ) = (Ω o Γ)0:

τ(f 0, . . . , fn) =

∫

f 0df 1df 2 . . . dfn .

(Note here that the right hand side is a sum of integrals of ordinary differential
forms on V , if fg is the restriction of f to V × {g} : fg(x) = f(x, g) one has:

τ(f 0, . . . , fn) =
∑

g0...gn=1

∫

f 0
g0 g0 d(f

1
g1) ∧ g0 g1 d(f

2
g2) ∧ . . . ∧ g0 . . . gn−1 d(f

n
gn

) .

We extend τ to C∞
c (Ṽ o Γ) (obtained by adjoining a unit) by τ(f 0 +λ01, . . . ,

fn +λn1) = τ(f 0, . . . , fn) and note that this corresponds to adjoining a unit
1 to Ω o Γ satisfying d1 = 0.
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We let B be the Banach algebra completion of C∞
c (V oΓ) for the norm ||| |||

of Theorem 3.7, and note that by Remark 3.8 i.e. the density of C∞
c (V o Γ)

in A = Cc(V o Γ), this Banach algebra is the same as that of Theorem 3.7.

Lemma 4.4 τ is an n-trace on the Banach algebra B.

Proof. We already know that on its domain: C∞
c (V o Γ), τ is a cyclic

cocycle, it remains to check that for any f 1, . . . , fn ∈ C∞
c (V oΓ), a1, . . . , an ∈

C∞
c (V o Γ) one has:

τ̂(f 1da1 . . . fndan) ≤ ca1...an |||f 1||| . . . |||fn||| .

Using the tracial property of
∫

this is exactly the content of Lemma 4.3b).
•

Let A be a C∗ algebra, A a subalgebra; we shall say that A is stable under
holomorphic functional calculus when for any q ∈ N, and x ∈Mq(Ã) one has
f(x) ∈ Mq(Ã) for any holomorphic function f on Sp (x).

Theorem 4.5 Let Γ be a discrete group acting by diffeomorphisms preser-
ving a Gp structure on the not necessarily compact manifold V . Let A be
the reduced crossed product C∗ algebra A = C0(V ) o Γ and let C be the
smallest subalgebra of A containing C∗

c (V oΓ) and stable under holomorphic
functional calculus.
There exists a unique (additive) map ϕ of Ki(A), i = dimV (2) to C such
that:

1) If n = dim V is even and e is an indempotent in Mq(C̃) one has

ϕ([e]) =

∫

e de . . . de

2) If n = dim V is odd and u ∈ GLq(C̃) then

ϕ([u]) =

∫

u−1 du du−1 . . . du .

Proof. First the Banach algebra B ⊂ A is stable under holomorphic func-
tional calculus by Proposition 3.5. Thus by Theorem 2.7 the multilinear
function τ on C∞

c (V × Γ) extends to an n-cyclic cocycle on C. Since the
inclusion C → A is an isomorphism for both K0 and π0 GL (cf. Theorem 2.7)
we get the conclusion. •
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Corollary 4.6 Let IV : C0(V ) → A = C0(V ) × Γ be the canonical ho-
momorphism. There exists an additive map ϕ : Ki(A) → C such that
ϕ(IV (x)) = 〈ch x, [V ]〉, ∀ x ∈ K∗(V ).

It shows in particular that if 〈ch x, [V ]〉 6= 0 then IV (x) is not a torsion
element of K∗(A).

Corollary 4.7 Let R be the C subalgebra of H∗(V,C) generated by Chern
characters of complex vector bundles on V which can be endowed with an
action of Γ preserving a hermitian metric. Then for any P ∈ R there exists
an additive map Ψ of Ki(A) to C such that:

Ψ(IV (x)) = 〈ch xP, [V ]〉 .

Proof. By the multiplicativity of the Chern character: ch(E1 ⊗ E2) =
chE1 chE2, we may assume that P = ch(E) for some Γ-equivariant hermitian
bundle E on V . The C0(V ) C∗-module C0(V,E) gifted with the natural
action of Γ and also of C0(V ) on the left, is an element ofKKΓ(C0(V ), C0(V ))
(cf. [27]). Let εE be the corresponding element of KK(C0(V )oΓ, C0(V )oΓ)
(cf. [27]) and [E] be the class of E in KK(C0(V ), C0(V )). Let us check that

[E] ⊗C0(V ) IV = IV ⊗A εE .

The left hand side is given by the (C0(V ), A) C∗-bimodule: C0(V,E)⊗C0(V )A,
and the right hand side by C0(V,E) o Γ. These are canonically isomorphic
so the answer follows:

Now with ϕ : Ki(A) → C given by Corollary 4.6, put:

Ψ(z) = ϕ(z ⊗A εE) ∀ z ∈ Ki(A) .

Then Ψ(IV (x)) = ϕ(IV (x) ⊗ εE) = ϕ(x ⊗ IV ⊗A εE) = ϕ((x ⊗ [E]) ⊗ IV ) =
ϕ(IV (x⊗ [E])) = 〈ch(x⊗ [E]), [V ]〉 = 〈ch x ch(E), [V ]〉 = ch x · P, [V ]〉. •

5 Reduction to the almost isometric case

In this section we shall put together two techniques:

1) The notion of stable kernel of a homomorphism of groupoids, due to
G. Mackey (see [30], [44] and [10]).
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2) The reduction to the maximal compact subgroup of a Lie group, due to
G.G. Kasparov (see [27]).

Our aim is to reduce a general action of discrete group Γ by orientation
preserving diffeomorphisms of a manifold V to the almost isometric case,
in so far as the problem of constructing the fundamental class of V/Γ is
concerned.
Let us first explain how to use 1). Let us assume to simplify that the tangent
bundle of V is trivial (we treat the general case below). Then the differential
of the action of Γ on V yields a 1-cocycle π(x, g) with values in the Lie group
GL(n, R)+. Indeed if π(x, g) is the matrix of the tangent map at xg of the
map y → yg−1 one checks that:

π(x, g) π(xg, h) = π(x, gh) ∀ x ∈ V, g, h ∈ Γ .

Then all the difficulty is that it is not possible, in general, to find an equivalent
cocycle with values in the maximal compact subgroup SO(n,R) of GL(n,R)+.
In fact, it is already impossible to do it, in general, even among measurable
cocycles (cf. [44]).

There is however a natural way to go around such an obstruction, which has
already been fully exploited for the modular automorphism group of Type
III factors (cf. [42], [16]). It amounts to replacing the groupoid V o Γ by a
new groupoid which is the inverse image, in the sense of virtual groups, of
the subgroup SO(n,R) ⊂ GL(n,R)+. By construction, this new groupoid is
again of the form W o Γ, where W is a Γ-manifold which is the total space
of a Γ-equivariant bundle with base B and fiber H: the symmetric space

H = GL(n,R)+/SO(n,R) .

The advantage of W is that it now possesses a Γ-invariant almost isometric
structure.

The use of 2) is to obtain a Thom map from the K theory of the crossed
product C0(V ) o Γ to the K theory of C0(W ) o Γ. This being said we
can now proceed and describe in purely geometric terms the construction of
the bundle W . This bundle depends functorially upon the tangent bundle
TV , thus we shall begin by the description of a functor Γ from real finite
dimensional vector spaces to Riemannian symmetric spaces.

Let first Hn = GL(n,R)+/SO(n,R), it is a homogeneous space which is the
product R × SL(n,R)/SO(n,R) through the map:

g → (Log det(g), det(g)−1/ng) .
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We endow it with the GL(n,R)+ left invariant metric which is the product
of the standard metric on R by the standard SL(n,R) left invariant metric
on SL(n,R)/SO(n,R).

In this way we get a Riemannian globally symmetric space which is:

a) Of non positive sectional curvature and contractible.

b) Equivariantly oriented for all n, and equivariantly Spin for n even.

We refer to [22] for a). To prove b) we have to check that the isotropy repre-
sentation of SO(n,R), λ : SO(n,R) → SO(q,R), q = dim SL(n,R)/SO(n,R),
lifts to Spin (q) for n even. Let n > 1, then π1(SO(n)) = Z/2 and we just have
to show that the non trivial element of π1(SO(n)) is sent to 0 ∈ π1(SO(q))
by λ. Let q = 2p (resp. 2p + 1), then, expressed in terms of the weights:
±µ1, . . . ,±µp of the standard representation of SO(q) (resp. ±µ1, . . . ,±µp,
0 for odd q), the weights of the Spin representation are:

1

2
(±µ1 ± µ2 ± . . .± µp) .

Thus it is enough to check that 1
2

p∑

1

µj, when pulled back to S1 via a homo-

morphism S1 ρ
→ SO(n) generating π1, composed with λ: SO(n) → SO(q),

gives a weight of S1. Let us take ρ as follows:

ρ(θ) =







cos θ sin θ
0

− sin θ cos θ
0 1






.

The non zero weights of the pull-back of ±µj to S1 give:

n = 2m, ±2 with multiplicity 1, ±1 with multiplicity 2 × (m−1)(m−2)
2

n = 2m+ 1, ±2 with multiplicity 1, ±1 with multiplicity 1 + 2 (m−1)(m−2)
2

.

Thus the conclusion.

Now let E be a finite dimensional oriented real vector space, let Γ(E) be the
space of Euclidean metrics on E, i.e. of positive definite quadratic forms on
E. Given a linear isomorphism ϕ : E → F set

(Γ(ϕ))(ξ) = q(ϕ−1ξ) ∀ ξ ∈ F, q ∈ Γ(E) .

Thus the space Γ(E) inherits all the GL(n,R)+ invariant structure of the
space Hn and we can state:
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Lemma 5.1

a) Γ is a functor from the category of oriented vector spaces and linear
isomorphisms to the category of oriented Riemannian manifold, with a
Spin structure in the even dimensional case.

b) Any two points P,Q of Γ(E) can be joined by a unique geodesic.

c) For any geodesic triangle A,B,C in Γ(E) with sides a, b, c one has
c2 ≥ a2 + b2 − 2ab cos < C.

See [22], [33] for the statements b) c).

Now let V be an oriented manifold, n its dimension. Then Γ(TV ) is a bundle
with base V and fiber p−1{x} = Γ(Tx(V )), ∀ x ∈ V . We let W be the total
space of this bundle, p the projection W → V .

Let q = dimHn = n(n+1)
2

, then dimW = q + n. Let us endow W with the
following Gq structure. We let F ⊂ TW be the subbundle of TW formed
by vertical vectors: Fx = Ker p∗. Since the fibers are Riemannian we have a
canonical Euclidean structure on F which is moreover canonically oriented
by the orientation of the fibers. At each point y of W the tangent map p∗ to
the projection p gives a natural isomorphism of Ty(W )/Fy with Tp(y)(V ). As
by definition of the fiber p−1{x} = Γ(Tx(V )), y is a Euclidean structure on
Tx(V ) it follows that the quotient bundle T (W )/F has a canonical Euclidean
structure.

Now we choose, for instance from any affine connection on V , a subbundle
N of TW , such that for every y ∈ W , Ny and Fy satisfy Ny ∩ Fy = {0},
Ny + Fy = Ty(W ).

Let us then endow W with the unique Riemannian metric such that

Ny = F+
y , ‖ξ‖ = ‖ξ‖F ξ ∈ Fy , ‖ξ‖ = ‖ξ‖T/F , ∀ ξ ∈ Ny .

Lemma 5.2 Let ϕ be an orientation preserving diffeomorphism of V and
ψ = Γ(ϕ) be given by ψ/p−1{x} = Γ(Tx(ϕ)), ∀ x ∈ V . (Here Tx(ϕ) :
Tx(V ) → Tϕ(x)(V ) is the tangent map to ϕ at x ∈ V .) Then ψ is a dif-

feomorphism of W whose tangent map at any point has the form:

[
g11 0
g21 g22

]

with g11 and g22 orthogonal and orientation preserving.
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Proof. By construction ψ maps the fiber p−1{x} to the fiber p−1(ϕ(x)) by the
orientation preserving isometry Γ(Tx(ϕ)), thus g12 = 0 and g11 is orthogonal
and orientation preserving. One has pψ(y) = ϕp(y), ∀ y ∈ W , thus for any
tangent vector X ∈ Ty(W ), y ∈ p−1{x} one has p∗ψ∗(X) = Tx(ϕ) p∗(X).

Let X ∈ Ny, ψ∗(X) = Y + Z with Y ∈ Nψ(y), Z ∈ Fψ(y). We have to check
that ‖Y ‖ = ‖X‖. We have:

‖Y ‖2 = ‖Y ‖2
T/F + ‖Y + Z‖2

T/F = ‖ψ∗(X)‖2
T/F

= ψ(y)(p∗ψ∗(X)) = ψ(y)(Tx(ϕ) p∗(X))

= (Γ(Tx(ϕ)) y)(Tx(ϕ) p∗(X)) = y(p∗(X)) = ‖X‖2 .

•

Thus if we started from a discrete group Γ acting by orientation preserving
diffeomorphisms of V we get a natural action of Γ on W which preserves
a Gq structure. Thus Theorem 4.5 shows that the fundamental class of
W/Γ yields a map of Ki(C0(W ) o Γ) to C (i = dimW modulo 2). Since
we can view “W/Γ” as the total space of a bundle over “V/Γ” with fiber
Hn = GL(n,R)+/SO(n,R) we shall now proceed to construct a Thom map:

β : Kj(C0(V ) o Γ) → Kj+q(C0(W ) o Γ)

(q = dimHn = n(n+1)
2

).

For this we shall assume that n is even (one obtains the general case by

crossing V by R on which Γ acts trivially). Then the fibers of W
p
→ V are

Spin contractible Riemannian manifolds of negative curvature, which by the
ideas of Mischenko [32] and Kasparov [26], [27] yields an element of the Γ
equivariant bivariant group KKΓ(C0(V ), C0(W )).

Let us describe carefully this element β0.

We let E ′ be the hermitian complex vector bundle on W associated to the
Spin representation of Spin (n) and to the Spin (n) vector bundle F = Ker p∗.
By construction E ′ is Γ-equivariant and the action of Γ is isometric. Moreover
E ′ is canonically Z/2 graded if q = n(n+1)

2
is even, i.e. if n is divisible by 4.

Let E = C0(W,E
′) be the C∗ module over C0(W ) formed of continuous

sections of E ′ vanishing at ∞. From the equivariance of E ′ we get an action
of Γ on E such that, for any g ∈ Γ:

g(ξf) = g(ξ) g(f) , ∀ ξ ∈ E , f ∈ C0(W )
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〈g(ξ1), g(ξ2)〉 = g〈ξ1, ξ2〉 ∀ ξ1, ξ2 ∈ E .

Moreover E is in a natural way a left C0(V ) module by

(fξ)(y) = f(p(y)) ξ(y) ∀ y ∈ W , f ∈ C0(V ) , ξ ∈ E .

One has g(fξ) = g(f) g(ξ), ∀ g ∈ Γ.

To get an element of KK i
Γ(C0(V ), C0(W )) it remains to define an endomor-

phism S of E such that: (cf. [27])

a) f(S2 − 1), f(S − S∗) are compact endomorphisms for any f ∈ C0(V ).

b) [S, f ] is a compact endomorphism for any f ∈ C0(V ).

c) f(S − Sg) is a compact endomorphism for any f ∈ C0(V ), g ∈ Γ.

To define S we make two auxiliary choices. First we choose a smooth section
s of the bundle Γ(T )

p
→ V , or in other words we choose a Riemannian metric

on V (of course not Γ invariant). Next we let, using Lemma 5.1b), σ be a
continuous section of the verticle bundle F such that:

There exists a closed subset K ⊂ W on which the projection p : K → V is
proper and outside which σ(y), y ∈ p−1{x}, is the unit tangent vector at y
defined by the geodesic joining (in the fiber) y to s ◦ p(y).

The equality (Sξ)(y) = C(σ(y)) ξ(y), where C is Clifford multiplication, then

defines an endomorphism of E , odd for the Z/2 grading if n(n+1)
2

is even.

Lemma 5.3 The pair (E , S) defines an element β0 of KKi
Γ(C0(V ), C0(W )),

i = n(n+1)
2

modulo 2.

Proof. By construction E is the C∗ module over C0(W ) corresponding to
the hermitian vector bundle E ′. Thus endomorphisms of E correspond to
continuous bounded sections of End E ′ and compact endomorphisms to those
continuous sections of End E ′ whose norm tends to 0 at ∞ in W . Let us
check conditions a) b) c).

a) To show that f(S2−1) is compact one may assume that f ∈ Cc(V ). Then
as K ∩ Support (f ◦ p) is compact and as S2 = 1 outside K we see that
f(S2−1) is a continuous section with compact support of End E ′. The same
applies to f(S − S∗), since S = S∗ outside K.

b) One has [f, S] = 0, ∀ f ∈ C0(V ).
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c) Let g ∈ Γ, then the endomorphism Sg = gSg−1 is given by:

(Sgξ)(y) = C(σg(y)) ξ(y) ∀ ξ ∈ E , y ∈ W

where σg(y) = gσ(yg)g−1, ∀ y ∈ W .

Let sg be the section of the bundle W = Γ(T )
p
→ V given by sg(x) = gs(xg),

then we can assert that for any y /∈ Kg−1, σg(y) is the unit tangent vector
at y (in the fiber) defined by the geodesic joining y to sg(p(y)).

Given f ∈ Cc(v), the distance d(s(x), sg(x)) (in the fiber) is bounded on the
support of f . Hence by Lemma 5.1c) we get that ‖σ − σg‖ as a function
on W restricted to Support (f ◦ p) tends to 0 at ∞. Thus f(S − Sg) is a
compact endomorphism of E . •

Lemma 5.4 Let IV (resp. IW ) be the canonical homomorphism of C0(V )
resp. C0(W )) in A = C0(V )×Γ (resp. A = C0(W )×Γ). Let β ∈ KK(A,A′)
be associated to β0 as in [27], and β1 be the restriction of β0 to be the trivial
subgroup {1} ⊂ Γ. Then:

IV ⊗A β = β1 ⊗C0(W ) IW in KK(C0(V ), A′) .

Here we consider IV (and IW ) as an element ofKK(C0(V ), A) (resp. KK(C0(W ), A′)).

Proof. Let us first describe the Kasparov bimodule E ′ = E × Γ (reduced
crossed product). As a C∗ module over A = C0(W )×Γ it is obtained exactly
as in Section 3 from the equivariant hermitian bundle E ′ = S(F ), i.e.:

1) E ′ is the completion of Cc(W ) o Γ, r∗(E ′) with

〈ξ, η〉(x, g) =
∑

h∈Γ

〈ξ(xh, h−1), η(xh, h−1g)〉

(ξf)(x, g) =
∑

h∈Γ

ξ(x, h) f(xh, h−1g) .

2) The left action of A = C0(V ) o Γ on E ′ is given, using the action of Γ on
E ′ by:

(fξ)(x, g) =
∑

h∈Γ

f(p(x), h) hξ(xh, h−1g) .

3) The endomorphism S ′ is given by

(fξ)(x, g) = c(σ(x)) ξ(x, g) .
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Note that now the action of Γ on E ′ no longer enters in any of the formulae 1)
2’) 3) and that the action of C0(V ) on E ′ commutes exactly with the operator
S ′.

Next IW , as an element of KK(C0(W ), A′) is described by the Kasparov
bimodule A′ with C0(W ) acting by left multiplication, and E ⊗C0(W ) A

′ is
canonically isomorphic to E ′ as a C∗ module over A′. As this isomorphism
is compatible with the left actions of C0(V ) (on E as in Lemma 5.3 and
on E ′ as in 2)’), they are isomorphic as (C0(V ), A′) bimodules. Finally as
S ⊗ 1 = S ′, where 1 is the identity endomorphism of A′ we see that the
Kasparov bimodule (E ′, S ′) over (C0(V ), A′) is isomorphic to (E , S)×C0(W )A

′

hence the equality of the Lemma. •

We shall now combine Lemma 5.4 with Corollary 4.6 to give a positive answer
to the problem that we posed in [11] p. 588. We take a fixed connected
component of V and consider the element [V0]

∗ of K∗(V ) = K∗(C0(V )) which
is the pushforward f !(1) of the trivial line bundle on a one point space {p}
by the map f , f(p) ∈ V0. More explicitly this element has support in a small
disk D ⊂ V , dimD = dimV and is the generator of K∗

c (D) which fits with
the orientation, i.e., the integral over D of its Chern character is equal to 1.
Let

IV : C0(V ) → A = C0(V ) o Γ and [V0/Γ]∗ = IV [V0]
∗ .

Theorem 5.5 Let Γ be a discrete group acting by orientation preserving
diffeomorphisms of the (not necessarily compact) manifold V of dimension
n. Let i ∈ {0, 1} be equal to n modulo 2, then Ki(C0(V ) o Γ), the K theory
of the reduced crossed product C∗ algebra, always contains a non-trivial copy
of Z: the elements k [V0/Γ]∗, k ∈ Z where V0 is any connected component of
V .

Proof. Replacing V by V × R, where Γ acts trivially on R we may assume
that n is even. Then if s : V → W is any continuous section of W

p
→ V , it

is K-oriented by the Spin structure of the fibers and one has β1 = s! in the
sense of [11]. Let f be a map from the one point space {p} to V0, and W0

the connected component of W above V0. As s ◦ f maps p to W0 one has (cf.
[15]):

[W0]
∗ = (s ◦ f)! (1) = [V0]

∗ ⊗ β1 .

Thus by Lemma 5.4:

IW ([W0]
∗) = [V0]

∗ ⊗ β1 ⊗ IW = [V0]
∗ ⊗ IV ⊗ β = [V0/Γ]∗ ⊗ β .

42



Hence it is enough to show that kIW ([Wi]
∗) 6= 0, ∀ k 6= 0, which follows from

Corollary 4.6 and Lemma 5.2. •

Theorem 5.6 Let Γ be a discrete group acting by orientation preserving
diffeomorphisms of the not necessarily compact manifold V . Let P (pi) be a
polynomial with complex coefficients, in the Pontrjagin classes pi of V . Then
there exists an additive map of Ki(C0(V )oΓ) (i = dimV (2)) to C such that:

ϕ(I(x)) = 〈ch x · P (pi), [V ]〉 ∀ x ∈ Ki(V ) .

Proof. By Lemma 5.2 the real vector bundle TW/F over W is naturally
Γ-equivariant with a Γ-invariant Euclidean structure. By Corollary 4.7 and
Lemma 5.2 there exists for any polynomial Q in the Pontrjagin classes of
TW/F an additive map ϕ of Kj(C0(W ) o Γ) = Kj(A

′) to C (j = dimW )
such that:

ϕ(IW (y)) = 〈ch y Q(pi), [W ]〉 ∀ y ∈ Kj(W ) .

Now TW/F is the pull back by p : W → V of TV so that

ϕ(IW (y)) = 〈ch y p∗Q(pi(V )), [W ]〉 .

From Lemma 5.4 there exists an additive map Ψ : K(A) → C (namely
Ψ(z) = ϕ(z ⊗A β)) such that

Ψ(IV (x)) = 〈ch (x⊗C0(V ) β1) p
∗Q(pi(V )), [W ]〉

for any x ∈ K0(V ).

Now topologically the bundle W
p
→ V is homeomorphic to the vector bundle

obtained from TV (with structure group SO(n,R), n even) using the isotropy
representation fo SO(n,R) in GL+(n,R)/SO(n,R). In particular since n
is even this bundle is a Spin bundle and one has the Thom isomorphism:
K0(V ) → Kj(W ) given by z ∈ K0(V ) → z ⊗C0(V ) β1.

Since this bundle is oriented one also has the Thom isomorphism in coho-
mology t : H∗

c (V ) → H∗
c (W ) and hence:

Ψ(IV (x)) = 〈t−1 ch (x⊗C0(V ) β1)Q(pi(V )), [V ]〉 ∀ x ∈ K0(V ) .
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Thus by [1] there exists a polynomial T (pi) in the Pontrjagin classes of the
above bundle and hence of V , with leading term 1 such that, for any x ∈
K0(V ):

t−1 ch (x⊗C0(V ) β1) = ch x T (pi) .

Since T is invertible in H∗(V,C) we can choose Q such that QT = P hence
the general result.

Corollary 5.7 Let V be a compact oriented 4k dimensional manifold with
some non zero Pontrjagin number. Then for any discrete group Γ of diffeo-
morphisms of V the unit 1A of A = C(V ) o Γ is a non torsion element of
K0(A).

(Note that Γ necessarily preserves the orientation).

The corollary is obtained from Theorem 5.6 by taking for x the class of the
trivial line bundle on V .

It applies for instance to any countable group of diffeomorphisms of P2(C).

Note that it is not true in general that if Γ is a countable group of homeo-
morphisms of a compact space X the unit 1A of A = C(X) o Γ is non trivial
in K0(A). It is true if Γ is an amenable discrete group (then to an invariant
probability measure on X corresponds a trace τ on A with τ(1) = 1), but
fails for an obvious action of the free product Z2 ∗ Z3 on the Cantor space,
cf. [17].

In Section 6 we shall prove:

Proposition. Let Γ be a cocompact torsion free discrete subgroup of
PSL(2,R). Let it act on P1(R) in the obvious way, then the unit 1A,
A = C(P1) o Γ, is a torsion element of K0(A).

The next theorem shows that the situation is completely different for arbi-
trary countable subgroups of PSL(2,C). (See Corollary 5.9.)

Theorem 5.8 Let Γ be a discrete group of orientation preserving diffeomor-
phisms of the not necessarily compact manifold V . Let P be an element of
the subring of H∗(V,C) generated by the Chern classes of the Γ-equivariant
complex vector bundles on V (not necessarily hermitian equivariant).
Then there exists an additive map of K(C0(V ) o Γ to C such that

ϕ(I(x)) = 〈ch x · P, [V ]〉 ∀ x ∈ KdimV (V ) .
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Proof. Let E1, . . . , Ek be Γ-equivariant bundles on V , E = ⊗Ei their sum.
Tensoring each Ei by a suitable trivial line bundle which is Γ-equivariant one
may assume that for each i the bundle ∧dimEi(Ei) has a Γ-invariant hermitian
metric ‖ ‖. Now for each x, let P (Ex) be the space of hermitian metric on
the fiber Ex which are such that:

a) The subspaces Ei
x are pairwise orthogonal.

b) For any i and any orthonormal basis eij of Ei one has

‖ei1 ∧ . . . ∧ e
i
dim(Ei)‖ = 1 .

By construction P (Ex) is a product of Riemannian symmetric spaces of the
form SL(n,C)/SU(n), thus it inherits a canonical structure of Spin Rie-
mannian manifold simply connected with non positive sectional curvature.
(Here SU(n) is simply connected so the existence of an invariant Spin struc-
ture is automatic.) Thus exactly as above we get a natural element β of
KKΓ(C0(V ), C0(X)) where X is the total space of P (E), whose restriction
to {e} ⊂ Γ is the Thom isomorphism : K∗(V ) → K∗(X).

Now by construction the pull back toX of any of the Γ-equivariant bundles E i

has a Γ-invariant hermitian metric. Using a suitable element of KK(C0(X)o
Γ, C0(X) o Γ) it follows (as in Corollary 4.7) that using Theorem 5.6, there
exists for any product ch (Ei1) . . . ch (Eik) = ch (Ei1 ⊗ . . . ⊗ Eik) of Chern
characters of the Ei’s an additive map Ψ : K(C0(X)) o Γ → C with:

Ψ(IX(y)) = 〈ch y q∗(Π ch (Eiq)), [X]〉 ∀ y ∈ K∗(X) .

As in Theorem 5.6 we get a map ϕ : K(C0(V ) o Γ) → C such that for any
x ∈ K∗(V ):

ϕ(IV (x)) = 〈ch (Thom (x)) q∗(Π (ch (Eiq)), [X]〉 .

Let t be the Thom isomorphism in cohomology, then t−1ch (Thom (x)) =
ch xQ where Q is an invertible element of the subring of H∗(V,C) gene-
rated by the ch (Ei). Using linear combination of the maps ϕ’s one gets the
conclusion. •

Corollary 5.9 Let Γ be any countable subgroup of PSL(n+ 1,C) acting on
Pn(C). Then the canonical homomorphism of C(Pn(C)) to A = C(Pn(C))oΓ
is an injection in K-theory. In particular 1A is a non torsion element in
K0(A).
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6 Pairing of the fundamental class of V/Γ with

the geometric group K∗(V,Γ)

In our joint work with P. Baum ([3]) we defined, for any discrete group Γ
acting by diffeomorphisms on a manifold V , a geometric group K∗(V,Γ) and
a map:

µ : K∗(V,Γ) → K∗(C0(V ) × Γ) .

We shall first show the usefulness of such a map in proving the vanishing of
certain elements of K∗(C0(V )×Γ). Then we shall put together the results of
Section 5 with those of [15], [3] to compute 〈µ(x), [V/Γ]〉 for any x ∈ K∗(V,Γ).

For simplicity let us assume that Γ is torsion free and describe the features
of K∗(V,Γ) which are relevant here.

Let EΓ
π
→ BΓ be the universal principal Γ-bundle over the classifying space

BΓ of Γ. Let VΓ = V ×Γ EΓ, where Γ acts on the right on V and on the
left on EΓ. This space VΓ is known as the homotopy quotient of V by Γ, it
is unique up to homotopy and is the total space of the bundle over BΓ with
fiber V .

Any Γ-equivariant bundle F on V is still Γ-equivariant on V ×EΓ and hence
drops down to a bundle on VΓ. This applies in particular to the tangent
bundle TV of V yielding a bundle τ on VΓ. At a formal level the geometric
group K∗(V,Γ) is defined as follows: ([3]).

Definition 6.1 K∗(V,Γ) is the K homology of the pair (Bτ, Sτ) of the unit
ball, unit sphere bundle of τ over VΓ.

Since VΓ = V ×Γ EΓ is not in general a finite simplicial complex we have
to be precise regarding the definition of K homology for arbitrary simplicial
complexes X. We take K∗(X) = lim

−→
K∗(Y ) where Y runs through compact

subsets of X. In other words we choose K homology with compact supports
in the sense of [38] Axiom 11 p. 203.

LetHε
∗(VΓ,Q) be the ordinary singular homology of the pair (Bτ, Sτ) over VΓ,

and with coefficients in Q. Since it is also a theory with compact supports,
the Chern character

ch : K∗(V,Γ) → Hε
∗(VΓ,Q)

is a rational isomorphism.
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Since we are interested mainly in the case of orientation preserving diffeo-
morphisms, let us assume that V is oriented and that Γ preserves this orien-
tation. Then the bundle τ over VΓ = V ×Γ EΓ is still oriented and letting U
be the orientation class of τ on VΓ, we can use the Thom isomorphism ([38]
Theorem 10, p. 259):

Φ : Hτ
q+n(VΓ,Q) → Hq(VΓ,Q) (n = dim τ = dimV )

(where Φ(z) = p∗(U ∩ z), ∀ z ∈ Hq+n((Bτ, Sτ),Q) and where p is the projec-
tion from Bτ to the base VΓ).

Thus Φ ◦ ch is a rational isomorphism:

Φ ◦ ch : K∗(V,Γ) → H∗(VΓ,Q) .

To construct the map µ : K∗(V,Γ) → K∗(C0(V ) o Γ) requires a better
understanding of the K homology of an arbitrary pair (here the pair Bτ, Sτ
over VΓ), this follows from:

Proposition 6.2

a) Let M be a Spinc manifold with boundary, assume that M is compact,
then one has a Poincaré duality isomorphism:

K∗(M) ' K∗(M, ∂M) .

b) Let (X,A) be a topological pair, and x ∈ K∗(X,A). Then there exists
a compact (Spinc) manifold with boundary (M, ∂M), a continuous map
f : (M, ∂M) → (X,A) and an element y of K∗(M, ∂M) with f∗(y) = x.

The Chern character is then uniquely characterized by the properties:

1) f∗ ch(y) = ch(f∗(y)).

2) If M is a compact Spinc manifold with boundary, and z ∈ K∗(M, ∂M) is
the image of y ∈ K∗(M) under Poincaré duality, one has:

ch z = (ch y · Td(M)) ∩ [M, ∂M ] .

(Here Td(M) is the characteristic class associated to the Spinc structure of
M as in [2].)
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Now let (N,F, g) be a triple where N is a compact manifold without bound-
ary, F ∈ K∗(N), g is a continuous map from N to VΓ = V ×Γ EΓ, which
is K-oriented, i.e., such that the bundle TN ⊕ g∗τ is gifted with a Spinc

structure. To such a triple corresponds an element of K∗(Bτ, Sτ) as fol-
lows. Let B, S be the unit ball, unit sphere bundle of g∗τ on N , then
B is a Spinc manifold with boundary so that the Poincaré duality isomor-
phism assigns a class y ∈ K∗(B, S) to the pull back of F to B. Then put
[(N,F, g)] = g∗(y) ∈ K∗(Bτ, Sτ). For convenience any triple (N,F, g) as
above will be called a K-cycle.

Proposition 6.3

a) Any element of K∗(V,Γ) = K∗(Bτ, Sτ) is of the form [(N,F, g)] for
some K cycle (N,F, g).

b) Let (N,F, g) be a K cycle, N ′ be a compact manifold and f : N ′ → N
a continuous map which is K-oriented: i.e. TN ′⊕ f ∗ TN is gifted with
a Spinc structure, then, for any F ′ ∈ K∗(N ′) with f!(F

′) = F one has:

[(N ′, F ′, g ◦ f)] = [(N,F, g)] in K∗(Bτ, Sτ) .

Here f ! : K∗(N ′) → K∗(N) is the pushforward map in K theory (cf. [2]).

Proof. a) By Proposition 6.2b) there exist a compact Spinc manifold with
boundary (M, ∂M), an element y of K∗(M, ∂M) and a continuous map f :
(M, ∂M) → (Bτ, Sτ) with x = f∗(y). By transversality one may assume
that the inverse image in M of the 0 section of τ is a sub-manifold N of M
with normal bundle ν the restriction of f ∗(τ) to N . Since the boundary of
M maps to Sτ , the manifold N is closed without boundary. Let g be the
restriction of f to N then g is a continuous map from N to VΓ and the bundle
TN ⊕ g∗τ = TN ⊕ ν is gifted with a Spinc structure. Let B be the unit ball
bundle B

p
→ N of the bundle ν = g∗τ . Then since p∗ : K∗(N) → K∗(B) is

an isomorphism the answer follows from Proposition 6.2a).

b) Let (B, S), (B′, S ′) be the unit ball, unit sphere bundle of g∗τ and f ∗g∗τ
over N and N ′, and f̃ : (B′, S ′) → (B, S) the natural extension of f . One
has f̃ !(p′∗(F ′)) = p∗(F ), thus the conclusion follows since f̃ ! is Poincaré dual
to f̃∗ : K∗(B

′, S ′) → K∗(B, S). •

If we translate the Chern character Φ ◦ ch in terms of K-cycles we get:
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Proposition 6.4 Let (N,F, g) be a K cycle, then Φ ◦ ch([N,F, g)] =
g∗(chF · Td(TN ⊕ g∗τ) ∩ [N ]) ∈ H∗(VΓ,Q).

Note that we assumed that τ was oriented, hence N is oriented since the
bundle TN ⊕ g∗τ is Spinc hence oriented.

The proof of the proposition is straightforward.

Let us now give another description of K cycles using the equality VΓ =
V ×ΓEΓ. Thus on VΓ one has a principal Γ bundle: V ×EΓ with projection
p. For x ∈ V , t ∈ EΓ one has (x, t)g = (xg, g−1t), ∀g ∈ Γ. Given a K
cycle (N,F, g) one can pull back to N the principal Γ-bundle of VΓ. One

gets in this way a Γ principal bundle Ñ
q
→ N over N and a continuous map

g̃ : Ñ → V × EΓ which is Γ-equivariant. Since EΓ is contractible we need
only retain the continuous Γ-equivariant map:

h = prV ◦ g̃ : Ñ → V .

Thus we see that we can equivalently describe a K-cycle by a Γ-principal
bundle Ñ

q
→ N , an element F of K∗(N), a Γ-invariant Spinc structure on

the bundle TÑ ⊕ h∗ TV . We do not have to assume that N is compact, but
we do assume that F is an element of K theory with compact support. Let
us describe µ(N,F, h) for such a K-cycle.

By construction h : Ñ → V is a K-oriented map, thus by [15] one can
associate to h a Kasparov bimodule (E , F ) over (C0(Ñ), C0(V )). Since h is
Γ equivariant and the action of Γ on Ñ is proper it is not difficult to turn
this Kasparov bimodule in a Γ-equivariant one.

Let us describe this element h! of KKΓ(C0(Ñ), C0(V )). The action of Γ on
Ñ × V , given by (x, y)g = (xg, yg), ∀ x ∈ Ñ , y ∈ V , g ∈ Γ, is proper.
Moreover one can assume that h is smooth. As Graph (h) ⊂ Ñ × V is a Γ-
invariant submanifold there exist a Γ-invariant neighbourhood M of Graph
(h) in Ñ × V and a Γ equivariant isomorphism X of the bundle (M, p),
p(x, y) = x, over Ñ with the bundle h∗(TV ).

Thus X(x, y) ∈ Th(x)(V ), ∀(x, y) ∈ M and one has:

X(xg, yg) = g−1X(x, y) ∀(x, y) ∈M , g ∈ Γ .

Now let us endow the bundles T Ñ and h∗ TV over Ñ with Γ invariant Eu-
clidean structures. Let then S be the Γ-equivariant hermitian bundle of
Spinors associated to the Γ-invariant Spinc structure of T Ñ ⊕ h∗ TV .
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For each y ∈ V , let Ωy = {x ∈ Ñ , (x, y) ∈M}. One has:

Ωyg = (Ωy) g ∀ y ∈ V , g ∈ Γ .

Let Hy = L2(Ωy, S) be the Hilbert space of L2 sections of the restriction of
S to Ωy. Since S is Γ-equivariant, each g ∈ Γ defines an isometry ξ → g(ξ)
of Hyg on Hy given by:

g(ξ)(x) = g(ξ(x, g)) ∀ x ∈ Ωy .

Finally, as in [11], [15], we can define on each Ωy a symbol of order 0, σy(x, ξ),
where ξ ∈ Tx(Ñ), ‖ξ‖ = 1, trivial at ∞ in each Ωy, by the equality:

σy(x, ξ) = Cliff (m(x, y) ξ + n(x, y)X(x, y))

where:

1) Cliff means Clifford multiplication: Sx → Sx by the vector in Tx Ñ ⊕
Th(x)(V ).

2)m(x, y) and n(x, y) are positive scalars depending only upon ‖X(x, y)‖ = ρ
and such that:

a) m2 + n2ρ2 = 1

b) If ρ ≤ 1 then m = 1, n = 0

c) If ρ ≥ 2 then m = 0.

It follows that m(xg, yg) = m(x, y), n(xg, yg) = n(x, y), and that the trans-
formed (σy)

g of σy by g ∈ Γ is equal to σyg. Using the Γ-invariant Riemannian
metric on N we have a Γ equivariant manner to replace each σy by a bounded
pseudodifferential operator of order 0, Fy, on L2(Ωy, S), with σy as principal
symbol.

Thus g−1Fy g = Fyg with obvious notations.

Let C0(Ñ) act in each Hy by left multiplication. Then the C∗ module E
over V associated to the continuous field of Hilbert spaces (Hy)y∈V is a Γ-
equivariant bimodule, and with the endomorphism F defined by the family
(Fy)y∈V it yields the desired element of KKΓ(C0(Ñ), C0(V )), noted h!.

We did not worry about the Z/2 gradings but it clearly depends on the mod
2 dimension of T Ñ ⊕ h∗(TV ).
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Note also that F is exactly Γ invariant.

Before we state the definition and first properties of the map µ let us recall
that for any Γ-principal bundle such as Ñ on N one has a natural Morita
equivalence C0(Ñ) o Γ ' C0(N) ([36]).

Lemma 6.5

a) There exists an additive map µ of K∗(V,Γ) to K∗(C0(V ) o Γ) such
that for any K-cycle (N, Ñ, F, h) as above µ(N,F, h) = F ⊗ h!, where
F ∈ K∗(C0(N)) is viewed as an element of K(C0(Ñ o Γ)) through the
Morita equivalence and h! as an element of KK(C0(Ñ)×Γ, C0(V )oΓ).

b) If h : Ñ → V is a submersion, then h! ∈ KKΓ(C0(Ñ), C0(V )) coincides
with the equivariant family of Dirac operators along the fibers of h.

We refer to [15], [3]. The proof is just an equivariant form of [15]. We shall
now work out the simplest possible case, i.e. we take N = V , Ñ = V × Γ
and the Γ equivariant map h : Ñ → V is given by: h(x, g) = xg ∈ V ,
(x, g) ∈ V × Γ. (Here Ñ is the trivial Γ principal bundle, the right action of
Γ is given by (x, g)g′ = (x, gg′).)

Lemma 6.6 Let F ∈ K∗
c (V ), and consider the K-cycle (N,F, h) where h :

Ñ = V × Γ → V is the above map. Then µ(N,F, h) is equal to I∗(F ) where
I is the inclusion C0(V ) → C0(V ) o Γ.

Proof. Here we have a natural cross section V
j
→ Ñ = V × Γ given by x→

(x, e), e being the unit of Γ, so that the Morita equivalence: K∗(C0(ÑoΓ)) '
K∗(C0(V )) is simply given by the homomorphism ρ : C0(V ) → C0(Ñ) o Γ
equal to j∗ : C0(V ) → C0(Ñ) composed with IÑ : C0(Ñ) → C0(Ñ)oΓ. Thus
it is enough to check that IV = ρ⊗C0(Ñ)oΓ h! in KK(C0(V ), C0(V ) o Γ).

Let E be the Kasparov bimodule given by the continuous field of Hilbert
spaces Hx = `2(h−1{x}), x ∈ V over V on which C0(Ñ) acts in the obvious
way. Then Γ acts naturally on E so that E is an element of KKΓ(C0(Ñ),
C0(V )) and h! as an element of KK(C0(Ñ) o Γ, C0(V ) o Γ) is just E o Γ.
It is obvious that the composition with ρ : C0(V ) → C0(Ñ) o Γ yields the
Kasparov bimodule IV (i.e. A = C0(V ) o Γ as a C∗ module over A with
C0(V ) ⊂ A acting by left multiplication). •

With this we are ready to prove:

51



Theorem 6.7 Let V be a compact oriented manifold on which Γ acts by
orientation preserving diffeomorphisms. Assume that in the induced fibration
over BΓ with fiber V : V ×Γ EΓ → BΓ the fundamental class [V ] of the fiber
becomes 0 in Hn(V ×ΓEΓ,Q). Then the unit of the C∗ algebra A = C(V )oΓ
is a torsion element of K0(A).

Proof. By [15], [3] we know that the map µ : K∗(V,Γ) → K∗(C(V ) o Γ)
is well defined. Thus it is enough to find x ∈ K∗(V,Γ) with µ(x) = 1A and
ch x = 0 (since the Chern character is a rational isomorphism (see above)).
Now Lemma 6.6 shows that µ(x) = 1A where x is the following K cycle
(V, 1V , g) where 1V stands for the trivial line bundle on V , g is the map
from V to VΓ given by g(x) = (s × t0)/Γ for some t0 ∈ EΓ, and where
the K orientation of the bundle TV ⊕ TV comes from its natural complex
structure. By Proposition 6.4 the Chern character of this K-cycle is equal
to g∗(Td(TC(V ) ∩ [V ]). Let τ be the bundle on VΓ associated to TV , since
the restriction of τ to any fiber coincides with TV , we see that the Chern
character of x is given by Td(τC) g∗[V ] and hence is equal to 0. •

Corollary 6.8 Let Γ ⊂ PSL(2,R) be a torsion free cocompact discrete sub-
group. Let Γ acts on V = P1(R) in the obvious way, then in the C∗ algebra
A = C(V ) × Γ the unit 1A is a torsion element of K0(A).

Proof. Let H = {z ∈ C, Im z > 0} be the Poincaré space, and M = H/Γ
be the quotient Riemann surface. Let us identify H to EΓ since it is a
contractible space on which Γ acts freely and properly. Then as in [31] p. 313
we can identify the induced bundle VΓ = P1(R) ×Γ EΓ = P1(R) ×Γ H over
BΓ = M to the unit sphere bundle of M , called η. It follows that the Euler
class e(η) of η is equal to 2− 2g times the generator of H2(M,Z). Applying
this with the Gysin sequence of the tangent vector bundle TM : (cf. [31]
p. 143)

H0(M,Z)
Ue
−→ H2(M,Z)

π∗

→ H2(η,Z) → . . .

shows that π∗([M ]∗) is a torsion element of H2(η,Z), where π : η → M is
the projection and [M ]∗ is the generator of H2(M,Z). But η is an oriented
manifold and the homology class of the fiber: [P1(R)] is Poincaré dual to
π∗([M ]) and hence is also a torsion element so that ch x = 0. •

We shall now state the main result of this paper, whose proof will occupy
the end of this section.
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Theorem 6.9 Let Γ be a discrete group acting by orientation preserving
diffeomorphisms of the not necessarily compact manifold V . Let R be the C-
subalgebra of H∗(VΓ,C) generated by the Chern classes of equivariant bundles
on V . Then for any P ∈ R there exists an additive map ϕ of K(A) to C,
A = C0(V ) o Γ, such that

ϕ(µ(x)) = 〈Φ ◦ ch(x)), P 〉 ∀ x ∈ K∗(V,Γ) .

Here Φ ◦ ch is the Chern character: K∗(V,Γ) → H∗(VΓ,Q) and P being an
element of H∗(VΓ,C) the pairing is well defined.

We shall first show that we may assume, to prove Theorem 6.9, that the
action of Γ on V is almost isometric. With the notations of Section 5, the
Γ equivariant map p : W → V turns WΓ = W ×Γ EΓ into a bundle over
VΓ = V ×Γ EΓ, with fiber Hn = GL(n,R)+/SO(n,R). Let f : VΓ → WΓ be a
continuous cross section of this bundle and identify it topologically with the
real vector bundle ρ(τ) where ρ is the isotropy representation of SO(n,R) in
Hn. Assume n even (otherwise replace V by V × R with trivial action of Γ
on R). Then ρ(τ) is a Spin real vector bundle.

Lemma 6.10

a) The map θ which to each K-cycle (N,F, g) for V assigns the K cycle
(N,F, f ◦ g) for W is an isomorphism of K∗(V,Γ) with K∗(W,Γ).

b) With the notations of a) one has

ΦW ◦ ch(θ(x)) = f∗((ΦV ch(x))Td ρ(τV )) ∀ x ∈ K∗(V,Γ) .

c) Let β ∈ KK(C0(V ) o Γ, C0(W ) o Γ) be as in Section 5, then

µ(θ(x)) = µ(x) ⊗A β ∀ x ∈ K∗(V,Γ) .

Proof. a) Let τW be the real vector bundle on W/Γ associated to the (Γ-
equivariant) tangent bundle TW . By construction one has f ∗(τW ) = τV ⊕
ρ(τV ) and f : VΓ →WΓ is a homotopy equivalence. As ρ(τV ) is a Spin vector
bundle, one has a Thom isomorphism:

K∗,τV ⊕ρ(τV )(VΓ) ' K∗,τV (VΓ)

53



(where for any real vector bundle E on a topological space X we put K∗,E(X)
= K∗(BE, SE), the relative theory of the pair: unit ball, unit sphere bundle
of E).

Thus one has a natural isomorphism: K∗,τW (WΓ) ' K∗,τV (VΓ). To each K
cycle (N,F, g) for V corresponds the K cycle (N,F, f ◦ g) where the Spinc

structure on TN ⊕ (f ◦ g)∗τW = TN ⊕ g∗τV ⊕ g∗ρ(τV ) comes from the Spinc

structure on TN ⊕ g∗τV and the Spin structure on g∗ρ(τV ).

b) With the notations of a) using Proposition 6.4 one has:

ΦW ch(θ(x)) = (f ◦ g)∗(chF · Td(TN ⊕ g∗τV ⊕ g∗ρ(τV )))

= (f ◦ g)∗((chF · Td(TN ⊕ g∗τV )) g∗ Td ρ(τV ))

= f∗((ΦV ch(x))Td ρ(τV )) .

c) Let us take the notations of Lemma 6.5. Thus (N,F, g) is a K cycle

Ñ
q
→ N is a Γ principal bundle and h : Ñ → V is a Γ-equivariant smooth

map. Now h lifts to an equivariant map hW : Ñ →W such that p ◦ hW = h.
This can be seen using f : VΓ →WΓ or be proven by a direct argument. The
new triple (Ñ , F, hW ) now describes the K cycle θ(Ñ , F, h). Now p : W → V
is a Γ equivariant submersion, with Γ invariant metric and Spin structure
along the fibers, so that the family of Dirac operators along the fibers defines
an element p! of KKΓ(C0(W ), C0(V )). The argument of [15] shows that,
with the notations of Lemma 6.5:

h! = hW ! ⊗C0(W ) p! in KKΓ(C0(Ñ), C0(V )) .

Thus the conclusion: h! ⊗ β0 = hW ! follows from the equality

p! ⊗ β0 = id in KKΓ(C0(W ), C0(W )) .

This last equality follows from [27].

Now given an action of Γ on a manifold V , we let R0 ⊂ H∗(V,C) be the
subalgebra of R generated by the Chern characters of those Γ-equivariant
bundles on V which can be endowed with a Γ-invariant hermitian metric.

Lemma 6.11 To prove Theorem 6.9 one can assume:

a) that the action of Γ on V is almost isometric,

b) that P ∈ R0 ⊂ R.
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Proof. Let us assume that Theorem 6.9 is proven under the hypothesis a)
b) and prove it when P belongs to the subalgebra of R generated by R0 and

the Pontrjagin classes of τ . Let W
p
→ V be as above, and pΓ : WΓ → VΓ be

the corresponding fibration. Then since p∗(TV ) can be endowed with a Γ
invariant Euclidean metric, it follows that p∗Γ(P ) ∈ RW

0 ⊂ H∗(WR,C). Let
Q ∈ RW

0 be such that p∗Γ(P ) = (Td p∗Γ ρ(τV ))Q. Then by hypothesis there
exists an additive map Ψ of K∗(Cp(W ) o Γ) to C such that:

Ψ(µ(y)) = 〈ΦW ◦ ch(y), Q〉 ∀ y ∈ K∗(W,Γ) .

Define ϕ : K∗(C0(V ) o Γ) → C by ϕ(z) = Ψ(z ⊗A β). Then by Lemma 6.10
one has, for any x ∈ K∗(V,Γ):

ϕ(µ(x)) = Ψ(µ(x) = Ψ(µ(θ(x)))

= 〈ΦW ch(θ(x)), Q〉 = 〈f∗((ΦV ◦ ch x)Td ρ(τV ), Q〉

= 〈ΦV ◦ ch x, P 〉 .

Thus Theorem 6.9 is now known for any action of Γ on V and any P ∈ R0.
To treat the general case one applies the same idea as in Theorem 5.8 with
an appropriate variant of Lemma 6.10. •

To prove Theorem 6.9 under hypothesis a) b) we shall need another variation
on Lemma 6.10. We take the trivial bundle over V with fiber Rm, m even,
and make it equivariant in the obvious way. Thus the total space U of this
bundle is U = V × Rm, the projection U → V is prV : (x, ξ) → x and the
action of Γ is given by (x, ξ)g = (xg, ξ), ∀ (x, ξ) ∈ U , g ∈ Γ. The map
f : V → U , f(x) = (x, 0) is Γ equivariant, with prV as a Γ equivariant left
inverse, and both are equivariantly K oriented. Also UΓ = VΓ × Rm and
C0(U) o Γ = (C0(V ) o Γ) ⊗ C0(Rm). We let b ∈ K0(C0(Rm)) be the Bott
element, then:

Lemma 6.12

a) The map ρ which to each K-cycle (N,F, g) for V assigns the K-cycle
(N,F, f ◦ g) for U is an isomorphism of K∗(V,Γ) with K∗(U,Γ).

b) With the notations of a) one has:

ΦU ch(ρ(x)) = f∗(ΦV ch x) ∀ x ∈ K∗(V,Γ) .
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c) Let x ∈ K∗(V,Γ), then µ(ρ(x)) = µ(x) ⊗ b.

The proof is much easier than that of Lemma 6.10 and is omitted. For each
even integer m we let Um = V × Rm, bm ∈ K0(C0(Rm)) be as above, and
ϕm : K0(C0(Um) o Γ) → C be the unique additive map (we take n = dimV
even) determined by Theorem 4.5.

Lemma 6.13

a) For any even m and z ∈ K0(C0(V ) o Γ) one has:

ϕm(z ⊗ bm) = ϕ0(z) .

b) Let x = (N,F, g) be a K-cycle for Um with g : Ñ → Um etale, and
TÑ ⊕ g∗ TV K-oriented in the obvious way. Then

ϕm(µ(x)) = 〈chF, [N ]〉 .

Proof. a) Let Sm be the m sphere and Γ act on V ×Sm by (x, s)g = (xg, s),
∀ x ∈ V , s ∈ Sm. Let Ψm : K0(C0(V×Sm)oΓ) → C be given by Theorem 4.5.
It is enough to show that for any complex vector bundle E on Sm and any
z ∈ K0(C0(V ) o Γ) one has Ψm(z⊗E) = ϕ0(z)〈chE, S

m〉. We can represent
E by an idempotent e ∈ Mq(C

∞(Sm)) for some q <∞. Let C ⊂ C0(V )oΓ be
the smallest subalgebra containing Cc(V o Γ) and stable under holomorphic
functional calculus, one can assume that z is represented by the difference
z = [f ] − [f0] where f ∈ Mk(C̃) is an idempotent and f0 ∈ Mk(C) ⊂ Mk(C̃)
is equal to f modulo Mk(C).

Then z ⊗ E is presented by the pair of idempotents (f ⊗ e + f0 ⊗ (1 −

e), f0 ⊗ 1) of Mkq( ˜C ⊗ C∞(Sm)). Now let C ′ ⊂ C0(V × Sm) o Γ be the
smallest subalgebra containing Cc(V ×SmoΓ) and stable under holomorphic
functional calculus. One has C⊗1 ⊂ C ′ hence the algebraic tensor product C⊗
C∞(Sm) is contained in C ′. Moreover the canonical cyclic cocycle on C ′, given
by Theorem 4.5, τ ′ when restricted to this algebraic tensor product is the cup
product τ # τ ′′ of the canonical cyclic cocycle τ on C by the fundamental class
τ ′′ of Sm. (See [] for the cup product.) This is clear on C∞

c (V oΓ)⊗C∞(Sm)
and follows in general from the construction of τ and τ ′ of Section 2.
Now Ψm(z ⊗ E) = τ # τ ′′((f − f0) ⊗ e, . . . , (f − f0) ⊗ e) is easy to compute
using the same argument as in [7] and yields:

τ(f − f0, . . . , f − f0) τ
′′(e, . . . , e) .
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b) Replacing V by Um one may as well assume that m = 0.

By Lemma 6.5 one has µ(N,F, π) = [F ]⊗[M ]⊗[π′], where [M ] ∈ KK(C0(N), C0(Ñ)o
Γ) is the class of the C0(N), C0(Ñ) o Γ bimodule of Morita equivalence: M
and π! is as in Lemma 6.5b). As the fibers of π are 0-dimensional both π!
and [M ] ⊗ [π!] are easy to describe. [M ] ⊗ [π!] ∈ KK(C0(N), C0(V ) o Γ) is
described by the following C0(N), C0(V ) o Γ bimodule E .

First note that C∞
c (Ñ) is in a natural way a C∞

c (N), C∞
c (V o Γ) bimodule

with

(ξf)(x) =
∑

Γ

ξ(xg) f(π(xg), g−1) ∀ ξ ∈ C∞
c (N), f ∈ C∞

c (V o Γ)

(hξ)(x) = h(x/Γ) ξ(x) ∀ h ∈ C∞
c (N), ξ ∈ C∞

c (Ñ) .

Moreover one has a C∞
c (V o Γ) valued sesquilinear form given by:

〈ξ, η〉(y, g) =
∑

π(x)=y

ξ̄(x) η(x, g) .

Completion with respect to the norm ‖ξ‖2 = ‖〈ξ, ξ〉‖C0(V )oΓ yields the desired
bimodule E .

Note that, as a C∗ module over C0(V ) o Γ, E corresponds, in the sense of
[11] Section 7, to the Γ-equivariant field of Hilbert spaces Hx = `2(π−1{x}),
x ∈ V . Since the map π is etale, the fibers are 0-dimensional and there is
an obvious Γ-invariant connection on this field of Hilbert spaces. Using it we
shall now compute the cyclic cocycle τ1 on C∞

c (V o Γ) of Section 4 and the
bimodule C∞

c (Ñ) as in [7].

With the notations of Section 4, let Ω o Γ be the crossed product of the
de Rham complex: C∞

c (V ) → Ω1 → . . . → Ωn by Γ and
∫

: Ωn × Γ → C
the canonical trace. A connection ∇ on C∞

c (Ñ) is given a linear map ∇ :
C∞
c (Ñ) → C∞

c (Ñ) ⊗C∞

c (VoΓ) (Ω1 o Γ) which satisfies the Leibnitz rule:

∇(ξf) = (∇ξ)f + ξ ⊗ df ∀ ξ ∈ C∞
c (N), f ∈ C∞

c (V o Γ) .

Let C∞
c (Ñ) → Ω̃1 → . . . → Ω̃n be the de Rham complex on Ñ . It is a right

module over Ω o Γ with, for ω ∈ Ω̃, α
∑
αg Ug ∈ Ω o Γ:

ωα =
∑

Γ

g(ω) ρ∗g(αg−1)
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where ρg(x) = π(xg), ∀ x ∈ Ñ , g ∈ Γ.

Moreover there is a natural isomorphism of the induced module: C∞
c (Ñ)

⊗C∞

c (V oΓ)(Ω o Γ) with the above module Ω̃, given by

I(ξ ⊗ α) = ξα ∀ ξ ∈ C∞
c (Ñ), α ∈ Ω o Γ .

The equality ∇ω = dω, ∀ω ∈ Ω̃ defines a connection, whose curvature ∇2

is equal to 0. It follows that the cycle on C∞
c (N) yielding τ1 is very simple

to describe: 1) any f ∈ C∞
c (N) defines an endomorphism f̃ of degree 0 of

Ω̃, the multiplication by f ◦ q where q : Ñ → N is the projection. 2) For
any f , ∇f̃ − f̃∇ is the multiplication by df ◦ q. To determine τ1(f

0, . . . , fn),
f i ∈ C∞

c (N) one has to compute:

∫

f̃ 0(∇f 1 − f 1∇) . . . (∇f̃n − f̃n∇) .

As the computation is local over N , and is easily done in the case N = V ,
Ñ = V × Γ (cf. [7]) one gets

τ1(f0, . . . , f
n) =

∫

N

f 0df 1 ∧ . . . ∧ dfn .

Finally one has ϕ0(µ(N,F, π)) = ϕ0([F ] ⊗ [E ]) = 〈τ1, [F ]〉 = 〈chF, [N ]〉. •

Putting together Lemmas 6.12 and 6.13 we get:

Lemma 6.14 With the notations of Lemma 6.13 one has:

ϕ0(µ(x)) = 〈Φ ch x, Td−1(τV ⊕ τV )〉 ∀ x ∈ K∗(V,Γ) .

Proof. Let (M, M̃, E, h) be a K-cycle in the class x, where M̃ is a Γ covering
of the compact manifold M , E ∈ K(M), and h a γ-equivariant smooth map
of M̃ to V , as above. Let then j : M → Rm be an auxiliary imbedding
of M in an even dimensional Euclidean space. Then with the notations
of Lemma 6.12, the class ρ(x) contains the K cycle (M, M̃, E, h′) where
h′(x) = (h(x), j(x/Γ)), ∀ x ∈ M̃ . This map h′ is an immersion of M̃ to
U = V ×Rm so that its graph is transverse to the projection pU : M̃×U → U .
As the action of Γ on M̃×U is proper there exists an equivariant smooth map
k from the total space of the normal bundle of h′ to M̃×U such that pU ◦k is
etale. Since the normal bundle of h′ is K oriented by hypothesis, one can find
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in the class ρ(x) a K-cycle (N, Ñ, F, π) with π etale, using Proposition 6.3b).
Now by Lemma 6.13b):

ϕm(µ(ρ(x))) = 〈chF, [N ]〉 = 〈ΦU ch ρ(x), T d−1(τU ⊕ τU)〉

since by Proposition 6.4 one has Φ ch(ρ(x)) = (πΓ)∗(chF Td(TCN) ∩ [N ]).
By Lemma 6.12b) one gets:

ϕm(µ(ρ(x))) = 〈ΦV ch x, Td−1(τV ⊕ τV )〉 .

As µ(ρ(x)) = µ(x)⊗ b (Lemma 6.12c)) and ϕm(µ(x)⊗ b) = ϕ0(µ(x)) one has
ϕ0(µ(x)) = 〈ΦV ch x, Td−1(τv ⊕ τv)〉. •

Lemma 6.15 Let E be a Γ-invariant bundle on V which can be endowed
with a Γ-invariant hermitian metric.

a) There exists a map mE : K∗(V,Γ) → K∗(V,Γ) such that mE((N,F, g))
= (N,F ⊗ g∗E, g) for any K-cycle (N,F, g).

b) One has Φ ◦ ch(mE(x)) = Φ ◦ ch(x) · chE, ∀ x ∈ K∗(V,Γ).

c) Let εE ∈ KK(C0(V ) o Γ, C0(V ) o Γ) be as in Corollary 4.7, then:

µ(mE(x)) = µ(x) ⊗ εE ∀ x ∈ K∗(V,Γ) .

Proof. a) and b) are immediate. Note that E is viewed as a bundle on VΓ

in both cases. The proof of c) is the same as in Corollary 4.7. •

Proof of Theorem 6.9. By Lemma 6.11 we can assume that the action of
Γ on V is almost isometric and that P ∈ R0. Putting together Lemmas 6.14
and 6.15, we can find for any Q ∈ R0 an additive map from K(C0(V ) o Γ)
to C such that

Ψ(µ(x)) = 〈Φ ch x, Td−1(τV )Q〉 ∀ x ∈ K∗(V,Γ) .

Thus taking Q = Td (τV ⊕ τV )P yields the answer. •
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7 Cyclic cohomology and Gel’fand-Fuchs co-

homology

Our aim in this section is to improve the result of Section 6, namely The-
orem 6.9, by enlarging the ring R ⊂ H∗(VΓ,C). The new ring R̃ will now
contain besides the Pontrjagin classes of τ , all the higher characteristic classes
of Gel’fand Fuchs (cf. [18]). More precisely, let n = dim V , then to the ac-
tion of the discrete group Γ on V corresponds a groupoid homomorphism π
from V o Γ to the groupoid ΓV (cf. [21] Chapter III, Example 2) of germs
of diffeomorphisms of V . To the pair (x, g) ∈ V × Γ it assigns the germ at
xg ∈ V of the diffeomorphism y → yg−1 of V . Let then Bπ be the cor-
responding map of classifying spaces; Bπ : VΓ → BΓV . By [21] Theorem 4.4
the differentiable cohomology H∗

d(ΓV ,R) is isomorphic to the Gel’fand Fuchs
cohomology H∗

d(An, On) = H∗(WOn) (cf. [18]). Thus (Bπ)∗ yields a map
from H∗(WOn) to H∗(VΓ,R) and our aim is to show that we can enlarge R
by the range of this map. Using the technique of Section 6 together with the
existence of Γ-invariant differential forms on higher frame bundles over V
the general result is easy to obtain. Since we want to have explicit formulae
on C∞

c (V o Γ) we shall spend most of this section with a specific example,
namely the Godbillon-Vey class GV ∈ H3(WO1). We shall associate to it a
2-trace on the C∗ algebra A = C(S1) o Γ where Γ is a discrete group acting
by diffeomorphisms of S1.

The following lemma has useful generalizations in different directions, we
shall discuss this point in a remark at the end of this section.

Lemma 7.1 Let V be an n-dimensional oriented manifold, G a Lie group
acting smoothly on V by orientation preserving diffeomorphisms. Let ω be
a k-cocycle on G with coefficients in the G-module of n-forms on V : ω ∈
Zk(G,Ωn

V ), such that ω(g1, . . . , gk) = 0 if one of the gq is 1 or if g1, . . . , gk =
1. Let ν = dg be a right Haar measure on G. The following equality defines
a cyclic k-cocycle on the algebra C∞

c (V oG):

τ(f 0, . . . , fk) =

∫

f 0(γ0) . . . f
k(γk)ω(g1, . . . , gk)(x) dg1 . . . dgk .

We have used the following notations: the elements γ0, . . . , γk of the groupoid
V oG are uniquely determined for x ∈ V , g1, . . . , gk ∈ G by: γ0γ1 . . . γk = x,

60



h(γj) = gj where h : V oG→ G is the homomorphism given by the second
projection.

Proof. Let us first check that τ is a Hochschild cocycle: bτ = 0. With
obvious notations one has for j = 0, 1, . . . , k:

τ(f 0, . . . , f jjj+1, . . . , fk+1)

=

∫

f 0(γ0) . . . f
k+1(γk+1)ω(g1, . . . , gj gj+1, . . . , gk+1)(x)dg1 . . . dgk+1 .

Similarly:

τ(f k+1f 0, f 1, . . . , fk)

=

∫

fk+1(γk+1) f
0(γ0) . . . f

k(γk)ω(g1, . . . , gk)(xg
−1
k+1) dg1 . . . dgk+1 .

Thus since ω is a k-cocycle we get bτ = 0. (Note that G acts on the
right on Ωn

V by ωg = ϕ∗
g ω where ϕg(x) = xg−1, ∀ x ∈ V , g ∈ G.) Next,

since ω(g1, . . . , gk) = 0 if g1 . . . gk = 1 it follows using the cocycle prop-
erty that ω(g1, . . . , gk) = (−1)k ω(g0, . . . , gk−1) gk for any g0, . . . , gk ∈ G with
g0g1 . . . gk = 1. The same computation yields:

τ(f 1, . . . , fk, f 0) = (−1)k τ(f 0, . . . , fk) .

•

We shall now apply Lemma 7.1 when V = S1 and ω is the 2-cocycle on Γ
with values in Ω1

V given by the following formula:

ω(g1, g2) = d`(g1g2) `(g2) − `(g1g2) d`(g2) ∀ g1, g2 ∈ Γ

where for g ∈ Γ, `(g) ∈ C∞(S1) is the logarithm of the Jacobian of the
diffeomorphism associated to g:

`(g) = Log

(
d(xg−1)

dx

)

.

This formula is simply a normalized form of the 2-cocycle of Thurston ([44])
as shown by the next lemma.

Lemma 7.2
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a) `(g1g2) = `(g1) g2 + `(g2), ∀ g1, g2 ∈ Γ.

b) ω(g2, g3) − ω(g1g2, g3) + ω(g1, g2g3) − ω(g1, g2) g3 = 0, ∀ g1, g2, g3 ∈ Γ.

c) ω(g1, g2) = 0 if g1 = 1 or g2 = 1 or g1g2 = 1.

d) ω is cohomologous to 2c where c(g1, g2) = ((d`(g1) g2) `(g2), ∀ g1, g2 ∈ Γ.

Proof. a) Follows from the chain rule.

b) By a) both ` and d` are 1-cocycles with values in Ω0
V and Ω1

V respectively,
their cup product is given by c and hence is a Hochschild cocycle, thus b)
will follow from d).

c) One has `(1) = 0.

d) Let ρ(g) = c(g−1, g) ∈ Ω1
V , ∀ g ∈ Γ. Let us compute (bρ)(g1, g2) = ρ(g2)−

ρ(g1g2)+ρ(g1) g2. One has ρ(g) = −`(g) d`(g) thus one gets: −`(g2) d`(g2)+
`(g1g2) d`(g1g2)−(`(g1) g2)(d`(g1) g2) = `(g1) g2 d`(g2)+`(g2)(d`(g1) g2). Thus
since ω(g1, g2) = −`(g1) g2 d`(g2) + `(g2)(d`(g1) g2) we get ω + bρ = 2c. •

By Lemma 7.1 we can associate to the cocycle ω a cyclic cocycle τ on C∞
c (S1o

Γ):

τ(f 0, f 1, f 2) =
∑

∫

f 0(γ0) f
1(γ1) f

2(γ2)ω(g1, g2) .

More explicitly, with f j =
∑
f jg Ug this gives:

τ(f 0, f 1, f 2) =
∑

g0g1g2=1

∫

S1

f 0
g0(x) f

1
g1(xg0) f

2
g2(xg0g1)ω(g1, g2)(x) .

Theorem 7.3

1) The densely defined cyclic cocycle τ is a 2-trace on the C∗ algebra A =
C(S1) o Γ (reduced crossed product).

2) For any x ∈ K∗(S1,Γ) (the geometric group of Section 6) one has
〈µ(x), τ〉 = 〈Φ ch x, (Bπ)∗GV〉, where GV ∈ H3(WO1) is the Godbillon-
Vey class, and π : S1 o Γ → ΓS1 the natural homomorphism.

It follows from 2) and [19] that the map: K0(A) → C determined by τ is non
trivial when Γ is the fundamental group Γ = π1(M) of a Riemann surface,
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acting on P1(R) as a discrete cocompact subgroup of PSL(2,R). We shall
now begin the proof of this theorem.

For the definition of `(g) we used a 1-form on S1, we call it dx, and note
that it is of course not canonically given by the smooth manifold S1 and in
particular not Γ invariant in general. We let ϕ be the state on A which is
associated to this 1-form, thus,

ϕ
(∑

fg Ug

)

=

∫

S1

f1(x) dx .

The modular automorphism group σϕt of ϕ leaves A invariant and the cor-
responding unbounded derivation Dϕ of A is given by:

a) Dϕ(f) = 0 ∀ f ∈ C∞(S1) b) Dϕ(Ug) = Ug `(g) ∀ g ∈ Γ .

Let τ1 be the 1-trace on A constructed in Section 1, i.e., one has

τ1(f
0, f 1) =

∑

g0g1=1

∫

S1

f 0
g0

(xg−1
0 ) df 1

g1
(x)

where
f j =

∑

f jg Ug ∈ C∞
c (S1 o Γ) .

In general τ1 is not invariant under the modular automorphism group σϕt ,
more precisely:

Lemma 7.4

a) There exists a one trace τ̇1 on A such that, on C∞
c (S1 o Γ),

τ̇1(f
0, f 1) = lim

ε→0

1

iε
(τ1(σ

ϕ
ε (f 0), σϕε (f 1)) − τ1(f

0, f 1)) .

b τ̇1 is the one trace on A associated to the 1-cocycle of Γ with coefficients
in Ω1

S1 , given by g → d`(g).

Proof. For any f 0, f 1 ∈ C∞
c (S1 o Γ) one has

lim
ε→0

1

iε
(τ1(σ

ϕ
ε (f 0), σϕε (f 1)) − τ1(f

0, f 1))

= τ1(Dϕ f
0, f 1) + τ1(f

0, Dϕ f
1)

=
∑

g0g1=1

∫

S1

(f 0
g0

(xg−1
0 ) `g0(x) df

1
g1

(x) + f 0
g0

(xg−1
0 ) df 1

g1
(x) `g1(xg1)

+ f 0
g0

(xg−1
0 ) f 1

g1
(x) d`g1(xg1)) .
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As `g0(x)+`g1(xg1) = (`g0+(`g1) g0)(x) = 0, the first two terms in the integral
cancel and we get:

∑

g0g1=1

∫

S1

f 0
g0

(xg−1
0 ) f 1

g1
(x) d`g1(xg1) = τ̇1(f

0, f 1) .

Changing x to xg0, yields the following equality:

τ̇1(f
0, f 1) =

∑

g0g1=1

∫

S1

f 0
g0(x) f

1
g1(xg0) d`g1(x) =

∑
∫

f 0(γ0) f
1(γ1) d`(g1) .

Using Lemma 7.1 this defines a cyclic 1-cocycle on C∞
c (S1 o Γ) and one

checks that for f 1 ∈ C∞
c (S1 o Γ), the linear functional L, f 0 → τ̇1(f

0, f 1)
is continuous on A (it is of the form L(f 0) =

∫
f 0dµ(x) where µ is a finite

Radon measure on S1 o Γ). Thus τ̇1 is a 1-trace. •

What is surprising is that the second derivative τ̈1 of τ1 with respect to σϕt ,
at t = 0, does vanish.

Lemma 7.5 One has τ̈1 = 0.

Proof. As above, for any f 0, f 1 ∈ C∞
c (S1 o Γ) one has:

τ̈1(f
0, f 1) = τ̇1(Dϕ f

0, f 1) + τ̇1(f
0, Dϕ f

1)

=
∑

g0g1=1

∫

S1

f 0
g0(x) `g0(xg0) f

1
g1(xg0) d`g1(x)

+
∑

g0g1=1

∫

S1

f 0
g0

(x) f 1
g1

(xg0) `g1(x) d`g1(x) .

As `g0(xg0) + `g1(x) = 0 when g0g1 = 1 we get the conclusion. •

Thus τ̇1 is a 1-trace on A which is invariant under the one parameter group
of automorphisms σϕt , this allows us to define a 2-trace on A by a formula
which (cf. [7]) is an extension to the non commutative framework of the
contraction iXC of a closed current by a vector field X such that ∂XC = 0.

Lemma 7.6
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a) Let τ0 be a 1-trace on a C∗ algebra A, invariant under a one parameter
group of automorphisms with generator D, with DomD∩Dom τ0 dense
in A. Then the following equality defines a 2-trace τ = iD τ0 on A:

τ(x0, x1, x2) = τ0(D(x2) x0, x1) − τ0(x
0D(x1), x2) .

b) With the notations of Theorem 7.3, one has:

τ = iDϕ
(τ̇1) .

Proof. a) Let us check that on DomD∩Dom τ0, τ is a cyclic 2-cocycle. One
has:

τ(x1, x2, x0) = τ0(D(x0) x1, x2) − τ0(x
1D(x2), x0)

= τ0(D(x0x1), x2) − τ0(x
0D(x1), x2)

+ τ0(D(x2) x0, x1) + τ0(x
0x1, D(x2))

= τ(x0, x1, x2)

since τ0(D(a), b) + τ0(a,D(b)) = 0. Next, τ is a Hochschild cocycle, in fact
as a map from A×A to A∗,A = DomD ∩ Dom τ it is given by:

c(x1, x2) = δ(x1)D(x2) −D(x1) δ(x2)

where δ : A → A∗ is the derivation given by τ0.

Now let us show that for any a1, a2 ∈ A there exists C < ∞ such that
|τ̂(x1da1 x2da2)| ≤ C ‖x1‖A ‖x

2‖A, ∀ xj ∈ A. One has

τ̂ (x1da1 x2da2) = τ(x1, a1x2, a2) − τ(x1a1, x2, a2)

= τ0(D(a2) x1, a1x2) − τ0(x
1D(a1x2), a2)

− τ0(D(a2) x1a1, x2) + τ0(x
1a1D(x2), a2)

= τ0(x
2D(a2) x1, a1) − τ0(x

1D(a1) x2, a2)

which can easily be estimated since τ0 is a 1-trace.
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b) Let f 0, f 1, f 2 ∈ C∞
c (S1 o Γ), one has, with τ ′ = iDϕ

(τ̇1);

τ ′(f 0, f 1, f 2) = τ̇1(Dϕ(f
2) f 0, f 1) − τ̇1(f

0Dϕ(f
1), f 2)

=
∑

g0g1g2=1

∫

S1

(Dϕ(f
2))g2(x) f

0
g0

(xg2) f
1
g1

(xg−1
1 ) d`g1(x)

−
∑

g0g1g2=1

∫

S1

f 0
g0(x)(Dϕf

1
g1)(xg0) f

2
g2(xg

−1
2 ) d`g2(x)

=
∑

g0g1g2=1

∫

S1

f 0
g0

(x) f 1
g1

(xg0) f
2
g2

(xg0g1)(`(g2)(x) d`(g1)(xg
−1
2 )

− `(g1)(xg0g1) d`g2(x))

=
∑

∫

f 0(γ0) f
1(γ1) f

2(γ2)ω
′(g1, g2)

where ω′(g1, g2) = `(g2)(d`(g1) g2) − (`(g1) g2) d`(g2) = 2ω(g1, g2). •

Thus we have proven that τ is a 2-trace on A and also that it is obtained
in a canonical manner from the 1-trace τ1 (given by the fundamental class
of S1/Γ) and the modular automorphism group σϕt . Let us now pass to the
proof of b) in Theorem 7.3.

Let J+
k be the bundle of positive frames of order k on the oriented manifold

S1 (cf. [21] I.8). By definition a positive frame of order k at y ∈ S1 is the jet
or order k, jk0 (f), at 0 ∈ R of a local orientation preserving diffeomorphism
f of a neighborhood of 0 in R to a neighborhood of y = f(0). Let us write
S1 = R/Z with y the corresponding coordinate. Then natural coordinates
in J+

k are (y, y1, . . . , yk), y ∈ R/Z, y1 > 0, yk′ ∈ R, k′ = 2, . . . , k. To such a
point one associates the jet:

f(t) = y + ty1 + t2y2 + . . .+ tkyk , t ∈ R .

By construction J+
k is a principal Gk bundle over S1, where Gk is the Lie

group of k jets of orientation preserving diffeomorphisms of R which fix 0 ∈ R.
For any f ∈ J+

k , g ∈ Gk, the product fg is just the composition of the jets.

We shall deal only with k = 1, 2 in which case G1 is the multiplicative
group R∗

+ and G2 the group of lower triangular unimodular two by two real
matrices with positive diagonal elements. We let ρ : G2 → G1 be the cano-
nical homomorphism (any 2-jet yields a 1-jet) and H its kernel. Any g ∈ H
has the form

g(t) = t + bt2 ∀ t ∈ R .
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By construction Diff+(S1) acts on J+
k by composition: f → ϕ ◦ f and this

action commutes with the right action of Gk. Our starting point will be the
following fact:

Lemma 7.7 ([18] [5]) The 3-form α = 2
3
dy∧dy1∧dy2 on J∗

2 (S1) is invariant
under the action of Diff+.

Let Ak be the C∗ algebra crossed product of C1(J
+
k ) by Γ. Then α is a Γ-

invariant Radon measure on J+
2 and hence yields a trace τ2 on A2, which is

semi finite and lower semi continuous. One has C∞
c (J+

2 o Γ) ⊂ Dom τ2 and

τ2

(∑

fg Ug

)

=

∫

f1 α .

We let ϕ2 : K0(A2) → C be the map given by the trace τ2. Let m ∈
KKΓ(C0(J

+
2 ) oG2, C(S1)) be the canonical Morita equivalence between the

C∗ algebra C0(J
+
2 ) oG2 and C(S1) (cf. [36]). It yields an isomorphism:

m0 : K0(A2 oG2) → K0(A) .

Let Φ2 : K0(A2) → K0(A2 o G2) be the Thom isomorphism ([9]) and ϕ :
K0(A) → C the additive map:

ϕ(x) = ϕ2 Φ−1
2 m−1

0 (x) ∀ x ∈ K0(A) .

(We have chosen an orientation on G2 and hence J+
2 .)

Lemma 7.8 For any element x ∈ K∗(S1,Γ) one has:

ϕ(ν(x)) = 〈Φ ch (x), (Bπ)∗ GV〉 .

Proof. Let J+
2Γ

= J+
2 ×Γ EΓ, p2 the projection of J+

2 on S1, (p2)Γ the
corresponding projection of J+

2,Γ, on S1
Γ. One obtains in this way a principal

G2 bundle over S1
Γ and since G2 is contractible one can choose a continuous

section f : S1
Γ → J+

2,Γ. As in Lemma 6.10 there exists a map θ from K∗(S1,Γ)

to K∗(J+
2 ,Γ) such that, for any x ∈ K∗(S1,Γ) one has:

a) ΦJ ch(θ(x)) = f∗ ΦS1(ch(x)).

b) µ(θ(x)) = Φ−1
2 m−1

0 (µ(x)).

Now the Γ-invariant 3-form α on J+
2 determines an element [α] of the coho-

mology group: H3(J+
2,Γ,R), as is easily seen using singular cohomology, i.e.
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defining a singular 3-cocycle on J+
2,Γ by integration of α over any singular

3-chain. This is possible using the Γ invariance of α.

By remark 7.16 we get:

ϕ2(µ(y)) = 〈ΦJ ch(y), [α]〉 ∀ y ∈ K∗(J+
2 ,Γ) .

Thus using a) b) we just have to check now that f ∗[α] = (Bπ)∗ GV, or
equivalently that p∗Γ(Bπ)∗ GV = [α]. This is a simple geometric fact which
could be used as a definition of GV, let us only sketch its proof, assuming to
simplify that EΓ is a manifold. Then the pull back by pΓ of the foliation of
S1

Γ = S1 ×Γ EΓ whose leaves are the {x} ×Γ EΓ, x ∈ S1, is the foliation of
J+

2,ΓEΓ. The result then follows using [19] from the equalities

dω = β ∧ ω , α = dβ ∧ β ,

where β = 2 y2
y2
1

dy − dy1
y1

. •

To end the proof of Theorem 7.3 we shall show that

(∗) ϕ(x) = 〈x, τ〉 ∀ x ∈ K0(A) .

The solvable group G2 is the semi-direct product HoG1 of H = Ker ρ by the
group G1 = R∗

+, so that the Thom isomorphism Φ2 : K0(A2) → K0(A2 oG2)
is the composition of the two Thom isomorphisms Φ′′ : K0(A2) → K1(A2oH)
and Φ′ : K1(A2 oH) → K0((A2 oH) oG1).

Since J+
2 is a Γ-equivariant principal G bundle over J+

1 , the Morita equi-
valence (C0(J

+
2 )oΓ)oH ' C0(J

+
1 )oΓ yields an isomorphism m1 : K1(A2 o

H) → K1(A1). Let Φ1 be the Thom isomorphism Φ1 : K1(A1) → K0(A1oG1)
and m2 : K0(A1 o G1) → K0(A) the isomorphism obtained by Morita equi-
valence.

Lemma 7.9 m0 Φ2 = m2 Φ1m1 Φ′′.

Proof. One checks that m0 Φ′ = m2 Φ1 m1, the result then follows from the
equality Φ2 = Φ′ ◦ Φ′′. •

To prove (∗) we shall construct a 1-trace τ3 on A1 such that

(α) 〈τ3, m1Φ
′′(x)〉 = 〈τ2, x〉, ∀ x ∈ K0(A2).

(β) 〈τ,m2 Φ1(y)〉 = 〈τ3, y〉, ∀ y ∈ K1(A1).
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Since the 3-form α is invariant under the action of H on J+
2 (one has

(y, y1, y2) gb = (y, y1, y2 + by1), for gb ∈ H, gb(t) = t + bt2) the dual weight
τ̂2 of τ2 on A2 o H is a trace and the equality τ ′3(x

0, x1) = τ̂2(x
0DH(x1)),

xj ∈ C∞
c (H,Dom τ2) where DH is the derivation of A2 o H which gen-

erates the dual action, determines a 1-trace on A2 o H. By [9] one has:
〈τ ′3,Φ

′′(x)〉 = 〈τ2, x〉, ∀ x ∈ K0(A2). We define τ3 as the 1-trace on A1 asso-
ciated by Lemma 7.1 to the 1-cocycle ω ∈ Z1(Γ,Ω2

J+

1

) given by:

ω(g) = d`(g) ∧
dy1

y1
.

Lemma 7.10 〈τ3, m1(z)〉 = 〈τ ′3, z〉, ∀ z ∈ K1(A1 oH).

Proof. Let G be the Lie group Γ × H and consider the following two G
spaces:

1) J+
2 with the natural right action of Γ ×H.

2) J+
1 ×R with the right action of Γ×H given by the product of the natural

right action of Γ on J+
1 and the action by translation of H on R.

One has A2 oH = C0(J
+
2 )oG and the 1-trace τ ′3 is given, using Lemma 7.1,

by the following 1-cocycle of G with values in Ω3
J+

2

:

ω′(g, b) = bα ∈ Ω3
J+

2

∀ (g, b) ∈ Γ ×H .

For any (y, y1, y2) ∈ J+
2 , (g, b) ∈ G one has:

(y, y1, y2)(g, b) =

(

yg, y1v1, (y2 + by1) v1 +
1

τ
y2

1 v2

)

where v1 = dy g
dy

, v2 = d2yg
dy2

.

For any (y, y1) ∈ J+
1 , t ∈ R, and (g, b) ∈ G one has:

((y, y1), t)(g, b) = ((yg, y1v1), t+ b) .

For any (y, y1) ∈ J+
1 , g ∈ Γ, put v((y, y1) g) = 1

2
y1

v2
v1

where v1 = dy g
dy

,

v2 = d2yg
(dy)2

. Then the following formula defines a groupoid isomorphism θ of

(J+
1 × R) ×G on J+

2 ×G:

θ(((y, y1), t), (g, b)) = ((y, y1, ty1), (g, b− v(y, y1, g))) .

69



Since the transverse function ν on (J+
1 × R) oG given by the Haar measure

on G is mapped under θ to the transverse function ν ′ on J+
2 o G given

by the same Haar measure on G, the trace τ ′′3 on C0(J
+
1 × R) × G which

corresponds to τ ′3 under θ is associated by Lemma 7.1 to the following 1-
cocycle ω′′ ∈ Z1(G,Ω3

J+

1
×R

):

ω′′(g, b) = (b + v(y, y1, g
−1))

2

y2
1

dy ∧ dy1 ∧ dt .

Of course C0(J
+
1 ×R) oG = (C0(J

+
1 ) o Γ)⊗ (C0(R) oH) = A1 ⊗ k, where k

is the elementary C∗ algebra of compact operators. The Morita equivalence
isomorphism: K1(A) ' K1(A1 ⊗ k) is given by any homomorphism h : A1 →
A1⊗k of the form: h(x) = x⊗e, with e a minimal idempotent of k. Choosing
e ∈ C∞

c (R ×H), let us check that τ ′′3 ◦ h = τ3, which will complete the proof
of Lemma 7.10.

Since
∫
e(γ0) e(γ1) bdb dt = 0, where γ0, γ1 ∈ R o H the groupoid coming

from the action of H on R, and γ0 = (γ1)−1, one gets

τ ′′3 ◦ h(f 0, f 1) =
∑

∫

(f 0 ⊗ e)(γ0)(f 1 ⊗ e)(γ1)ω′′(g1, b1)

=
∑

∫

(f 0 ⊗ e)(γ0)(f 1 ⊗ e)(γ1) v(y, y1, g
−1
1 )

2

y2
1

dy ∧ dy1 ∧ dt ∧ db1

where γ0, γ1 ∈ (J+
1 ×R)×G, γ1 = (γ0)−1 and (y, y1, t) = r(γ0) = s(γ1). One

has v(y, y1, g
−1
1 ) 2

y2
1

dy ∧ dy1 ∧ dt ∧ db1 = d`(g1) ∧
dy1
y1

∧ dt ∧ db1 and writing

(J+
1 × R) oG as a product: (j+

1 o Γ) × (R oH) the last integral gives:
(
∑

∫

f 0(γ0) f 1(γ1) d`(g1) ∧
dy1

y1

)

× Trace (e2) .

As Trace (e2) = Trace (e) = 1 we get the desired result. •

We have proven α) it remains to prove β). The action of G1 = R∗
+ on J+

1 is
given by (y, y1) ga = (y, ay1) where ga(t) = at. Thus it preserves the 1-cocycle
ω ∈ Z1(Γ,Ω2) given by ω(g) = 1

2
d`(g) ∧ dy1

y1
. It follows that the 1-trace τ3

on A1 = C0(J
+
1 ) o Γ is invariant under the action of G1. Let τ̂3 be the dual

1-trace on the crossed product A1 oG1. It is defined thanks to the following
lemma:
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Lemma 7.11

a) Let (A1, θ,R) be a C∗ dynamical system and τ3 a θ-invariant 1-trace on
A1. Then the following formula defines a 1-trace τ̂3 on Â1 = A1 oθ R,
invariant under the dual action:

τ̂3(y
0, y1) =

∫

τ3(y
0(t), θt(y

1(−t)) dt

where y0, y1 ∈ C∞
c (R,Dom τ3).

b) Let Φ1 be the Thom isomorphism: K1(A1) → K0(A1 oθ R) and D the
generator of the dual action, then

〈τ3, y〉 = 〈iD τ̂3,Φ1(y)〉 ∀ y ∈ K1(A1) .

The notation iD has been defined in Lemma 7.6 above.

Proof. a) Let us check that τ̂3 is a cyclic 1-cocycle on its domain. One has:

τ̂3(y
1, y0) =

∫

τ3(y
1(t), θt(y

0(−t))) dt

= −

∫

τ3(θt(y
0(−t)), y1(t)) dt

= −

∫

τ3(y
0(−t), θt(y

1(t))) dt

= − τ̂3(y
0, y1)

using the θ invariance of τ3.

τ̂3(y
0y1, y2) − τ̂3(y

0, y1y2) + τ̂3(y
2y0, y1)

=

∫

[τ3(y
0(t0) θt0(y

1(t1)), θt0+t1(y
2(t2))

− τ3(y
0(t0), θt0(y

1(t1)) θt0+t1(y
2(t2)))

+ τ3(y
2(t2) θt2(y

0(t0)), θt0+t1(y
1(t1)))] dt1 dt2

where t0 + t1 + t2 = 0.

Using the invariance of τ3 and bτ3 = 0 one gets bτ̂3 = 0. Let us now prove
that for y1 ∈ Dom τ̂3 = C∞

c (R,Dom τ3) the linear functional y0 → τ̂3(y
0, y1)

is continuous on Â1. It is of the form L(y0) =
∫
〈ϕt, θ−t(y

0(t))〉 dt where
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t → ϕt is a C∞ map with compact support from R to the dual A∗
1 with

the weak topology σ(A∗
1, A1). Let t0 ∈ R be such that Suppϕ ⊂ [−t0, t0]

and let z(t) =
∫ t

−t0

∫ s′

−t0
θ−s(y

0(s)) ds ds′ = 〈(y0)∗ ξ, η〉 with ξ, η ∈ L2(R).

Thus ‖z(t)‖ ≤ C ‖y0‖, ∀ t ∈ [−t0, t0] and hence integrating by parts in
∫
〈ϕt, θ−t(y

0(t))〉 dt one checks that |L(y0)| ≤ C ′‖y0‖, ∀ y0.

b) We shall first reduce to the case when the action θ is trivial:

Let B = A1 ⊗ C[0, 1] and α the action of R on B given by:

(αt(b))λ = θλt(bλ) ∀λ ∈ [0, 1] , t ∈ R , b ∈ B .

For λ ∈ [0, 1], let τλ be the 1-trace on B defined by:

τλ(b0, b1) = τ3(b
0
λ, b

1
λ) , b

i ∈ C([0, 1],Dom τ3) .

As τλ is α-invariant, τ̂λ is a 1-trace on B̂ = B oα R and iD τ̂λ is a 2-trace on
B̂, where D is the generator of the dual action.

Let ϕλ = iD τ̂λ. For any x ∈ K0(B̂) the value of 〈x, ϕλ〉 depends continuously
upon λ ∈ [0, 1].

This follows from the density and stability under homomorphic functional
calculus of the following subalgebra of B̂:

C = {y ∈ DomD ⊂ B̂ , λ→ δλ(y) is continuous from [0, 1] to (B̂)∗

endowed with τ((B̂)∗, B̂)} .

Here δλ is the unbounded derivation associated to τ̂λ.

Thus to show that 〈x, ϕ0〉 = 〈x, ϕ1〉, ∀ x ∈ K0(B̂), it is enough to show that
〈x, ϕλ〉 = 〈x, ϕ1〉 for λ 6= 0. Let then Âλ be the crossed product of A1 by the
action θλ, θλt = θλt, ∀ t ∈ R, and ρλ be the isomorphism of Â1 on Âλ given
by

(ρλ(f))(s) = λf(λs) , ∀ s ∈ R , ∀ f ∈ C∞
c (R, A1) ⊂ Â1 .

With obvious notations one has ρ∗λ(iD τ̂3) = iD τ̂3, and hence 〈x, ϕλ〉 =
〈x, ϕ1〉, ∀ x ∈ K0(B̂) (see [9]). We have now reduced to the case of the
trivial action. Then Â1 = A1 ⊗ C0(R̂) and iD τ̂3 = τ3 # τ ′ where τ ′ is the
fundamental class. Restricting τ3 to C∞ of any unitary u ∈ Dom τ3 one easily
concludes. •

The proof of Theorem 7.3 is now ended by the following:
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Lemma 7.12 For any x ∈ K0(A1 oG1) one has:

〈τ,m2(x)〉 = 〈iD τ̂3, x〉 .

Proof. We proceed as in lemma 7.10. Thus let G = Γ × G1 and consider
the following two G-spaces:

1) J+
1 , 2) S1 × R with the product of the action of Γ on S1 by the action of

G1 = R∗
+ given by (t, a) → t+ Log a, ∀ t ∈ R, a ∈ R∗

+.

One has A1oG1 = C0(J
+
1 )oG and the 2-trace iD τ̂3 is given using Lemma 7.1

by the following 2-cocycle ofG with values in Ω2
J+

1

; µ(g1, a1, g2, a2) = −(Log a1)ω(g2)+

(Log a2)ω(g1). For any (y, y1) ∈ J+
1 ; (g1, a) ∈ G one has:

(y, y1)(g, a) = (yg, y1 av1) where v1 =
dyg

dy
.

For any y ∈ S1, t ∈ R and (g, a) ∈ G one has:

(y, t)(g, a) = (yg, t+ Log a) .

This shows that the following formula defines a groupoid isomorphism θ′ of
(S1 × R) oG on J+

1 oG:

θ′((y, t), (g, a)) = ((y, exp(t)), (g, av−1
1 ))

where v1 = dyg
dy

. As in Lemma 7.10 it follows that the 2-trace τ ′ on C0(S
1 ×

R)oG corresponding to iD τ̂3 by θ′ is given using Lemma 7.1 by the following
2-cocycle µ′ ∈ Z2(G,Ω2

S1×R
):

µ′(g1, a1, g2, a2) =

(

Log a2 + Log
dyg−1

2

dy

)

d`(g1) g2 ∧ dt

−

(

Log a1 + Log
d(y(g1g2)

−1)

d(yg−1
2 )

)

d`(g2) ∧ dt .

Exactly as in Lemma 7.10 one considers a homomorphism h of A in (C(S1)o
Γ)⊗ (C0(R) oG1) of the form h(f) = f ⊗ e and the 2-trace τ ′ ◦h is obtained
using Lemma 7.1 from the following 2-cocycle µ′′ ∈ Z2(Γ,Ω1

S1):

µ′′(g1, g2) = Log

(
dyg−1

2

dy

)

d`(g1) −

(

Log
d(y(g1g2)

−1)

d(yg−1
2 )

)

d`(g2)

(`(g2)(d`(g1)g2) − (`(g1)g2) d`(g2)) = ω(g1, g2) .
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•

We have now ended the proof of Theorem 7.3. As an immediate corollary we
get:

Corollary 7.13 Let Γ ⊂ PSL(2,R) be a torsion free discrete cocompact sub-
group. Let it act in the obvious way on P1(R) = S1 and let τ be the 2-trace
on A = C(S1) o Γ given by Theorem 7.3. Let e ∈ K0(C

∗
r (Γ)) be the Γ-index

of the ∂̄ operator on U = S1\PSL(2,R), then:

〈τ, e〉 6= 0 .

This shows that the K theory map associated to τ is non trivial in many cases
(for any group Γ containing one of the groups appearing in Corollary 7.13).
This map is however trivial when Γ = Z acts by rotation on S1, since the
d`(g) = 0.

Proof. By construction one has e = µ(ε) where ε ∈ K∗(pt,Γ) is the K
cocycle described by the triple (M,E, f) where M is the Riemann surface
U/Γ, E is the trivial line bundle on M and f is the classifying map: M → BΓ
which is K-oriented by the complex structure of M . Let i : C∗

r (Γ) → A =
C(S1) o Γ be the canonical homomorphism. Then i∗(e) ∈ K0(A) is equal to
µ(ε′) where ε′ ∈ K∗(S1,Γ) is theK cocycle described by the triple (M ′, E ′, f ′)
where: M ′ = S1×Γ M̃ , E ′ is the trivial line bundle, and f ′ is the tautological
map to S1 ×Γ EΓ. Note that TM ′ ⊕ f ′∗τ is K oriented by the complex
structure of M̃ .

Let us compute 〈Φ ch (ε′), (Bπ)∗ GV〉. Let us identifyM ′ with S1
Γ = S1×ΓEΓ.

By construction, (Bπ)∗ GV is the Godbillon-Vey class for the foliation of
M ′ = S1

Γ obtained from the foliation of S1 × M̃ by pts × M̃ . Thus by [44],
(Bπ)∗ GV is equal to a nonzero multiple of the generator of H3(M ′,Z) ⊂
H3(M ′,R). Since E ′ is the trivial line bundle one has chE ′ = 1 and the
component of Φ ch(ε′) in H3(M

′,Q) is equal to [M ′], hence the answer. •

Our next result improves the vanishing theorem of S. Hurder ([23]).

Theorem 7.14 Let Γ be a discrete group acting by orientation preserving
diffeomorphisms on S1. Let M be the von Neumann algebra crossed product
M = L∞(S1) o Γ and assume that the flow of weights W (M) (cf. [16], [42])
has no invariant probability measure. Then 〈τ, e〉 = 0, ∀ e ∈ K0(C(S1) o Γ)
where τ is the 2-trace given by Theorem 7.3.
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In particular if M is semi-finite one has 〈τ, e〉 = 0 for any e ∈ K0(C(S1)×Γ).

Proof. Let τ3 be the 1-trace on A1 = C0(J
+
1 ) o Γ defined above and δ

the corresponding unbounded derivation from A1 to A∗
1. Let us prove that

any element x ∈ Z(A∗∗
1 ) of the center of the bidual of A1, belongs to the

domain of δ∗ and satisfies δ∗(x) = 0. We have to show that 〈δ(y), x〉 = 0,
∀ y ∈ C∞

c (J+
1 o Γ). With ω(g) = d`(g) ∧ dy1

y1
, ∀ g ∈ Γ, one has δ (

∑
yg Ug) =

∑
yg Ug ωg =

∑
Ug(yg g)ωg where for f ∈ C∞

c (J+
1 ), fωg is the element of

A∗
1 given by 〈h, fωg〉 =

∫

J+

1

h1 fωg, ∀ h =
∑
hg Ug ∈ C0(J

+
1 ) o Γ. One has

fωg ∈ N∗ ⊂ A∗
1, where N∗ is the predual ofN = L∞(J∗

1 )oΓ. Thus δ(y) ∈ N∗,
∀ y ∈ C∞

c (J+
1 oΓ) so that we can assume that x ∈ N ⊂ A∗∗

1 . Let x =
∑
xg Ug,

with xg ∈ L∞(J+
1 ). Since x ∈ Center(N) = Z(N) the diffeomorphism ϕ of

J+
1 associated to g is equal to identity almost everywhere where xg 6= 0. One

has ϕ(u, v) =
(
ug, v dug

du

)
= (ug, v exp `(g)(u)). Thus we can assume that

xg(u, v) 6= 0 ⇒ ug = u and `(g)(u) = 0. Since `′(g) is equal to zero almost
everywhere in {u : `(g)(u) = 0} we see that the differential form xg ω(g−1) is
equal to 0 almost everywhere. Hence

〈δ(y), x〉 =
∑

∫

J+

1

(yg−1 g−1) xg ω(g−1) = 0 .

This shows that for any x ∈ Z(N) the derivation δx : δx(y) = xδ(y) ∈ N∗ ⊂
A∗

1, y ∈ Dom δ = C∞
c (J+

1 oΓ), is a 1-trace on A1 which extends to the domain
A of the closure of δ. Let u ∈ GLq(Ã) and δxq the derivation δx ⊗ idq from

Mq(Ã) to Mq(A
∗
1). The equality

L(x) = 〈u−1, δxq (u)〉 ∀ x ∈ Z(N)

defines a normal linear functional on Z(N) which, since δx is a 1-trace, de-
pends only upon the class of u in K1(A1). As the group G1 = R∗

+ is con-
nected, it acts trivially on K1(A1) and as τ3 is invariant under G1 we get
L(θλ(x)) = L(x), ∀λ ∈ R∗

+, ∀ x ∈ Z(N). Since the action of G1 = R∗
+ on

Z(N) is by definition the flow of weights of M we conclude that L = 0, hence:

〈τ3, z〉 = 0 ∀ z ∈ K1(A1) .

The conclusion now follows from the equality b) above. •

Let α be the 3-form of Lemma 7.7, B a measurable Γ invariant subset of J+
1

and J+
1 → J+

1 be the projection. Then the product αB of α by the character-
istic function of p−1(B) is closed and Γ invariant so that it determines, as in
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Lemma 7.8, a singular 3-cocycle [αB] ∈ H3(J+
2 ×ΓEΓ,R) = H3(S1

Γ,R). More-
over [αθλ(B)] = [αB]. With this one gets a direct geometric proof of Theo-
rem 7.14 when a) the element e ∈ K0(C(S1)oΓ) is in the image µ(K∗(S1,Γ))
and b) the fixed point set of any g ∈ Γ, g 6= 1 is negligible.

Theorem 7.15 Let Γ be a discrete group acting by orientation preserving
diffeomorphisms of a manifold V of dimension n. Let Bπ be the classifying
map VΓ → BΓn and γ a Gel’fand-Fuchs class γ ∈ H∗(WOn) = H∗

d(Γn,R).
Then there exists an additive map ϕ of K∗(A), A = C0(V ) o Γ, to C such
that, for any x ∈ K∗(V,Γ), one has:

ϕ(µ(x)) = 〈Φ ch(x), (Bπ)∗γ〉 .

Proof. Let J+
k (V ) be the positive higher frame bundle over V , i.e. an

element of J+
k (V ) is the k-jet jk0 (f) at 0 of a germ of orientation preserving

local diffeomorphism of a neighborhood of 0 in Rn with an open subset of V .
As above (cf. [21]) J+

k (V ) is both a Γ-manifold and a principal Gk bundle,
over V , where Gk is the Lie group of k jets of orientation preserving local
diffeomorphisms of Rn fixing 0.

The group SO(n) sits naturally in Gk as a maximal compact subgroup. Let
Vk = J+

k (V )/SO(n), and (cf. [18], [5]) γ → α(γ) be the natural map of the
complex WO(n) to the complex of Diff+(V ) invariant differential forms on Vk.
Given γ ∈ Hq(WOn) let k be large enough so that α(γ) is already defined
on Vk. The pull back to Vk of the tangent bundle TV is a Γ-equivariant
bundle on Vk, thus by Remark 7.16, given any element P of the Pontrjagin
ring of this bundle on Vk,Γ = Vk ×Γ EΓ, there exists an additive map ΨP of
K∗(C0(Vk) o Γ) to C such that:

ΨP (µ(x)) = 〈Φ ch x, [α(γ)] · P 〉 ∀ x ∈ K∗(Vk,Γ) .

Here the class [α(γ)] ∈ Hq(Vk ×Γ EΓ) is defined as in Lemma 7.8. As in
Section 6 we may as well assume that n is even, in which case the Spin
condition is satisfied by the action of Gk on Gk/SO(n) and one gets by [27] a
natural element β of KKΓ(C0(V ), C0(Vk)). It yields a map β ′ : K∗(C0(V ) o
Γ) → K∗(C0(Vk) o Γ) which when composed with ΨP for a suitable P gives
the correct answer: ΨP ◦β ′ ◦µ when applied to any x ∈ K∗(V,Γ), exactly as
in Theorem 6.7. •

Remark 7.16
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a) Theorem 7.15 is much less precise than Theorem 7.3, in as much as it
does not describe the map ϕ by a cyclic cocycle on C∞

c (V o Γ). Note that
V1 = J+

1 (V )/SO(n) is naturally isomorphic to the Γ-bundle W of Section 6,
and in particular the action of Γ on V1 is almost isometric. This fact together
with the solvability of the simply connected group Hk = Ker(Gk → G1)
allows to describe ϕ by an m-trace on the Banach algebra B ⊂ C0(V1) o Γ
of Section 6.

b) The construction of the 2-cocycle τ of Theorem 7.3 starting from the 1-
trace associated to the fundamental class of V/Γ can be formulated purely
in C∗ algebraic terms. The 1-trace δ and the modular automorphism group
σϕt satisfy the auxiliary condition d2

dt2
σϕt (δ) = 0, then the formula iD

d
dt

(δ)
makes sense and yields τ .

c) Lemma 7.1 could be formulated in the framework of [12] but in our dif-
ferentiable context the relevant generalization would be the construction of
map from the bicomplex of group cochains of Γ with coefficients in the de
Rham currents on V to the bicomplex (b, B) defined in [7] associated to the
algebra C∞

c (V o Γ).

8 Geometric corollaries

In this section we shall state the analogues of Theorems 6.9 and 7.14 in
the context of foliations. Choosing an open disconnected manifold T trans-
verse to the foliation (V, F ), with dimT = CodimF which intersects every
leaf of (V, F ) one may replace the C∗ algebra C∗(V, F ) of the foliation by
the Morita equivalent C∗ algebra of the groupoid (Graph(V, F ))T = {γ ∈
Graph(V, F ), s(γ) ∈ T, r(γ) ∈ T}. This differentiable groupoid GT is now
“discrete” in as much as the range and source maps are etale maps. The
point is that in the results of Sections 3, 4, 5, 6, 7 we could formulate every-
thing in terms of the differentiable “discrete” groupoid V o Γ, so that these
results still hold in this new category.

Theorem 8.1 Let (V, F ) be a (not necessarily compact) foliated manifold
which is transversally oriented. Let G = Graph(V, F ) be its holonomy grou-
poid and π : BG→ BΓq be the map classifying the natural Haefliger stucture
(q = CodimV ), τ the bundle on BG given by the transverse bundle of (V, F ).
Let R ⊂ H∗(BG,C) be the ring generated by the Pontrjagin classes of τ , the
Chern classes of holonomy equivariant bundles on V and π∗(H∗(WOq)).
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For any P ∈ R there exists an additive map ϕ of K∗(C
∗(V, F )) to C such

that:
ϕ(µ(x)) = 〈Φ ch(x), P 〉 ∀ x ∈ K∗(V, F ) .

Here K∗(V, F ) is the geometric group as defined in [3] § 8, ch is the Chern
character: K∗(V, F ) → H∗(Bτ, Sτ) where τ is the bundle on BG correspond-
ing to the transverse bundle of (V, F ), and Φ : H∗(Bτ, Sτ) → H∗(BG) is the
Thom isomorphism.

An important step in the proof of this theorem is the longitudinal index
theorem for foliations [15].

We shall now state several corollaries.

Corollary 8.2 Let (V, F ) be a transversally oriented foliation of codimen-
sion q, then the class [V/F ]∗ of [11] is a non torsion element of Kq(C

∗(V, F )).

The proof is the same as in Theorem 5.5. Note that V need not be compact.
When (V, F ) is not transversally orientable, with V connected [V/F ]∗ is a
2-torsion element (see [43] for relevant computations). We now pass to two
other corollaries which are purely geometric, i.e. the C∗ algebra C∗(V, F )
disappears in the statement. Its role is to allow to integrate in K theory in
two steps: 1) Along the leaves of the foliation (this provides under suitable
K orientation hypothesis a map from K∗(V ) to K∗(C

∗(V, F )). 2) Over the
space of leaves (this provides a map from K∗(C

∗(V, F )) to C).

That the composition of these two steps is the same as integration (in K
theory) over V is a corollary of Theorem 8.1.

It follows from [28], [37] that if the bundle F is a Spin bundle which can
be endowed with a Euclidean metric with strictly positive (lower bounded
by ε > 0) scalar curvature (it makes sense since F is integrable) then the
longitudinal integral of the trivial bundle does vanish (i.e. the K theory
index of the longitudinal Dirac operator is equal to 0). Thus the integral
over V of the trivial bundle does vanish or in other words Â(V ) = 0 (cf. [2]
for the definition of Â, note that here only F is assumed to be Spin so that
Â(V ) is not a priori an integer). More precisely:

Corollary 8.3 Let V be a compact foliated oriented manifold. Assume that
the integrable bundle F ⊂ TV is a Spin bundle and is endowed with a me-
tric of strictly positive (≥ ε > 0) scalar curvature. Let R be the subring
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of H∗(V,C) generated by the Pontrjagin classes of τ = TV/F , the Chern
classes of holonomy equivariant bundles and the range of the natural map:
H∗(WOq) → H∗(V,C). Then 〈Â(F )ω, [V ]〉 = 0, Aω ∈ R; where Â(F ) is the

Â class of this Spin bundle.

When F = TV i.e. when the foliation has just one leaf, this is exactly the
content of the well known vanishing theorem of A. Lichnerowicz ([28]).

As an immediate application we see that no spin foliation of a compact
manifold V , with non-zero Â genus: Â(V ) 6= 0, does admit a metric of
strictly positive scalar curvature.

Proof. The projection V → V/F is K oriented by the Spin structure on
F and hence defines a K-cocycle x ∈ K∗(V, F ) (cf. [3]). The argument of
[37] shows that the analytical index of the Dirac operator along the leaves of
(V, F ) is equal to 0 in K∗(C

∗(V, F )), so that one has µ(x) = 0.

Let f : V → BG be the map associated as in [11] to the projection V → V/F .
There exists a polynomial P in the Pontrjagin classes of τ , with leading
coefficient 1, such that

Φ ◦ ch(x) = f∗(Â(F ) ∪ [V ]) ∪ P ∈ H∗(BG) .

Thus, since µ(x) = 0, the result follows from Theorem 8.1. •

Corollary 8.4 Let (V, F ), (V ′, F ′) be oriented and transversally oriented
compact foliated manifolds. Let f : V → V ′ be a smooth, orientation pre-
serving, leafwise homotopy equivalence (cf. [4]). Then for any element P of
the ring R ⊂ H∗(V,C) of Corollary 8.3 one has:

〈(f ∗L(V ′) − L(V )), P ∪ [V ]〉 = 0

where L(V ) (resp. (V ′)) is the L-class of V (resp. V ′) cf. [31].
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